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The theory of symmetry for a rotational relativistic Birkhoff system is studied. In terms of the invariance of the
rotational relativistic Pfaff-Birkhoff-D’Alembert principle under infinitesimal transformations, the Noether symmetries
and conserved quantities of a rotational relativistic Birkhoff system are given. In terms of the invariance of rotational

relativistic Birkhoff equations under infinitesimal transformations, the Lie symmetries and conserved quantities of the

rotational relativistic Birkhoff system are given.
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1. Introduction

In 1979, Bengtsson and Frauendorfl!l accurately
measured the maximum values of the spin velocity
of fourteen kinds of nucleon, and the results showed
that those maximum values were different from each
other. With the development of science and technol-
ogy, more and more experimental facts have been re-
lated to high-speed spinning. In 1986, Carmelil?! con-
structed the theory of rotational relativistic mechan-
ics, and provided the theoretical basis for studying the
problems of high-speed spinning. In recent years, we
have given the Hamilton principle, D’Alembert prin-
ciple and many kinds of differential equations of mo-
tion of rotational relativistic systems. Furthermore,
we have studied the algebraic structure, integral meth-
ods, Noether symmetries and Lie symmetries of this
system, and constructed the theory of analytical me-
chanics for a rotational relativistic system.[~7]

In 1927, the American mathematician Birkhoff
made primary researches on Birkhoff dynamics.[®
In 1983, the American physicist Santilli studied the
transformation theory of Birkhoff equations and the
generalization of Galilei relativity, and summarized

comprehensively the origin of Birkhoff equations and

the later studies on them.[® Later, the Chinese sci-
entist Mei Feng-xiang gave the Birkhoff equations
of a nonholonomic constrained system, and stud-
ied the Noether theory, stability of motion and ge-
ometrical description of a Birkhoff system, as well
as constructing the theoretical frame of Birkhoff
dynamics.[19=2% The Birkhoff dynamics is more gen-
eral than the Hamilton dynamics. The Hamilton dy-
namics has been extensively applied to the field of
modern physics, so the Birkhoff dynamics will also be
applied to this field.

Recently, we have given the basic theory, inte-
gral method and geometrical theory of a rotational
relativistic Birkhoff system in Refs.[21]-[23]. In this
paper, the theory of symmetry for a rotational rela-
tivistic Birkhoff system is studied. In terms of the
invariance of the Pfaff-Birkhoff-D’Alembert principle
under infinitesimal transformations, the theorem of
Noether symmetries and its inverse theorem for a ro-
tational relativistic Birkhoff system are constructed.
In terms of the invariance of Birkhoff equations un-
der infinitesimal transformations, the theorem of Lie
symmetries and its inverse theorem for a rotational

relativistic Birkhoff system are also constructed.
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2.Pfaff-Birkhoff-D’Alembert
principle and Birkhoff equa-
tions for a rotational relativis-

tic system

We study the fixed-axis rotation of a mechanical
system consisting of IV particles. At time t the angular
velocity of the ith particle is 9.1-, the limiting angular
velocity is [, the classical rotational moment of in-
ertia is I,, and its relativistic rotational moment of
inertia is(23]

I, = i (1)

N
Constructing the Birkhoffian B* and the Birkhoff

functions R (v=1, ---, 2n) of the rotational relativis-

tic system
B* = B*(I;(t,a"),t,a"),
R} = R} (I;(t,a"),t,a"), (2)

and letting

B* = B*(t,a*) = B*(I;(t,a"),t,a"),
R} = R;(t,a") = R;(I;(t,a"),t,a"), (3)
then the Pfaff-Birkhoff-D’Alembert principle of a ro-

tational relativistic system can be written in the

form[21’22]
oR; OR, dB* OR;,
v o "V e 5 no_ 0
K dar  da > N PTET
(Vau:17"'72n)7 (4)

where the repeated subscripts represent taking sum-
mation.

