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With the application of a Wigner function description of a two-mode squeezed state, we study a protocol of

continuous variable entanglement swapping in a noisy quantum channel. Assuming that the two initial entangled states

are coupled with the same environment, we analyse the quantum state emerging from the swapping and obtain the

inseparable condition for the output correlation. It is found that there is more noise resulting from the entanglement

swapping than from the direct transmission, no matter what values of displacement gain are chosen.
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1. Introduction

Quantum entanglement, first noted by Einstein,
Podolsky and Rosen (EPR)!' and Schrédinger,?! is
one of the important features of quantum mechan-
ics. Entanglement describes a system composed of
two or more particles,®*¥ exhibiting the novel prop-
erty that the result of measurement on one particle
cannot be specified independently of the parameters
of the measurements on other particles. The resource
of entanglement has a number of useful applications in

quantum communication and quantum computation.

Sharing a non-locally entangled state of the EPR
type between a sender and a receiver makes it possi-
ble to transmit an unknown quantum state from the
sender to the receiver through direct transmission of

only classical information. This process, first pro-

posed by Bennett et al.[%! in the spin—§ system, is

called quantum teleportation. Recently, Vaidman,®
Braunstein and Kimblel”! have suggested the tele-
portation of continuous-variable states, such as the
quadrature amplitudes of the electromagnetic field,
in which the concept of teleportation of discrete
variables was extended to that of continuous vari-
ables belonging to states of infinite-dimensional sys-
With a high detection efficiency of the ho-

modyne measurement, the teleportation of arbitrary

tems.

coherent states was implemented experimentally!®

using the parametric down-conversion as an EPR
source. Since then, more and more attention has
been paid to the study of continuous variables
in quantum information processing, such as secret
key distribution,®! teleportation,!'® dense coding,!!

12] entanglement purification,!*3:14]

error correction,!
quantum computation® and cloning.*® In addition,
a necessary and sufficient condition for the insepara-
bility of all Gaussian states was studied in Refs.[17]
and [18] which turned out to be a sufficient insepara-
ble criterion for continuous variable states of any two

particles.

It is worth mentioning that the entanglement
swapping!'® has a number of useful purposes, such
as entangling two quantum states which have never
interacted directly with each other, constructing a
quantum communication network, speeding up the
distribution of entanglement, and serving as a kind
of entanglement purification. Another important ap-
plication of entanglement swapping is the quantum
repeater, suggested by Briegel et al29) in which the
exponential degradation of entanglement with a noisy
channel length can be overcome with a polynomial
increase in time and a logarithmic increase in re-
sources. The above-mentioned studies concerning en-
tanglement swapping have only referred to discrete-
variable systems, i.e. two-level systems. More recently,
Polkinghorne and Ralph[?!] have put forward the first

*Project supported by the National Natural Science Foundation of China (Grant No 19874056).
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scheme for continuous-variable entanglement swap-
ping, in which polarization entangled states of sin-
gle photons from two independently entangled source
are teleported with the use of squeezed state entan-
glement. Subsequently, two other schemes for en-
tanglement swapping in continuous-variable systems
have been proposed. Tan[??l confirmed the nonlo-
cal entanglement of the teleported signal beam with
the idler beam from the same parametric amplifier.

Van Loock and Braunstein[23!

investigated the uncon-
ditional teleportation of continuous variable entan-
glement by means of squeezed light and linear opti-
cal devices. Note that up until now, such reports of
continuous-variable entanglement swapping have only
discussed pure quantum states as the quantum chan-
nel. In fact, as the quantum channel is exposed to
the environment,[2425 the decoherence effect will turn
the pure quantum state into a statistical mixture and
destroy the entanglement property. Therefore, it is
important to consider the influence of environment on
the entanglement swapping. Inspired by Ref.[24], we
discuss continuous-variable entanglement swapping in
a mixed quantum channel in this paper. The two ini-
tial entangled states are assumed to couple with the
same thermal environments. Based on the inequal-
ity in Ref.[17] about the sufficient-inseparability cri-
terion for continuous-variable systems, we investigate
the quantum correlation emerging from entanglement
swapping. We show that there is more noise resulting
from the entanglement swapping than from the direct
transmission, no matter what values of displacement

gain are chosen.

