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Using the ¢-mapping method and topological current theory, we study the inner structure of disclination points in

three-dimensional liquid crystals. By introducing the strength density and the topological current of many disclination

points, it is pointed out that the disclination points are determined by the singularities of the general director field and

they are topologically quantized by the Hopf indices and Brouwer degrees.
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1. Introduction

A disclination is one of a class of topological
defects.[!=3] It is defined by means of the well-known
Volterra process for the case of rotations!*5! in which
the two lips of the cut surface are rotated with re-
spect to each other. The disclinations have the prop-
erty that no continuous distortion can make them dis-
appear (i.e. to restore the system to its undistorted
aligned ground state). Their properties depend on
the symmetry of the order parameter and the topo-
logical properties of the space in which the transfor-
mation variable resides.[% In liquid crystals, due to the
equivalence of the general director fields n and —n in
physics, a disclination is labelled by the disclination

strength which is an integer or half-integer.

Disclinations play a large part in liquid crystal
physics and play important roles in the static struc-
tures and dynamic behaviours of liquid crystals.[7—9]
Because of their importance, their exploration has a
long history and there were early attempts to clas-
sify them. As a branch of topology, homotopy the-
ory provides the natural language for the description
and classification of defects in a large class of or-
dered systems.!3] Work in this field was originated by
the papers of Finkelstein,['”! Rogula,!*! Toulouse and
Kléman,'? Volovik and Mineev,[*3! Shankar!*l and

Kléman et al.,['%l and was summarized by Mermin, !

Anderson!*®! and Bray.'”]

In 1976, Blahal'®! proposed a quantization rule for
point singularities in superfluid *He and liquid crys-
tals, which was expressed in terms of the local symme-
try axis of the order parameter. In this paper, we dis-
cuss the topological quantization of disclination points
in three-dimensional liquid crystals directly in terms
of the general director field. This work is based on
the so-called ¢-mapping method and topological cur-
rent theory.[19-21]

This paper is organized as follows. In section 2,
the topological current of disclination points in three
dimensions is introduced through the Volterra process.
The topological quantization of disclination points is
introduced in section 3. The conclusions of this paper

are summarized in section 4.
2.Topological current of disclina-
tion points

It is well known that a disclination can be pro-
duced by using the Volterra process for the case of
rotations in which the two lips of the cut surface are
rotated by angle {2 with respect to each other and
some undistorted materials are inserted into or re-

moved from the body of the system. For the stable

states, the rotation {2 must satisfy!22!

2 =2mm, (1)
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where m is called the disclination strength. In lig-
uid crystals, due to the equivalence of the director
fields n(z) and —n(z) in physics, m can be integers
and half-integers, i.e. m = £—,+1,+—,---. A more
general definition of the disclination strength is the
winding number!™ in two dimensions or the wrap-
ping number!*®! in three dimensions of the general di-
rector field n(z) around the disclination line or discli-
nation point, respectively. In the three-dimensional
case, suppose there are IV isolated disclination points

in system, then the [th disclination strength is
1 e
my=-— ¢ epn'dn? Adn®, i,5,k=1,2,3, (2)
ar /o,

where o is a closed surface around the Ith disclina-
tion point and “A” represents for the wedge product.

Using the Gauss formula, equation (2) is changed into

m; =—— / eijkdn’ Adn? A d’I’Lk
1 ) )
=— eaﬁveijkaanlalgnj &Ynkdmdydz,
8 \%

a?ﬂ?’y:172737 (3)

where V; is the volume enclosed by o;. For liquid crys-
tals with a set of disclination points, the total discli-

nation strength is

m = Zml = /Vpd:cdydz, (4)
1

where

1 ) .
p = S—eo‘ﬂ'yeijkaanzagnjavnk,

U

a7ﬁ777i7j7k:17273 (5)

is called the strength density of the disclination points.
In order to study the behaviours of disclinations, we
extend the above density to the topological current of
disclination points. In liquid crystals, it is well known
that the general director field n(z) responds to some
external factors, such as the magnetic field strength,
electric field strength, pressure and temperature, etc.
If we let 20 denote one of the above factors, the direc-

tor field is expressed by
n =n(z20 x). (6)

In this case, taking account of the expression of p in
equation (5), we introduce the topological current of

disclination points as

w1 .
]O‘ = 76“B766ijk85n267n785nk,
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It is obvious that
9aj* =0,  j*=p, (8)

i.e. the topological current is identically conserved and
its zero-component is the strength density of the discli-
nation points. In the following, we study the inner
structure and the topological quantization of the topo-

logical current using the so-called ¢-mapping method.
3.Topological quantization of

topological current

Let us consider the ¢-mapping ¢*: = — ¢(z)

(=

of the disclination point.