For an ideal holonomic or free rotational relativis-
tic Birkhoff system, the da* (u=1, ---, 2n) in Eq.(4)
are independent of each other, so we obtain

(aé; ~ 3R2)du _ 9B OR;
dat  Qa¥ dat ot

(Vau:]-a"'72n)' (5)
Equations (5) are called the Birkhoff equations of a ro-

tational relativistic system.?:22] In general, suppose

the system (5) is non-singular, i.e.

. .. _ (0R; OR,
den@r) 70, &= (Ger- %) ©

If ]:2:1 and B* do not include time ¢ explicitly, the sys-
tem (5) is autonomous. If RZ does not include time ¢

explicitly, the system (5) is semi-autonomous.

Example 1. Now we study the high-speed spin-
ning of a body around a fixed axis, its classical ro-
tational moment of inertia is Iy, and the relativistic

equations of motion arel23]

. My 1 ¢\ _ Mo 1 > \*"*
=77 )= )

Iy
V1—¢2/r?

Letting a' = ¢ and a? = ¢, then Eqgs.(7) can be ex-

I= (7)

pressed as the first-order standard form

. ) M, (a2)2 3/2
at = a?, a2:I_0<1 T . (8)

It is easy to solve Egs.(8) and to obtain two first inte-

grals independent of each other

1 2 I
) = ﬁooftg <arc sin%) —t, &= ﬁolﬂ —at.
(9)

Using the Hojman method to solve B* and R;,[g] we

have
B* =Gy, R!=—G,,
. I, (a2)2 -3/2
* (1=
R G1M0< I?
I 2\2\ —3/2
+G2ﬁ00a2 <1 - (‘}2) ) . (10

oG, 090G,
Choosing G = &3, G=0, with det( 8]5 9l >7é 0

being satisfied, we obtain

~ I
B*:_FZ_ 1
M, @

-t ) 2) o

in which B*, R and R} do not include time ¢ ap-

parently, hence they satisfy the autonomous Birkhoff

R} =0,

equations for rotational relativistic system. Equations
(11) describe the motion of the rotational relativistic

system.

3.Noether symmetries and con-
served quantities of a rota-
tional relativistic Birkhoff sys-

tem

In 1918, German mathematician Noether stud-
ied the invariance of Hamilton action under infinites-
imal transformations, and revealed the relation be-

tween the conserved quantities of a physical system
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and its symmetries.[?¥ The Noether theorem greatly
promoted the development of modern mechanics and
Candot-
tie, Djukié¢, Vujanovié¢, Li Zi-ping, Bahar, Liu Duan,

theoretical physics. In the past 30 years,
Mei Feng-xiang, Zhao Yue-yu and Luo Shao-kai have
further promoted the study of Noether theory, and
brought it into many branches.[10:15:20,24=40] ©[ogt
studies on the Noether theorem are about the invari-
ance of Hamilton action under infinitesimal transfor-
mations. In 1993, Mei Feng-xiang constructed a new
Noether theory in terms of the invariance of Pfaff ac-
tion under infinitesimal transformations.['°! Now we
study the Noether symmetries and conserved quanti-
ties of a rotational relativistic Birkhoff system in terms
of the variable form of the Pfaff-Birkhoff-D’Alembert
principle under infinitesimal transformations, and give
the corresponding theorem of Noether symmetries and

its inverse theorem.

3.1. Noether theorem of a rotational rela-

tivistic Birkhoff system

We introduce infinitesimal transformations for ¢

and a*

" =t+ At a*™(t*) = a"(t) + Ad*, (12)

and let
At =cf(t,a"), Ad" =cF,(t,a*),  (13)

where f and F), are generators of time and space
respectively under the infinitesimal transformations

(12), and ¢ is a small parameter. Isochronous vari-

ation da* and non-isochronous variation Aa* satisfy
Aad" = dat + a* At, (14)

so we have
da" = Aa" — a"'At = e(F, — a"f). (15)

