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The differential equations of motion of a relativistic variable mass system are given. By using the invariance of the

differential equations under the infinitesimal transformations of groups, the determining equations and the restriction

equations of the Lie symmetries of a relativistic variable mass system are built, and the structure equation and the

conserved quantity of the Lie symmetries are obtained. Then the inverse problem of the Lie symmetries is studied. The

corresponding Lie symmetries are found according to a known conserved quantity. An example is given to illustrate the

application of the result.
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1. Introduction

There is a close relation between the symmetry
and the conserved quantity in a mechanical system.
The study of the theory and application of the sym-
metry and conserved quantity of a mechanical system
is an important topic in mathematics, mechanics and
physics. Modern methods to find conserved quanti-
ties of a mechanical system are mainly the Noether
method and the Lie method.?! In the past twenty
years, through the study of the symmetry and con-
served quantity of a classical mechanical system, a se-
ries of important results has been obtained.®=18] In
this paper, we study the Lie symmetry and conserved
quantity of a relativistic variable mass system. Firstly,
the differential equations of motion of a relativistic
variable mass system are built. Secondly, two kinds
of problem for the Lie symmetry and the conserved
quantity of the relativistic variable mass system are
studied: one is to find the corresponding conserved
quantity according to a given Lie symmetry, and the
other is to find the corresponding Lie symmetry ac-
cording to a known conserved quantity. Finally, an
example is given to illustrate the application of the

result.
2.D’Alembert—Lagrange princi-
ple of a relativistic variable

mass system

We consider a mechanical system which consists

of N variable mass particles. We suppose that, at time
t, one particle whose rest mass is m,; moves with a ve-
locity v;, and another small particle whose rest mass
is Am,; moves with a velocity w;. These combine with

each other during the time interval At after ¢t. Then

the relativistic fundamental dynamical equation is!*
d v;
Myi— | ——| = F + ¥,
dt <\/1 — v%/(:z)
(Z_1a2a 'aN)7 (1)

u;
V1—u?/c?

> is the relativistic reacting thrust.

where m,,; is a variable, and & = m,; <

v;
V1—v?/c?

We suppose that the configuration of a mechani-
cal system is determined by n generalized coordinates

Generally, m,; = moi(Qafl,t),[lo]

gs(s = 1,2,--,n).
and we construct the generalized kinetic energy of the

relativistic variable mass system as

T* :Zmoi&(l_m_ff/a), (2)

where 7; = ¥;. Then the d’Alembert—Lagrange princi-

ple of the relativistic variable mass system is expressed
[20]
as

~ d oT* oT*
- 53 s Py s — Uy
Z[ T %G, + Pa, + Q. + s}&q 0, (3)

s=1
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3. Dynamical equation of a rela-

tivistic variable mass system

3.1. Differential equation of motion of a rela-

tivistic variable mass holonomic system

We suppose that the system is only subjected to k
holonomic constraints. Taking n = 3N —k generalized
coordinates ¢s(s = 1,2,---,n), then all dqs are inde-
pendent. So we can obtain the Lagrange equations of
the relativistic variable mass holonomic system from
Eq.(3) as follows

d oT* oT*

hal _ =Q,+ P*

atag,  og s
(s=1,2,---,n). (5)

If the generalized forces Qs can be divided into @

with potential energy and Q! without potential en-

ov
ergy, then Q, = B0 +Q"”, and Eq.(5) can be written
* d 8Lfs oL*
el _ — " P*
atoq. g T
(521,2,---,TL) (6)

where L* = T* — V is the generalized Lagrangian of
the relativistic variable mass system.

Extending Egs.(6), we can obtain all the general-
ized accelerations!*?!

ijs:hs(taqa(I) (521723"'7n)' (7)

3.2. Differential equation of motion of a rela-
tivistic variable mass nonholonomic sys-

tem

We suppose that the system is subjected to g non-

holonomic constraints as follows

(/8:1727"'79;‘9:1727"'7’”)7

(8)

f,@(tvqs:q.s) =0

which satisfy the Appell-Chetaev definition

= 94s
By using the Lagrange multiplier we can obtain Routh
equations of the relativistic variable mass nonholo-
nomic system from the principle (3) and the constraint

conditions (9)

d 8L* OL* " 7. 3fs
—_ —_ = P* )\
Ton aa, TR L,

(5:1,2,--~,TL), (10)

where \g is the constraint multiplier.

