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In this paper, we extend the well-known direct method proposed by Clarkson and Kruskal for finding similarity

reductions of partial differential equations. It follows that some new similarity reductions of the generalized Burgers

equation, such as travelling wave reduction, logarithmic reduction, power reduction, rational fractional reduction, etc,

are derived, in which some of these cannot be obtained solely by using the direct method. The similarity reductions

obtained are interpreted by the nonclassical symmetry Lie group.
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1. Introduction

A powerful method for finding similarity reduc-
tions of a given partial differential equation (PDE) is
to use the Lie group method of infinitesimal trans-
formations originally developed by Lie.l} Though the
method is entirely algorithmic, it involves a large
amount of tedious algebra and auxiliary calculations,
which are virtually unmanageable manually. Bluman
and Colel? proposed a generalization of the Lie
method, which they called the nonclassical method
of group-invariant solutions, and this has been gen-
All these methods

determine Lie point transformations of a given partial

eralized by Olver and Rosenau.

differential equation, that is, transformations depend-
ing only on the independent and dependent variables.
Noether recognized that the Lie method could be gen-
eralized by allowing the transformations to depend on
the derivatives of the dependent variable as well as
the independent and dependent variables!®]. The as-
sociated symmetries, called Lie-Backlund symmetries,
can also be determined by an algorithmic method.
Bluman and Cole[?! have introduced an algorith-
mic method which yields new classes of symmetries of
a given partial differential equation that are neither
Lie point nor Lie-Backlund symmetries. A common
characteristic of all these methods for finding symme-
tries and associated similarity reductions of a given

partial differential equation is the use of group theory.

Clarkson and Hood*

Kruskall® have developed a method of deriving sim-

and Clarkson and

ilarity reductions of partial differential equations
and they obtained the similarity reductions of the
Boussinesq equation; we call this approach the direct
method. This method does not use group theory and
can obtain new similarity solutions which cannot be
obtained by using a standard group method. The
basic idea of the direct method is to seek a reduction

of a given partial differential equation in the form
u(z,t) = Uz, t, w(z(x, 1)), (1)

which is the most general form for a similarity reduc-
tion. Substituting Eq.(1) into the partial differential
equation and demanding that the result be an ordi-
nary differential equation (ODE) for w(z), we impose
conditions upon U and its derivatives that enable us
to solve for U. For most partial differential equations,

it is sufficient to take Eq.(1) in the special form!®!

u(z,t) = a(z,t) + Bz, tyw(z(z, t)). (2)

Using this direct method, some authors have obtained
many similarity reductions for various partial differen-
tial equations.[6—8]

In this paper, we develop the form of Eq.(2) into
the following

h(u) = ofe, 1) + Bla, Duz(a,1),  (3)
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where h(u) is a derivative function with respect to w.
It is easy to find that Eq.(3) is an extended form of
Eq.(2).

new similarity reductions of a generalized Burgers

Furthermore, we use Eq.(3) to obtain some

equation as
Up + Uy + Uy + h(u)u, =0, (4)

which cannot be obtained just by the direct method
proposed by Clarkson and Kruskal.

Finally, we present the similarity reductions ob-
tained by the nonclassical Lie symmetry group inter-

pretation.
2.Some new similarity reduc-
tions of Eq.(4)
In what follows, we consider two distinct cases.
2.1. For the case z, # 0.
Substituting Eq.(3) into Eq.(4) yields
B2iwas + (B2s + 2B22e + B2ew + B2y + B2i)w,
+ B2 zowwe + BBaw’® + (afs + fas + Ba
+ Boa + Bw + o + ap0s + 00

n

h
Zﬁ(ai + Bow® + B ziw? + 20, fpw

+ 20, Bz, w, + 260, ww,). (5)

In order for Eq.(5) to be an ordinary differential equa-
tion for w(z), the ratios of coefficients of different
derivatives and powers of w(z) have to be functions
of z only. To this end, there are three selections:
(i) if a(z,t) has the form a = ap(z,t) + B(z,t)2(z)
then we can take 2 = 0 (replacing w(z) by w(z) —
2(2));
(ii) if B(z,t) has the form 8 = Bo(z,t)2(z) then we
can take 2 = 1 (replacing w(z) by w(z)/2(2));
(iil) if z(z, t) is determined by an equation of the form
2(z) = zo(z,t) where 2(z) is an invertible function,
then we can take 2(z) = z (let z — 271(2)).