Substituting Eq.(15) into Eq.(4), we obtain

dR: OR:\ ., 0B* OR; L
{(aau B 3a">a " dar ot }(F“_“ h=o.
(16)

Noticing
R} BR* vam o
dar aa” a"a* =0,
oB* d - . OB*
"Ll, — B* _ * _ 1
5 V= 7 (BYS) f=— (1)
OR* OR* d ..
K -v [ _ * *
<8a” a’ + wTs >Fu dt(R”F ) R#F

we can rewrite Eq.(16) as

oR; ., 8B oR; . 8B
{(&z”a B 8a“>FM+< at + ot >f

D* T, D* f d % %
+ RyE, - B"f — —(R}F, - B f)}:o. (18)

Introducing a gauge function P = P(t,a*), and find-
ing the sum for e P in Eq.(14), we obtain the following

transformation satisfying the invariance of principle

(4)

I * 8R* %
s{<8R”a 05 >F + Ry F), +< w98 )f

dat dat ot ot
D* £ 5 d P * %
-~ B f+ P L(RLF. - B f+P)}:0. (19)

Equation (19) is the variable form of the Pfaff-
Birkhoff-D’Alembert principle of a rotational rela-
tivistic Birkhoff system under infinitesimal transfor-
mations.

From the invariance condition (19), we obtain the
Noether theorem of a rotational relativistic Birkhof-
fian system.

Theorem 1. For the rotational relativistic
Birkhoff system (5), if the generators f, F), and the

gauge function P satisfy

* % 8R* %
P+<8R - 9B >Fu+ <—“a“—8B >f

dat  Odar ot ot
+R;FH_B*f:0 (Vau:1572n)’ (20)

then the system possesses the following conserved
quantity
R;FH — B*f + P = const. (21)
Equation (20) is called the Noether equation of
the rotational relativistic Birkhoff system (5). For
the autonomous and semi-autonomous systems, the
Noether equation (20) becomes a simple form, and
theorem 1 still holds. For the given B* and Rl*,,
can firstly find the infinitesimal transformation gener-
ators f, F, and the gauge function P, then obtain the

conserved quantities from Eq.(21).

3.2. Generalized Killing equation of a rota-

tional relativistic Birkhoff system

For obtaining the functions f, F, and P, expand-
ing Eq.(20), we obtain

oR* OB* dF, OF,
U'VF F *— * u
G @ Fu = gan Pt Ry + RL5 Da
aR* aB* of
u Gt f — B
f f 5
8f p oP ., _
Ba” +§+8_“a =0 (22)
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Separating the terms containing @” and other terms
not containing @, and taking their coefficients as ze-

ros, we have

R OF, 5 0f OR: . OP

174 * 174 I 2
Ban Tn g B gt f g =0 ()
- 9F, 0B* . 9f oB*, 0P

v ot " aarin B e T e e =0 2

Equations (23) and (24
tial equations of 2n 4 2 functions f, F), and P, and

) are 2n + 1 partial differen-

are called the generalized Killing equations of the ro-
tational relativistic Birkhoff system. If the equations
have solutions, then we can obtain the functions f, F),
and P. Hence, theorem 1 can also be expressed as
Theorem 2. For the rotational relativistic
Birkhoff system (5), if the infinitesimal transformation
generators f, I, and the gauge function P satisfy the
generalized Killing equations (23) and (24), then the

system possesses the conserved quantity as Eq.(21).

3.3. Noether inverse theorem of a rotational
relativistic Birkhoff system

If the rotational relativistic Birkhoff system (5)
has r first integrals independent of each other

P = ;ﬁ*(t,a”) = ®*(I;(t,a"),t,a") = const., (25)

then we can obtain the corresponding Noether sym-
metries from those integrals.
For Eq.(25), we have

do*
dt

Multiplying Eq.(5) by (F,,—a* f), and finding the sum
for u, then adding it to Eq.(26), we obtain

(26)

od* 9, .
oI; 80}‘

08" 990l 99",
at ' oI, ot ' dar"