This paper is arranged as follows. In Sec.2, we
give a brief review of the time evolution of a two-
mode squeezed vacuum in a noisy channel. In Sec.3,
the whole process for continuous-variable entangle-
ment swapping is described and the inseparable con-
dition for the output correlation is obtained. In Sec.4,
we compare the decoherence property of the entangle-
ment swapping with that of direct transmission. Fi-

nally, remarks and conclusions are given in Sec.5.
2. Two-mode squeezed vacuum

in a noisy quantum channel

Before studying the scheme of entanglement
swapping, we briefly review the evolution of the two-
mode squeezed vacuum in a thermal environment.
A two-mode squeezed vacuum state, generated by a

parametric down-converter,[2¢! can be described by

the Wigner function

W (a0; as) =—gexp{—e > [(za +20)? + (pa = o)’
- lwa = a4 o+l ()

where r is the squeezing coefficient and the complex
quadrature phase variable a; = z; +ip; (j = a,b). In
reality, due to the unavoidable light transmission loss,
the initial pure squeezed state will evolve to a two-
mode mixed squeezed state. The time evolution of

the Wigner function can be described by the Fokker—

Planck equation in the interaction picture?”
OW (ag; ap;t) 0 o
B T DI Pri b
2
14+2n)——— | W(ag; ap;t),(2
# om0 Wassan0, ()

where 7 is the damping rate for the two field modes,
and 7 is the average thermal photon number. For the
zero-temperature environment, 7 = 0. By solving the

Fokker—Planck equation, the Wigner function for the

mixed squeezed statel?4] is given by
. . p— 4
Wiawi owi T) = o — g
2F
X exp| — m(xi +p; +p + pj)
4F
+ m(mamb — PaPb) | (3)

where E = T(1 + 2m) + (1 — T)cosh2r and F =
(1 — T') sinh 2r with the normalized time T'(¢t) = 1 —
exp(—vt). For T = 0, the mixed squeezed state is the
initial pure squeezed vacuum state defined in Eq.(1),
as expected. The initial squeezed state will eventu-
ally assimilate with the thermal environment, i.e. the
quantum nonlocality is lost completely, when F is zero
for the limit of ¢ — co.

3.Process of entanglement swap-

ping
In our protocol, a pair of entangled states, source
A and source B, are needed to perform entanglement
swapping. Both sources A and B are made to emit a
two-mode squeezed vacuum state, which can be gener-
ated by a nonlinear medium./?8! The Wigner function
of the two two-mode pure squeezed states is given re-
spectively by
W(ala; alb)
4 —2r
ZFGXP{—G (210 + 216)” + (Pra — P10)°)]

— e [(@1a — #16)” + (P1a + P16)°]}s (4)
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W(Oé2a; Oézb)
4
:ﬁexp{—e_2r2 [(22a + 225)* + (P20 — P21)?]
- e2T2 [(372(1 - be)Q + (p2a + p2b)2]}7 (5)

where r; and 7o are the degrees of squeezing, and the
quadrature variable o, = Trq +iPra, Ckb = Trb +iPb
(k = 1,2).
state described by Eq.(4) will become exactly the

Note that if ry — oo, the quantum

maximally entangled continuous-variable state (EPR
state), while the state described by Eq.(5) will also
become the EPR state if r; — oo. Supposing that
the two sources are exposed to the same thermal en-
vironment, the entanglement property of the two ini-
tial squeezed states will be deteriorated. According
to Sec.2, the time evolution of the two pure quantum
states, sources A and B, influenced by the noisy chan-

nel, can be written respectively as

4 2F,
W (aa; a1p; Th) :WGXP[ EZ_F? (21 + Pl + 23, + 11)
4F'
+ ﬁ(xlamw - pmpw)} ) (6)
1 1
4 2F,
W (azq; azp; Ta) Zmexp[ Ez F? (an + p2a + 9”217 + pzb)
4F:
+ ﬁ(%aiﬁzb - Pzapzb)} ) (7)
2 2

where the parameters E; = T;(1 + 2m) + (1 —
T;)cosh2r;, F; = (1 — T;)sinh 2r; (i = 1,2), and the
normalized interaction time T;(t) = 1 — exp(—vit).

