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We have constructed a porous media model in which there are percolation clusters with varying percolation
probability P and correlated site-bonds. Taking into account both the pore and the throat geometry, the viscous
fingering (VF) in porous media has been investigated by using the standard over-relaxed Gauss—Seidel scheme. The
simulation results show that the VF structure varies with the correlation parameter €, the viscosity ratio M and the
percolation probability P. The smaller the correlation parameter e, the greater the deviation of the normalized size
distribution of the invaded throat Nj,,(r) from the truncated Rayleigh distribution. For a larger viscosity ratio M,
the VF pattern looks like a diffusion-limited-aggregation structure in percolation clusters. The fractal dimension D
increases with the increase of the percolation probability P and the correlation parameter €. The velocity distribution
f(a) of VF in percolation clusters is of a parabola-like curve. The tail of the distribution (large &) is longer for a larger
correlation parameter €. For a smaller &, the distribution is very sharp. The sweep efficiency E decreases along with
the decrease of the correlation parameter € and the increase of the network size Ly,. E has a minimum as Ly, increases
up to the maximum no matter what the values of P, M and €. The E ~ Ly, curve has a frozen zone and an active

zone. The geometry and the topology of the porous media have strong effects on the displacement processes and the

© 2002 Chin. Phys. Soc.
and IOP Publishing Ltd

structure of VF.
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1. Introduction

Viscous fingering (VF) in porous media has been
extensively studied in the past years, and recently it
has become a very active research field. This phe-
nomenon is also of practical importance in the re-
covery of oil. The displacement of viscous oil by a
less viscous solvent is inherently unstable. Even when
the porous media are homogeneous, a VF will still
form, and reduce the sweep efficiency, thus leading to
an early breakthrough of the injected fluid. Models
for simulating VF patterns include mainly: diffusion
limited aggregation (DLA),[!l the dielectric break-
down model (DBM),?! the gradient-governed growth
model (GGGM),!*! the two-walker model (TWM),
the probabilistic model,!®) DLA with the consideration
of surface tension,® the shell-by-shell model,l”) the de-
terministic model,[#=1% and so on. In the determinis-
tic model, the successive over-relaxation technique has
been widely employed.[*!] In previous works, the geo-

metrical models of deterministic algorithm have been

based on a square lattice,® a hexagonal latticel®! or
a Sierpinski lattice,[!”! a percolation cluster!*? and
a percolation cluster with a displacement-freezing-
thawing cycle.[!3] In particular, reservoir rocks are
rarely homogeneous. The porous media flow occurs
in a discrete and highly chaotic network of pores and
pore throats. Real porous media have a wide range
of porosity, or of the concentration of open pores
(percolation probability P). Murat and Aharony['4]
have shown that VF and DLA exhibit many differ-
ent features in the vicinity of the percolation thresh-
old. These represent a porous medium by a network
of interconnected sites (pore) and bonds (throat) in
the above-mentioned models. But the volume of pore

[15] has taken

bodies has been ignored. Ferer et al.
the pore bodies as unit volume in the square-lattice
model. However, in their model, the variation of the
pore bodies and the correlation of the pore throat have
been ignored. In fact, the radius of the pore is larger

than that of the throat, and they (pore and throat)
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are also correlated in real porous media.

In this paper, the variation of percolation clus-
ters with the percolation probability is studied first.
The percolation clusters correspond to the connected
porous media with the site as pore and the bond as
throat. The correlated site-bond model is also con-
structed for a percolation cluster (see Sec.Il). We give
a detailed description of the algorithm used in the sim-
ulation in Sec.III. VF patterns in percolation clusters
are shown in Sec.IV. In Sec.V, the kinetics of the in-
vasion and the fractal dimension of a VF pattern are
investigated, the velocity distribution is studied and
discussed, and the sweep efficiency of displacement
fluid is also discussed. Finally, Sec.VI presents our

conclusions.

2.Correlated pore-throat model

In a square lattice (201x201) with a given per-
colation probability P, if P >0.59, a spanning cluster
occurs; at P=1, the percolation probability for the
site reaches 100%.

media varies according to the values of P. Those sites

The connectivity of the porous

and clusters beyond the spanning cluster correspond
to the non-connection areas of the sedimentary rocks.
Our simulation is only concerned with the spanning

cluster.