N OR, 3 OR,\ .,
dat da? “4
oB* OR »
_ <8a“ +7>}(FH_G f)—O

2n;i=1,---,N). (27)

(V7 H = 17 )
Taking the coefficient of @” in Eq.(27) as zero, we ob-

tain

o d* . 0d* oI, oR: OR
da? oI, Oa¥ dat da?

oB* OR*
(OO

da? ot

(vyp=1,---,2n;i=1,---,N). (28)

If the rotational relativistic Birkhoff system (5) is non-
@?,) # 0, then from Eq.(22) we have

P+ ol , a§*+aR; L 29)
ol; da” da? ot ’

. Letting integral (25) equal the

singular, i.e. det (
09+
F,=0 ¢ —
# ww{ Oa? +

where @}, w5, = 4.,

conserved quantity (21), i.e

¢* = &*(I;(t,a"),t,a") = R;F, — B*f + P

(u=1,---,2n), (30)

then the following Noether inverse theorem of the ro-
tational relativistic Birkhoff system holds.

If we have obtained the first inte-
grals of the rotational relativistic Birkhoff system (5),

Theorem 3.

chosen the gauge function P, and determined the in-
finitesimal transformation generators f and F}, of the
system from Egs.(29) and (30), then they correspond
to the Noether symmetrical transformations of the ro-
tational relativistic Birkhoff system (5).
It is known that the Birkhoffian
and Birkhoff functions of a rotational relativistic sys-
tem are Eqs.(11), then we try to study the Noether
symmetries and conserved quantities of the system.
Substituting Eqgs.(11) into Noether equation (20),

we have

Example 2

f=1, FL=0, F,=0, P=0, (31)
f=-1, Fi=0, F,=0, P=0 (32)
M,

f=0, Fi=d F= 10(1—(2)2/r2) P =0,
(33)

f:07 F1:—G2,

M,

Fy = _70(1_( a®)?/T'?), P=0. (34

Substituting Egs.(31) and (34) into Eq.(21), and sub-
stituting Eqgs.(32) and (33) into Eq.(21), we can obtain

the conserved quantities

I
& =a' - ﬁlﬂ = const., (35)
0

I
I a' = const. (36)

Equations (31), (34) and Egs.(32), (33) are linear cor-

relation, so the conserved quantities (35) and (36) are

;=

also linear correlation.
Example 3. It is known that the rotational rel-
ativistic Birkhoff system has integrals (35) and (36),
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then we try to solve the symmetrical transformations

corresponding to Eq.(29).

Because

@) = g @y (0 ) )
then

@y = Jea- @ D) e

For the integral @7, Egs.(29) and (30) give

Fi=—a’(1 = f), Fy= "2 (1— (@)?/1*)(1 - f).
(39)

f = 0, F1 = —(12,
B= 200 @), P=o. ()

From Eqgs.(39) and (40), we can obtain Eqgs.(31) and
(34), which are infinitesimal symmetrical transforma-
tions corresponding to @;. For integral &5, Eqs.(29)
and (30) give

= M0 @17, P=o,
(a1)

Lo :<IF2 - al) Mio(l —(@®)?/r*)™
_ <p2 - a1> f+P. (42)

From Egs.(41) and (42
and (33

formations corresponding to @5.

), we can obtain Egs.(32)

), which are infinitesimal symmetrical trans-

4.Lie symmetries and conserved
quantities of a rotational rela-

tivistic Birkhoff system
At the end of the 19th century, the well-known

Norwegian mathematician Sophus Lie studied the in-
variance of differential equations under infinitesimal
Olver*,

Bluman and Kumeil*?! and Ibragimov!*?! further pro-

transformations, that is Lie symmetries.
moted the studies of Lie theory by mathematical
methods. In 1979, Lutzky!*! applied Lie theory to
the differential equations of motion for mechanical
systems, and studied Lie symmetries and the con-
served quantity of a dynamical system. In the past
20 years, Prince, Thompson, Lakshmann, Mei Feng-

xiang, Zhao Yue-yu, Zhang Yi and Luo Shao-kai

developed the method of Lie symmetries, and ob-
tained many important results.[?:17:20:40.45-57] Ny,
in terms of the invariance of the rotational relativis-
tic Birkhoff equations under infinitesimal transforma-
tions, we study the Lie symmetries and conserved
quantities of the rotational relativistic Birkhoff sys-
tem, construct the determining equation of Lie sym-
metries, obtain the structure equation and conserved
quantities, and study the inverse problem of Lie sym-

metries of this system.