Here ~; is the loss rate.

source A

source B

Fig.1. Scheme for continuous-variable entanglement
swapping between two two-mode squeezed vacuum
states influenced by the thermal environment. Sources
A and B are two optical parametric down-converters,
each emitting a two-mode squeezed state. Before
the measurement, Alice and Carol share the mixed
squeezed state of mode 1la and mode 1b while Carol
and Bob share the other mixed squeezed state between
modes 2a and 2b.

Let us suppose that Alice wants to transfer mode
1b of source A to mode 2b in Bob’s side with source
B providing the entanglement for the teleportation in
Fig.1. Of course, initially Alice and Bob do not share
any entangled state. The total original state is a prod-
uct of the state of source A and that of source B, which

can be represented by the total Wigner function

W(ala; ap; T 02q; Qop; Tz)

=W (a1a; 0103 T1) @ W(aa; cop; T2). (8)

In order to realize the entanglement swapping, Al-
ice sends mode 1b to Carol, and keeps mode 1a at her
side. At the same time, Bob does the same thing:
sending mode 2a to Carol and keeping mode 2b. Af-
ter receiving mode 1b from Alice and mode 2a from
Bob simultaneously, Carol performs a Bell detection

by combining the two modes on a 50/50 beam split-
ter /Bc,d =

tectors at the two output ports of the beam splitter.

1
—2(a1b F a2,4), and setting homodyne de-

The two conjugate quadrature variables z. = Ref, =
1
—2(1‘1b — T2q) and pg = ImPBy =

1
—2(p1b + p2q) are
measured by choosing the phases of local oscillators for
the homodyne detectors, while all information about
the observables corresponding to the imaginary part
of (. and the real part By is lost. After the beam

splitter, the Wigner function of the total state can be



342 Liu Jin-Ming et al.

Vol. 11

written as
W (aa; Be; Bas aop; T1; Ta)
ﬂc“’ﬂd
=W(a1e; ——=—;T1) @ W(————; aap; T), (9
% 7 1) ( 75 o 2), (9)

which displays an entanglement between the modes 1b

ﬁdf/gc

and 2a.

Integrating x4 and p. out from Eq.(9) re-
sults in a Wigner function related to the variables
(1a; Te; pa; aop; T1; T2). Now, Carol sends the mea-
surement results z. and pg to Bob through a clas-
sical communication. Based on the classical results,
Bob displaces mode 2b as xo, — 3 = xop + Aﬂxc,
Pap — P3 = Pap + AV/2pg. The parameter A describes
Note
that it is impossible to teleport mode 1b to mode
After z.

and pg are integrated out from the Wigner function

a displacement gain for the local operation.
2b without any information from Carol.

W(a1a; Ze; pa; @3;T1; T2), we obtain the joint time-
dependent Wigner function of mode la and mode 3

4 2
W (a1a; as) Zmexp{—g [E1 (23 + p3)

+ (B2 + N (By + E) — 2AF) (a7, + pl,)
+ 20\F1 (p1ap3 — z1a73)]}, (10)

where the parameter § = (E? — F2)\2 + E1E>(1 +
A2) — 2)\E1 F.

Equation (10) is a Wigner function with vari-
ables (a1q;a3;7T1;T2), describing a correlation be-
tween mode la and the teleported mode 3. The corre-
lation, initially an unentangled state, must be proven
to be nonclassical if continuous variable entanglement
swapping is achieved. Therefore, we use the inequal-
ity about the inseparability criterion in Ref.[17] to
verify the correlation. The criterion is shown to be
true for all Gaussian states; not only for the pure two-
mode squeezed vacuum state, but also for the mixed
squeezed state. In this protocol, the sufficient con-
dition for inseparability is that the total variance of
ZT14 — T3 and py, + p3 operators with the quantum
state described by Eq.(10) satisfies the inequality

(A(@ra — 73)2) + (A(Pra + P3)?) < 1. (11)

It is believed that a two-mode state with the
density operator p has the following characteristic

function[28!