We now proceed to determine some similarity re-
ductions of Eq.(4).

In the following, there are a few subclasses to con-

sider.
1

1) For an arbitrary h(u), if e

f(w), we can

take u = w, then w(z) satisfies
Wz + ww, — f(w)wz = 07 (6)

which is equivalent to a travelling wave reduction.

2) If at least one of & and 3 is not a constant, we
m

Zajhj

h” p =0
o () -5

zn: bRt
1=0

. Then Eq.(5) reads

{Z bi(o + ﬂw)l} [B23w... + B2 zpww, + (B2e + Bzua + 26022 + B2a + B2 )w. + BB, w?
=0

+ (Baz + 0B+ afy + Bo + Br)w + 0y + Cpa + oy + )P

- { 3 i+ ﬂw)i] (02 + 20, Baw + 20, Bzow, + 28, z,ww, + Fw? + 222w, (7)
=0

(a) If a;=0, j=0,1,2, A,m, then we can let h = Au, where X is a constant, Eq.(4) reduces to

U + Uy + Uy + Aunu, = 0, (8)

which is called a generalized Burgers equation. Its similarity reductions and some exact solutions have been

presented in Ref.[9].

"

h
(b)Ifm=n=0,a9#0,p=>by =1, then iz = G0, leading to

h= —iln(u—l—k),

ap

and Eq.(7) reduces to

Bz2w,. + B2 z,ww, + (afzy + Bzew + 2Buzs + Bze + Bzi)w. + BB,w?
+ (Bow + 0B + afy + Bz + Br)w + 0y + Qgo + a0, + o
:ao(ai + 20%,3;311) + 2azﬂzzwz + 2ﬂﬁmzmwwz + ﬂzwz + ﬂzzzwi)' (9)
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We use the coefficient of w,, as the normalizing coefficient, and set

Bz, =B°2211(2), . — aofs = B2221(2),
aBzy + Bzee + 2Bu2s + Bze + Bz — 200000z, = B225T3(2),
Boa + auf + aBy + Br — 20 0: + By = B72314(2),
320 — 2008, 20 = 23 T5(2), B2} = 52, T6(2),
Ay + Uy + @ty — aga® + oy = B222T6(2). (10)

Solving Eq.(10) yields
Fl(Z) = F5(Z) = F7(Z) = I,FQ(Z) = Fg(z) = F4(Z) = O,FG(Z) = Cp-
The similarity reduction of Eq.(4) reads

1
——In(u+k)=cot+w(z),z=2+ 02—0152 + est + ey,
ao

where w(z) satisfies the ODE: w,, + ww, — agw? + ¢o = 0.

h' b
(c) Taking m=0,n=p =1, M hrd we let @ + ¢ = 0,9 = 0, where a = ?,q: b—o. When a # 1, solving
q 1 1
h' 1
i % yields h = csu™=, then Eq.(7) reduces to

ﬂzngz + ﬁ2zzwwz + (ﬂzzz + 2/6mzm + ﬂzz + ﬂzt)wz + ﬁﬂmwQ + (/Bzz + ﬂa: + ﬁt)w

G C0Bezeww: + Bl + )

Similar to Eq.(9), we have

3225 =201 (2), B2, = 222 T(2), B2 200 + 26B020 + B2 — 2000, 2,
=B223T3(2), 828, = 8222 Tu(2), BBua + BBz + BB — aBy = B*23T5(2).

Solving the above equation yields I (z) = Iz(z) = I's(z) = 1,I3(2) = z,I4(z) = 0. Thus we obtain the

similarity reduction of Eq.(4) as follows

cuT = O()w(z),z = O(t)x + o(t),0 = 6%,0" — 6% +6 =0,

where w(z) satisfies ww.,, + ww, + zww, + w? — awf = 0. When a = 1, h = c7e°™ the similarity reduction of
Eq.(4) reads
cre®t = 0(tw(z), z(z,t)=0t)x+o(t), 0 =6° o —0*c+6=0,

where w(z) satisfies ww., + w?w, + zww, + w? — aw? = 0.
2.2. For the case z; = 0.