4.1. Lie symmetry theorem for a rotational rel-
ativistic Birkhoff system

Introducing infinitesimal transformations (12) for

t and a”, and noticing Egs.(13), we have

t"=t+ef(t,a"), a™=a"+eF,(t,a"). (43)

We introduce a vector of infinitesimal transformation

of a generator

0

X0 —
f8t+ G’

(44)

and its first extension

0 . . 0
1) — Gt ) ——
X f8t+ Fuggn T Fu—d"f)gem. (45)
From the invariance of the differential equation
under infinitesimal transformations, we know that the
invariance of Egs.(5) under the infinitesimal transfor-
mations (43) is

xW {aﬂ — Qo <g% + ai”ﬂ =0. (46)

Noticing the inverse equations of Eqs.(5), we can ob-
tain the determining equation of the rotational rela-

tivistic Birkhoff system

P ~W(aB* 8R*>
pw—w

v

f
_® [~*W<8B* aR*ﬂ

(Vnu:la"')zn)' (47)

If the generators f and F),

transformations (43) satisfy the determining equation

of the infinitesimal

(47), then the transformations (43) are called Lie sym-

metries. So we have the following Lie symmetry the-

orem for the rotational relativistic Birkhoff system.
Theorem 4. For the infinitesimal transforma-

tion generators f and F), satisfying the determining
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equation (47), if there exists a gauge function P sat-

isfying the following condition

XWO(Rra" — B*) + (Ria" — B*)f + P =0,

then the rotational relativistic Birkhoff system has the

conserved quantities as follows

(48)

o* = RZFH — B*f + P = const. (49)
In fact
- =fuFut+ RiF,—B [-Bf
1)/ Sx » ~ % % %\ £
— XW(Rra" — B*) — (Ra+ — B*) f
OR:, OR: OI, OR: OR: L.,
= 4+ -
oa” ol; da¥  Oat* oI; da+
L (9B 9B 9L 9B 0BT 9L \|L.
ot ' oI, ot ' dar ' OI; dar )| "
dB* N dB* 9I; OR} N R, 0L ., f
dar ' BI, dar ' ot ' aI, at )"
OR* AR oB* OR:
_ Mo v\ v a4
_[<8a" aw)“ T oar T Bt}F’L

oB* OR:\
a <Ba” LT >a U
using Eqgs.(14), we have
0" ok of: O,
L v o [ Ay -
<3a“+ ot >a <3a” 8a”>aa 0

So d#* /dt=0, i.e. $*=const.

To sum up, the steps of studying Lie symmetries

of the rotational relativistic Birkhoff system are as fol-
lows. Firstly, we substitute the given rotational rela-
tivistic Birkhoff equations into Eq.(47), and obtain the
generators f and F),. Secondly, substituting f and F},
into the structure equation (48), and obtaining P, if
P=0or Pisa perfect differential of a function, then
we can obtain a gauge function. Finally, substituting
f, F,, and P into Eq.(49), we can obtain the conserved

quantities.

4.2. Inverse theorem of Lie symmetries of a ro-

tational relativistic Birkhoff system

If the rotational relativistic Birkhoff system has r
first integrals (25) independent of each other, then we
can obtain the corresponding Lie symmetry transfor-
mations from these integrals.