We represent a porous medium by a square
network of interconnected sites (pores) and bonds
(throats). The radii of those sites beyond the span-
ning cluster are considered to be zero. The radii of
those sites in the spanning cluster are determined
The radii
of the pores are described by a distribution function
f(R) while the radius distribution of the throats is
given by g(r).
bond network, a construction principle has been built

by the following construction principle.

In order to build a correlated site—

by Vidales et al.l'® For a given site, the size is al-
ways greater than that of any of its four bonds. In
this paper, the pore bodies (sites) and the throats
(bonds) are regarded as spherical and cylindrical, re-
spectively (see Sec.III). In order to make our porous
media model agree more with the facts, according
to the construction principle,*®! the following factor
must be considered: among the four bonds connected

to a pore, there are at most two bonds with their
.. 1 )

radii greater than or equal to 7 of the pore’s ra-

dius, and they cannot be neighbours. Overlapping of

the distribution curves is allowed. This means that

there must be some bonds that are greater than some

sites. Therefore, when sites and bonds are brought
together to form a network, they cannot be chosen in-
dependently. The sites and bonds cannot be intercon-
nected completely at random if the construction prin-
ciple is to be observed. A joint distribution may be de-
fined as F(R,r)dRdr=g(r)f(R)¢ (R,r)dRdr, where
F(R,r)dRdr is the probability of finding a site with a
radius in the range (R, R + dR) connected to a bond
with a radius in the range (r,r+dr). ¢(R,r) is the cor-
relation function characterizing the structure. If ¢=1,
the sites and bonds are uncorrelated. For 0 < ¢ < 1,
there is a correlation between sites and bonds, and the
pores-throat sizes of many porous media satisfy the
Rayleigh distribution!*l: f(r) = 2re~"". For simplic-
ity, we assume that the pore and the throat radii fol-
low the truncated Rayleigh distribution,'° and their
maximum radii are 3(1+¢) and 3, and their minimum
radii are 3¢ and 0, respectively. For the throat and the

pore, we set, respectively,
g(r) = rexp(=r?/2r7,) /7, [1 — exp(=3/2r7, )],
(0<r<3) (1)

f(R) = g(R = 3¢),

where r,,, is the most probable radius of the throat,

(Be<R<3(1+¢) (2

and ¢ (0 < ¢ < 1) is a correlation parameter, which
shows the correlation characteristic between sites and
bonds. We set the most probable radius of the throat
(rm) to be 1/4/2. The distribution form is very
common.!'”! Figure 1 shows the three situations of the
distribution of the site and bond radii. It is obvious
that the overlap between the pore and the throat radii
distributions is zero when ¢ > 1, indicating that the
site and bond are uncorrelated; whereas the site and
bond are strongly correlated when € ~ 0. Therefore,
the radii of the sites and their attached bonds are as-

signed according to the construction principle.

L
L-[Rg; 25y + Rgiva,25)]

T(2i41,2) .
(204 2,25) "
R2i12,25)

Fig.1.
(24,27) and (2¢ + 2,2j) connected by a cylindrical

throat. Their radii are chosen randomly according to

Two spheres in two neighbouring lattices

Eqgs.(1) and (2) and the construction principle.
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3.Simulation method
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Fig.2. The pore-throat distribution function: (a) e=1;
(b) €=0.8; (c) e=0.2.

To ascertain the effects of the correlated pore
throats, we model a two-dimensional porous medium
by a L, x L, square lattice (we choose L, = L,=201).
This square lattice model has pore bodies with vary-
ing radii according to Eq.(1), at the lattice sites
z = (2i,2j) for integers ¢ = 1 — L,, and j =
1 — L,. These pore bodies are considered to be
spheres, connected by cylindrical throats, at the ver-
tical and horizontal bond locations z = (2¢ + 1,2j)
and z = (27,25 + 1), respectively. The radii of all the
throats are chosen randomly according to Eq.(2) and
the construction principle (see Fig.2). It is obvious
that our model is different from that in Refs.[8]-[10],
in which the pore volume was not taken into account.
Our model is also different from that in Ref.[15] which
takes the pore bodies as unit volume and considers the
throat radii to be uniformly distributed in the inter-
val of 0 to 1.