1,2,3), which is called the order parameter
In liquid crystals, the or-
der parameter can be taken as the molecular field
¢ (x) = V?n'(z) or the gradient field ¢(z) = VO(x),
where 0(z) is the angle between n(z) and the z! axes.
Since the order parameter ¢¢(z) is parallel to the di-

rector field n(z),?? which is a unit vector field
i1=1,2,3, (9)

the director field can be expressed as the direction field
of the order parameter at the places ¢*(z) # 0, i.e.

— G @)l = VE@e. (1)

At the zeros of ¢'(x), the director field is indefinite,

which is called the singular point of n(z).

n'(z)

In liquid
crystals, it is well known that the disclination points
locate at the singularities of the director field. This
property should be reflected mathematically, which is
what we do in this paper. Using equation (10) and

. 1 . . 1
Oun' = —— 0, 9" O | — |,
= g 2 O <||¢||>
o (1) _ ¢
pye <||¢||> = TP (1)

® in equation (7) can be rewritten as

j

£ 0 0 (L)

a¢' 9¢* \ 6l ) -
(12)

If we define the general Jacobian determinants as

e 1 oY j
J% = =€ ei10p6' 0,67 05

st (£) _emmngngng
T
and make use of the Green function relation

a5 (757) = -5 (@) (19)
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where A, = (0?/0¢'0¢") is the Laplacian operator in
¢-space, we do obtain the §-function-like topological

current of disclination points
=5 (2). (15)

5) we see that the to-
tal disclination strength, the strength density and the

From equations (4), (5) and (1

topological current of disclination points do not van-
ish only at the zeros of ¢(z), i.e. at the singularities of
the general director field n(z). So, let us concentrate
on the zeros of ¢(z).

Suppose that the order parameter ¢‘(z) possesses
N isolated zeros, according to the implicit function

theorem, when the Jacobian determinant

J (%) =J° (g) #0, (16)

the solutions of ¢*(z) = 0 (i = 1,2, 3) can be expressed

in terms of the parameter z° as

= 2"(2°), a=1,2,3, I=1,---,N, (17)

with the generalized velocity

o et I(9/)

ST v =1 (1
W0 = J(eym) eV (18)

Then, as we have proven in Ref.[23], the é-function

§3(¢) can be expanded by these zeros as

Z |J( ¢/I 2 §(z ! le(mo))
X 5(50 — 21 (2"))é(a® — 7 (2%)), (19)

where the positive g is called the Hopf index of ¢'(x)
at z;. This means that, when the point & wraps the
zero z; once, the function ¢'(x) rotates (; times of
47, which is a topological number and relates to the
wrapping number of ¢!(z). In liquid crystals, due to
the equivalence of the general director fields n and
—mn, 3; can be integers and half-integers. Substituting
equations (18) and (19) into (15), the inner structure

of the topological current is formulated by

Zﬂmlts — 7 (2°))
X 5(:c — 22(2°)8(2® — 22 («°))V™, (20)

which can also be looked upon as the topological quan-

tization of the disclination points, where n; is called

the Brouwer degree of ¢'(x) at z;

_ J(¢/x)
" 1I(g /)

according to the clockwise or anti-clockwise rotation

|z, = 1 (21)

of ¢*(z) when = wraps z; clockwise. Then, the topo-
logical quantizations of the strength density and the

total strength of disclination points are

p= Z Brmd(

X 5(9:

— 2 (%))
— 27 (2°))d(a® - 2 (2?)) (22)
and

N
m = Z ﬁlm. (23)
=1

Here, we stress that the total strength of disclinations
in liquid crystals is not arbitrary, it is a topological in-
variant. From the Gauss—Bonnet—Chern theorem and
the Hopf index theorem,[24:25] the total disclination
strength equals the Euler characteristic of the mate-
rial body. Meanwhile, in liquid crystals, since the free
energy is proportional to the square of the disclination

strength, there exist in general the disclination lines

1. . . s
of strength - in two dimensions and the disclination
points of strength 1 in three dimensions. In the two-
dimensional case, the general director n rotates from

0 to 7 in a circle around a disclination line of strength

1
—. Then, there must be two vertical directions, for

7T . .
and — 4+ 6, in which one can

2

see two brushes when observed between the orthog-

example 6 <0 <6< g
onal Nicol prisms. While for a disclination point of
strength 1 in the three-dimensional case, the director
n rotates frorn 0 to 27 and there are four directions,
+ 0, ™+ 0 and

All these are the topological quantization

such as 6, + 0, which give four
brushes.

and inner structure of disclinations in liquid crystals.

4. Conclusion

In summary, we conclude that the disclination
points are determined by the singularities of the gen-
eral director field and they are topologically quantized
by the Hopf indices and Brouwer degrees (i.e. the
wrapping numbers). Due to the equivalence of the
director fields n(z) and —n(z) in physics, the Hopf
indices can be integers and half-integers, which repre-
sent a great generalization of our previous theory of

integer Hopf indices.
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