Similar to the discussion about the inverse prob-
lem of Noether symmetries from Egs.(26) to (30), if

the first integrals are known, and the gauge function

P is chosen, then the generators for the infinitesi-
mal transformations, f and F),, can be obtained from
Eqs.(29) and (30), which correspond to the Noether
symmetrical transformations of the rotational rela-
tivistic Birkhoff system.

If the generators f and F), satisfy the determin-
ing equation (47), then the transformations are Lie
symmetrical transformations of the system, otherwise
they are not Lie symmetrical transformations of the
system. So we have the following inverse theorem of
Lie symmetries of the rotational relativistic Birkhoff
system.

Theorem 5. If we have known r first integrals
independent of each other of the rotational relativistic
Birkhoff system (14), we can obtain generators f and
F,, of the infinitesimal transformations from Egs.(29)
and (30), and if f and F), satisfy the determining equa-
tion (47), then the transformations are Lie symmet-
rical transformations corresponding to the system (5)
and the integral (25), otherwise they are not Lie sym-
metrical transformations.

Example 4. The Birkhoffian and Birkhoff
functions of the rotational relativistic second-order
Birkhoff system are Egs.(11), and we try to study Lie
symmetries and conserved quantities of the system.

Substituting Egs.(11) and (38) into the determin-

ing equation (47), we obtain

F17a2f.:F27 (50)

.M 2\2\ 3/2 3Mea2 2)2\ 1/2
Moy (7N 3MeaT (@) Ty

Iy Iz Iy I? I?
(51)
they have solutions
.f:]-a Fy =0, F=0, (52)
M. (a2)2 3/2
2 0

f=0, F =a%, F2:I_0<1 T2 . (53)

Substituting Eqgs.(52) and (53) into Eq.(49), we have
the conserved quantity as follows

P* = i]ﬂ — a' = const.
My
The Birkhoffian and Birkhoff func-

tions of a rotational relativistic second-order Birkhoff

(54)

Example 5.

system are Eqs.(29), and it is known that the system
has the integral (54). We try to study the correspond-
ing Lie symmetrical transformations.

w* and 0**Y

o can be obtained respectively from
Eqgs.(37) and (38). For the integral (54), we can obtain

from Eqgs.(29) and (30)

F = —d*(1 - f), (55)
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R=-12(1- (“2)2)3/2@ D (56)

=—T?a'. (57)

Choosing P = 0, we can obtain the solutions similar
to Egs.(52) and (53) from Eqgs.(55)—(57), which sat-
isfy the determining equations (47), and are Lie sym-
metrical transformations corresponding to the known

conserved quantity.
5.Discussion

We have proven that the canonical equations of
the rotational relativistic Hamilton system are a spe-
cial example of Egs.(5) in Ref.[21]. In this paper, if R,
does not include time t, for the rotational relativistic
Birkhoff system (5), and we let

ql»t (uzlv"'an)a

then the Birkhoff tensors of the rotational relativistic

system are

OTLXn

@) = P

_1n><n Onxn

We can obtain immediately the canonical equations of

the rotational relativistic Hamilton system

.s OH, . O0H, ( . ) (60)
p— = - S: .. n
q aps7 pS aqs ) ) )
where
oL,

HT t: Sv = p°q _L’!‘7 = ]
(t.q%,ps) = P4, P = 54
Ly(t,q*d*) = T; =V, T = IuT?(1-/1- 62/17)

(s=1,---,n;s=1,---,N). (61)

Therefore, in this paper we give the theory of symme-
try of the rotational relativistic Hamilton system.

Under the classical approximation 6, < T, i
Ioi

Ji-er

B* = B*(I;(t,a"),t,a") = B(t,a"),

Ii: %Ioi (7':]-77N)7 (62)

Ry = Ry(Ii(t,a"),t,a") ~ Ry (t,a").  (63)

Therefore, in this paper we give the theory of symme-

try of the classical rotational Birkhoff system.

at =
Pu—n (/L:TL+1,,2’I’L),
p /'L:]-?"'vna
w7 )
0 (/’L:n+1772n)7
B* = H,, (58)
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