model, the volume of the pore body at a lattice site

On the basis of the above-mentioned

z = (2i,2j) is (see Fig.1)

4
Vi2i2j) :gﬂ-R?Zizj) + {W(zzi,aj)+k(R(2i,2j)
k

- \/R%%ZJ') = i 2j)+k)

2
- {g”R?mnj)(l - \/1 N T(22i,2j)+k/R%2i72j))}
L o
- gﬂr(ai,zjﬂk\/R?%,Zj) N r(22i72j)+k}' ®)

where R(y;2;) is the radius of the lattice site z =
(2,27), and 7y, o is the radius of the bond (2 +
1,27). k can be (1,0), (-1,0), (0,1) and (0,-1). We

assume Poiseuille fluid flow through a throat, ne-

glecting the surface tension effects on the capillary
pressure and wetting.['5] Hence at the volume flow
rate ¢, the pressure drop (AP) across the throat at
z=(2i+1,2j) is

APpit1,25) = 42i+1,2)/ T(2i+1,25) (4)

where AP2i41,25) = Pl2i,25) — Pl2i+2,25), Paizj) and
Pii42,25) are the pressures at the (24,2j)th and (2i +
2,2j)th nodes, respectively, T{(2;41,25)(= 7T’I"El2i+1’2j)/8
(112 (2i41,25) T M2 (L(2i41,25) =~ T(2i+1,25))]) is the conduc-
tance of the throat, py and ps are the viscosities of the
injected and displaced fluids, M = ps/uq is the vis-
cosity ratio, z(211,25) is the length of bond (2i+ 1, 2)
occupied by the injected fluid, and [l(2;41,25) is the
length of bond (2 + 1,2j). l(2i11,25) = L — (R2i2j5) +
R(2i+2,2j))7 where L is the distance between the two
lattice sites (2i¢,27) and (27 + 2,27).

L is chosen to be four times larger than that of the

In this paper

maximum pore radius. At each node we have the con-

servation equation
> deiz+r = 0. (5)
k

Using Eq.(4) in this conservation equation, we find a

discretized Laplace equation!?!

Praioj) = ZT(zi,zj)+kP(2i,2j)+zk/ ZT(Zi,Qj)+k~ (6)
k k

We have chosen boundary conditions with a high pres-
sure (P=100) at the central pore body and zero pres-
sure at the outlet edge. To find iterative solutions for
the pressure field, we have used the standard over-
relaxed Gauss—Seidel scheme so that the normalized
residuals R

2
R= Z { Z q(2i,2j)+k)/ Z T(zi,zj)+k} (7)
,J k k
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Fall below a confidence limit, which we normally
choose to be 1075. Next, we use Eq.(6) to deter-
mine the pressure field, the pressure drop across the
throat and the conductance. The flow rate in each
throat can be determined by using Poiseuille’s law
(Eq.(4)). Then a straightforward deterministic proce-
dure is used to advance the interface through a short
time At. We choose a value of At such that the in-
terface advances a quarter of the pore-body volume in
that interface throat with the maximum volume flow
rate, i.e. ¢maxAt=1/4. The flow rules allow the inter-
face to advance through throats such that the flow is
from a fully invaded pore body towards a pore body
which is not yet fully invaded. The flow is allowed

in every throat, and the deterministic flow velocity is

allowed to advance or retreat the interface within the

pore throat.

4. VF Patterns and evolution of

the porous media

Figure 3 shows the VF pattern in a percolation
cluster (P=0.8 and M=100) for four different correla-
tion parameters (e=1, 0.8, 0.6, 0.2). For =1, the VF
pattern has been studied.['?! For e <1, the cluster size
decreases with the decrease of the correlation param-
eter ¢ (see Fig.3). We also find that the VF pattern
remains almost unchanged when £ > 1. Moreover,
no matter what value € takes, the VF pattern in the

percolation cluster is of an anisotropy manner.