X"(&1; &)
—trlpexp(61a} — £ )exp(€adf — £52)]
:tr{pexp[iZ(f{:ﬁl — £fﬁ1)]eXp[i2(€§562 - f?ﬁZ)]}: (12)

where ¢ = ¢ff + ¢} and the annihilation operator

a; = z;+1ip; (I = 1,2). The quadrature amplitudes
~ N . ~ - {
Z; and p; satisfy the commutators [z;,py] = 55”/

(l,l' = 1,2). In terms of the characteristic function,
the average value of an observable for the two-mode

state can be obtained

o™ "
— A¢cm 9/ cx\n (w) 6 76 1=£2=0> 13
q> 86;;1 6(*6*)"X ( 1 2)|€ £2=0 ( )

q

((@y)mag) =
where p,q = 1,2. Admittedly, the Wigner function of
the density operator p is the Fourier transform of its
symmetrically ordered characteristic function. In this
case, the characteristic function y(*) (&1,&2) can also
be derived from the inverse Fourier transform of the

Wigner function

X" (€15 &)
:/d2oz1/d20z2VV(061,042)6XP(§1041k —&jan)

x exp(§2a5 — 5a). (14)

Clearly, there are two different expressions for the
same characteristic function described by Egs.(12) and
(14). Using Eqs.(10) and (14), we have the character-

istic function

X" (0143 )
E
=exp{ = (112)* + (1))

E2X\2 + E1Ey(14 )2) = 20\E By
2F4

+ Ay (nens — niand)},

[(n5)? + (n3)7]
(15)

where 7y, = nft +int for k = 1a, 3.
Substituting Eq.(15) into Eq.(13), we obtain the
total variance of the T1, — T3 and p1, + p3 operators

as

—
2

(1+A2)(By + E2) — 2M(F1 + F»)].  (16)
Let 71 (7, 71,72, A, T, Ts) = (A(Z1a — 23)%) + (A(Pra +
p3)?). Provided that the inequality 71 > 1 is violated,
as shown in Ref.[17], the correlation which is originally
unentangled between modes la and 3 may be insepa-
rable. Thereby, 71 < 1 is the inseparability criterion

for the output state of the entanglement swapping.
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Based on the different values of displacement gain A,
two cases are considered as follows.

(i) When X\ = 1, Eq.(16) is given by

mn=E1—F1+ Ey— F
=14 2n)(Ty + T»)
+(1=Te ?™ + (1 —-Ty)e 2. (17)

In the absence of the thermal environment, the quan-
tum property of the two initial pure squeezed states re-
mains unchanged before being coupled with each other
on the beam splitter. This means that the inseparable
condition 7, = e™?™ 4 e72™ < 1, which is in accor-
dance with the criterion in Ref.[22]. From Eq.(17),
we learn that if and only if both E; — F; < 1 and
E; — F5 < 1 are true, the inequality 71 < 1 can be
satisfied. In other words, if the quantum correlation
emerging from the entanglement swapping is entan-
gled, the two mixed squeezed states are undoubtedly
inseparable before teleportation. Here, E; — F; < 1
(j = 1,2) is the inseparability criterion for the two
original two-mode squeezed vacua in the thermal en-
vironment.

(ii) When an optimal displacement is A =
Fi+F

El + E2 . . . . .
operators is minimized and can be written as

(E1 4 Ey)* = (F1 + F)?

L= 2(Er + B») . (18)

, the total variance of the T1,—3 and p1,+ps3

The optimal displacement corresponds to the mini-
mal value of the total variance. Apparently the opti-
mal gain A is a time-dependent variable. The aim of
choosing the optimal value is that we want to compare
the minimal total variance with the noise factor in a

direct transmission. For ¢ = 0, we obtain the optimal
exp(2ry + 2rg) —
exp(2ry + 2r2) +
_exp(2ry) + exp(2r3)
oexp(2r +2rp) 41