Let the similarity reduction of Eq.(4) be in the form

hw) = ale, £) + Bz, Ou(t). (11)
Substitution of Eq.(11) into Eq.(4) yields

Bw, + (B + B + Baw + Bots + aBa)w + ap + 0t + Qs + aa, + BBpw?

hll
=10 + 200 00w + BFw?). (12)
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In order for Eq.(12) to be an ODE for w(t), three
types of similarity reductions of Eq.(4) are obtained:
2 .
1) h(u) = peo——— where h(u) = Au, i.e. Eq.(4) re-
duces to Eq.(8), as discussed above;
2 1
2) h(u) = —— +w(t), where h = —— In(u+ &), and
T —t ap
2 4a0 -0
(02" " @i "
3) h(u) = zw(t), where h(u) is given by

w(t) satisfies w' —

h(w) 0
/ e~ T ds = \u+ k,ag # 0, (13)

and w(t) satisfies

zw' + w + zw? — aqw® = 0.

3.Nonclassical symmetry group

reductions

Bluman et al. once proposed the method of non-
classical symmetry group!'®'] for similarity reduc-
tions of ODEs and PDEs. Loul'? developed the
method, especially for the case of z, = 0, to ob-
tain many similarity solutions to PDEs; this is called
the Lou method.

reductions obtained above are to be interpreted by

In the following, the similarity

the method for nonclassical symmetry Lie group and
Lou’s approach.
We consider the one-parameter (¢) Lie group of

infinitesimal transformations in (z,t,u) given by
F=x+eX(z,t,u) + O(e?),
t=t+eT(x,t,u) + O(?), (14)
u+ eU(z,t,u) + O(e?),

U

o}
with the infinitesimal generator IT = X(w,t,u)% +

0 0
T(z,t,u)— + U(z,t,u)—. Now we consider two dis-
. ot ou
tinct cases.
3.1. T # 0. Without loss of generality, we take T'=1
using the method proposed by Bluman and Cole and

the infinitesimal criterion!'®'! for Eq.(4) which leads

to the following determining equations

Xuw =0,

Upw — 2X X, +2X, — 2X ;0 + 20X, =0,

= X +2X,U + 22Uy — Xao
+(14+h)X,+h'U -2XX, =0,

U + Upe +2UX, + (1 + R)U, = 0. (15)

It is not very easy to obtain all solutions of Egs.(15).
However, some solutions, in the following cases, can
be obtained.

3.1a. Taking X = c=constant, U = 0, f arbitrary, it
follows that the similarity reduction 1) in 2.1 is ob-
tained.

3.1b. Taking A" = 0, i.e. h = Au then Eq.(4) is re-
duced to Eq.(8), and its similarity reduction was given
in Ref.[9], corresponding to the similarity reduction 2)
(a) in 2.1.

3.1c. Taking h = fai In(u+k), X = —ai,U =u+k
then it is equivalent ‘30 the similarity redSction 2) (b)
in 2.1.

1 —1
3.1d. Taking h = csuTe, X = 5(% + 1>,U - “2t

then it is equivalent to the similarity reduction 2) (c)
in 2.1.
3.2 T = 0. Similar to the discussion for the Boussi-

nesq equation in Ref.[4], we may let X = 1. Then it

is easy to find that the determining equation reads

UpAUp+ Uy +2U U +U, U2 +R'U?+RU,, = 0. (16)

3.2a. Taking h = Au,U = Y
T —
equivalent to the similarity reduction 1) in 2.2.

1 k
3.2b. Taking h = —— In(u + k),U = ao(u + k)
a

. in Eq.(16), then it is

, then
it admits the similarity reduction 2) in 2.2.

3.2c. h(u) is presented in Eq.(13), let U =

ap
e~z h

h
) z—t
, which corresponds to the similarity reduction
3) in 2.2.
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