Fig.3. VF pattern in a percolation cluster for four different correlation parameters (e=1(a),

0.8(b), 0.6(c), 0.2(d)). P=0.8 and M=100.

Figure 4 presents the normalized size distribu-
tion of the invaded throat Nj,,(r) for correlation pa-
rameters e=0.8(a) and 0.2(b). It is obvious that the
smaller the correlation parameter e, the greater the

deviation of the normalized size distribution of the in-

vaded throat Nj,,(r) from the truncated Rayleigh dis-
tribution (Eq.(1)). In Fig.4, the normalized size dis-
tribution of the invaded throat, N, (r), shows that
the major deviation happens where r is large. This

suggests that the standard over-relaxed Gauss—Seidel
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scheme chooses a larger size of throat for displace-
ment. These results are different from the invasion
percolation in a square lattice.['!] The reason can be
as follows. The invasion percolation model is consis-
tent with the situation at a low capillary number, in
which water is injected slowly into a porous medium
filled with oil, the capillary force is greater than the
viscous force, and the dynamics is determined by the
local pore radius r. Capillary forces are the strongest
at the narrowest pore necks. Hence, the viscous forces
are negligible in both fluids, and the principal force
is due to capillary action. In every time step the
invading fluid advances to the growth site that has
the lowest random number r. However, our model is
a deterministic growth model. In the VF, the prin-
cipal force is due to the viscosity of the displaced
fluid; the viscous forces dominate the capillary force so
the capillary effect is negligible. Moreover, according
to Eq.(4), the flow conductance T{2;11 25) is equal to
T gi 1,25/ 81T 2i1,29) + B2(l2it1,2)) — T(2it1,29)))-
Hence, the over-relaxation scheme chooses a larger
throat size for displacement. Moreover, from Fig.4
we can see that the normalized size distribution of an
invaded throat Niny (r) greatly deviates from the trun-
The

smaller the value of €, the greater the deviation. This

cated Rayleigh distribution when ¢ is smaller.

means that there is a strong correlation between the
pore and the throat radii.

When P=1, for finite values of M, such as 1 <
M < 100, the interior of the cluster of the displacing
fluid is compact for short length scales. This structure
becomes more and more compact with the decrease of
M. Tt is known that the flow pattern will be fractal for

(18] Our simulation of fluid

infinite viscosity ratio M.
flow also exhibits fractal for a larger viscosity ratio
(i.e. M=1000), whether the throat radii are in uni-
form distribution or truncated Rayleigh distribution.
Figure 5 shows the VF pattern for the correlation pa-
rameter £=0.2 and the viscosity ratio M=1000 in four
different percolation clusters (P=0.6, 0.7, 0.8 and 0.9).
The simulation result shows that the VF pattern looks
The

sweep efficiencies increase with the increase of perco-

like a DLA structure in a percolation cluster.

lation probability P. For varying percolation proba-

bility P, the numerical relationships between the cor-
relation parameter ¢ and fractal dimension D are cal-
culated, as shown in Fig.6. It is clear that the fractal
dimension D increases with the increase of the per-
colation probability P and the correlation parameter
€. This means that VF patterns are fractal no matter
what the values of P and ¢, for a larger viscosity ratio
M. Its fractal dimension D also increases with the

increase of P.
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Fig.4. The normalized size distribution of invaded
throats Nipy(r) for different values of correlation
parameter (¢=0.8(a), 0.2(b)): O,P=0.8; ® P=0.9;
W, P=1.

These results indicate that the geometry and the
topology of the porous media have strong effects on

the displacement processes and the structure of VF.
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Fig.5. VF patterns in four different percolation clusters ((a) P=0.6, (b) 0.7, (c) 0.8, (d)

0.9). €=0.2 and M=1000.
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Fig.6. Fractal dimension D as a function of correla-
tion parameter € at M'=1000, for P=0.6 (A), 0.7 (O),
0.8 (0),09(®)and 1 (M).