1
gain A = 1 and the total variance

4.Comparing the decoherence

property

Actually, the losses and decoherence in the envi-
ronment will turn a pure entangled state into a mixed
one. In Fig.2, two different ways for distributing en-
tanglement between the noise channel M and N are
plotted. For simplicity, we assume that the environ-
ment has the same influence on each mode of the three
squeezed sources and that the energy decay rate of
all the modes is 7’_ In addition, the quantum states

emitted from the three parametric amplifiers 1', 1 and

2 are assumed to have the same level of squeezing s.
The above two assumptions are reasonable as the tem-
perature of the thermal environment is normally the
same. From an experimental viewpoint, there are ma-
ture techniques for a parametric down-converter. The
first way to build an entanglement in nodes M and
N is the direct transmission of the initial two-mode
squeezed state, where the state generator is located
in the midpoint of the noisy channel. According to
Ref.[24], 7 = E — F is regarded as the noise factor
of the mixed two-mode squeezed vacuum described
by Eq.(3).
tion is to perform a Bell detection at the middle point

The second way to establish the correla-
of the channel. We consider two parametric ampli-
fier sources, each simultaneously emitting a pure two-
mode squeezed state. Then, the entanglement swap-
ping is used to connect the ends of the channel, sites
M and N. In this case, the noise factor is defined in
Eq.(16). Next, we compare the noise factors between
the output state of entanglement swapping and the
two-mode pure squeezed vacuum for direct transmis-
sion. Obviously, the squeezed photons in the first way

travel twice as much distance as in the second way.

M M1 - N

Bell detection

Fig.2. The two specific ways of distributing entangle-
ment between two sites M and N of a noisy channel.
Source 1" is made to emit a two-mode squeezed state
and is positioned at the midpoint of the channel. Like-
wise, sources 1 and 2 are also made to produce a two-
mode squeezed vacuum and are placed at the quarter
position of the whole channel near nodes M and N,

respectively.

(1) If A =1, we have

t
71 (for time 5) — 7 (for time t)
=2(E, - F)—(E-F)
= ¥4+ 2n+1—-e )1 -V1-T) (19)
where T(t) = 1 — exp(—y't). The right-hand side is
semi-positive so that the noise resulting from the tele-

portation is more than that from direct transmission.

This is in agreement with the protocol in Ref.[24].
F + F F;
() A= T2 _ 1

————— = —, the minimum value of
Ei+Ey, E;
the noise factor 7y is described by Eq.(18), and 7y — 7

is given by
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71 (for time %) — 7(for time t)
:LE’lFl —(E-F)
(1 VI T)A+ 28) + VI Te®|[(1 — VT T)(1+ 2m) + I Te 2]
B (1—=+v1=T)(1+ 2n) + /1 — T cosh 2s
—[T(1+2m) + (1 — T)e 2. (20)

By means of numerical computation, we find that
with the increase of time, the right-hand side may be
negative. In the meantime, 7 > 1 is satisfied. That
is to say, when 71 — 7 < 0, it is impossible to preserve
the entangled property of the three mixed squeezed
states. This implies that the noise factor given by the
output state of the swapping is larger than that by the
direct transmission, even if the optimal displacement

is obtained.

Thus, our results have shown that there is more
noise resulting from the entanglement swapping than
that from the direct transmission, regardless of the

values of the displacement gain.

5. Remarks and conclusions

In this paper, we have investigated continuous-
variable entanglement swapping in a thermal environ-
ment. The inseparable condition for the output of

the swapping has been derived. We have also com-

pared the noise resulting from the teleportation with
that from the direct transmission. It is shown that
it is impossible that the noise given by the output
state of entanglement swapping is smaller than that
by the direct transmission, no matter what values of
displacement gain are chosen. However, the entangle-
ment swapping enables us to entangle two quantum
states which have never interacted directly with each
other. It is known that entanglement plays an essen-
tial role in quantum communication, which deals with
the transmission and exchange of quantum informa-
tion between distant locations of a network. Hence
the distribution of entangled states between distant
nodes will be of great importance in the future large-
scale realization of quantum communication protocols.
Our protocol for the entanglement swapping in a noisy
channel and the continuous-variable entanglement pu-
rification being combined, it is of significance to gener-
alize the idea of quantum repeater from discrete vari-

able to continuous-variable systems.
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