5. The velocity distribution and

sweep efficiency

s19:13,:20] have shown

The results of previous studie
that the fluid boundary is fractal, even for a finite
viscosity ratio. This prompted us to measure the scal-

ing function. In this paper, we study the distribu-

tion of velocities normal to the interface in a per-
colation cluster. The method has been described in
detail in Ref.[19]. After each group of 100 sites has
been added, all the interfacial velocities are analysed,
the root-mean-square cluster radius R. is measured,
and the total numbers of filled sites and surface sites
are recorded. Surface sites are nodes filled with the
displacing fluid, but with one or more nearest neigh-
bours occupied by the displaced fluid. At each stage,
we make a histogram of the velocity distribution, sort-
ing the velocities into equally spaced logarithmic bins.
The number N in each bin, assuming the scaling hy-

pothesis, is given by

Nd[In(V)] = RI®)d(-a), (8)

C

where the velocity V is equal to R;® and d[In(V)] is

the width of the logarithmic bin.

Hence, a=-In(V)/In(R.) and d[In(V)]=d(-a)In(R.).

This gives us a scaling function

_ I[NIn(Ro)] )
ln(RC)

Figure 7 shows the effect of randomness on the veloc-

fla)

ity distributions at a viscosity ratio M =10 and P=0.8.
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It is obvious that they are parabola-like curves. The
curves are plotted by fitting data that are averages of
20 runs. The tail of the distribution (large ) is longer
for the larger correlation parameter e. When ¢ <0.2,

the distribution is very sharp.

1.8
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Fig.7. Scaling function f(«) and the effect of the cor-
relation parameter ¢: (a) €=0.8; (b) €=0.6; (c) e=0.2.
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Fig.8.
size Ly, when the correlation parameter e=0.8(a) and

0.6(b): W, M=10; ®, M=100; O, M=1000.

Sweep efficiency E as a function of lattice

A particular use of the function is to predict the
sweep efficiencies E(= AE/AS),M] where A, and A,
are the sweep area and percolation cluster area in the
sweep region, respectively. Figure 8 shows that the
sweep efficiency F decreases with the decrease of the
correlation parameter € and the increase of the net-
work size L,,. It is apparent that F has a minimum
as L,, increases to the maximum no matter what the
values of P, M and e¢. It must be pointed out that
the E ~ L, curve has two linear regions. This means
that the VF pattern has a frozen zone and an active
zone.[2]
101x101 and

401x401 square lattices concerning finite size effects

Our studies on some 51x51,

show that the above-mentioned conclusions are still

tenable.

6. Conclusion

The porous media model constructed in this pa-
per is the percolation cluster with varying percolation
probability P and correlated site—bonds. Taking into
account both the pore and the throat geometry, the
VF in porous media has been investigated by using
the standard over-relaxed Gauss—Seidel scheme. The
simulation results show that the VF structure varies
with the correlation parameter e, the viscosity ratio
M and the percolation probability P.

For ¢ <1, the cluster size decreases with the de-
crease of e. No matter what the value of ¢, the VF pat-
tern in a percolation cluster has an anisotropy manner.
The smaller the correlation parameter ¢, the greater
the deviation of the normalized size distribution of the
invaded throat N, (r) from the truncated Rayleigh
distribution. The normalized size distribution of the
invaded throat N, (r) shows that the major devia-
tion occurs where r is large. The normalized distri-
bution of the size of the invaded throat Nj,,(r) also
greatly deviates from the truncated Rayleigh distri-
bution for smaller . The smaller the value of €, the
greater the deviation. For a larger viscosity ratio M,
the VF pattern looks like a DLA structure in the per-
colation cluster. The fractal dimension D increases
with the increase of the percolation probability P and
the correlation parameter €. The velocity distribution
f(a) of VF in a percolation cluster is a parabola-like
curve. The tail of the distribution (large «) is longer
for a larger €. For a smaller value of ¢, the distribu-
tion is very sharp. The sweep efficiency E decreases

with the decrease of ¢ and the increase of the network
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size L,,. F has a minimum, as L,, increases to the

maximum no matter what the values of P, M and .

The E ~ Ly, curve has two linear regions (the frozen

zone and the active zone). The geometry and topol-

ogy of the porous media have strong effects on the

displacement processes and the structure of VF.
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