Before integrating the differential equation of mo-
tion, we can obtain Ag, a function of (¢,q,q), from
Egs.(8) and (10). Substituting Ag into Egs.(10) we

have
d oL* OL* "
— — = P+ A,
dt 9q, g, @+ P+
(821727"'7”)7 (]‘1)
where v
. fp
Ay = Ag(t,q,q) = Ag——. 12
(t,9,4) ﬂ; Fn (12)

Equations (11) are called the equations of motion
of the corresponding relativistic variable mass holo-
nomic system of the relativistic variable mass non-
holonomic system expressed by Egs.(8) and (10). Ex-
tending Egs.(11), we can obtain all the generalized

accelerations!1°]

ijs:as(tvqa(})v (8:1,2,-“,’[1). (13)

4. Determining equations of a
relativistic variable mass sys-

tem

4.1. Determining equations of a relativistic
variable mass holonomic system

We choose the infinitesimal transformations of

time and generalized coordinates as
tr=t+ Atv q: =qs + AQSa (14)

or their expansion formulae

t* =t+ebo(t,q,q), qi=qs+es(t,q,q), (15)

where ¢ is the infinitesimal parameter, and &, and

&, are the generators of infinitesimal transformations.
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Then we introduce the generator vector for infinitesi-

mal transformations

D . 0
=2 . 16
o 5 + ;f aa. (16)
and its first extended form
0
_ x4 z a1
and its second extended form
"o . . 0
x®@ = x® s — 2G:Es — ds . 18
+;(£ is€ q&o)aq.s (18)

According to the invariant criterion of the differential
equation, the invariance of the differential equations
of motion (7) under the infinitesimal transformations

(15) can be written as
X® (G — ha(t,9,4)) = 0. (19)

We can obtain the determining equations by expand-
ing Egs.(19)

gs - q.sé.:O - 2£0hs =

If generators &y and &, satisfy Egs.(20), then the cor-

responding transformations are called Lie symmetry

XM (hy). (20)

transformations of the relativistic variable mass holo-

nomic system.

4.2. Determining equations of a relativistic

variable mass nonholonomic system

For a relativistic variable mass nonholonomic sys-
tem, similar to the study of the relativistic variable
mass holonomic system, we can find that the invari-
ance condition of Egs.(13) under infinitesimal trans-
formations (15) can be expressed by the following de-

termining equations
é.s - q.sg() - 2£0as = X(l)(O‘S)' (21)

If generators £ and &, satisfy Eqs.(21), then the cor-
responding transformations are called Lie symmetry
transformations of the corresponding relativistic vari-
able mass holonomic system (11).

The invariance of constraint equations (8) under
infinitesimal transformations (15) can be expressed by

the following restriction equations

XW[fa(t,q,q)] = 0. (22)

If generators &, and &, satisfy Eqgs.(21) and (22), the
corresponding transformations are called Lie symme-
try transformations for the relativistic variable mass

nonholonomic system expressed by Egs.(8)and(10).

5.Structure equation and con-
served quantity of a relativis-

tic variable mass system

5.1. Structure equation and conserved quan-
tity of a relativistic variable mass holo-

nomic system

Proposition 1 For infinitesimal generators &g
and ¢; satisfying determining equations (20), if there
exists a gauge function G = G(t, g, ¢) satisfying the
following equation

_QS£O)+G: 07

(23)

then the relativistic variable mass holonomic system

s=1

expressed by Egs.(6) has a conserved quantity as fol-

lows

oL*
I=L"+ Z — 4s&o) 9. + G = const.  (24)

Proof
% — Gs€o — dso)
+ 2_; %‘Z (6 = du0) = X (L") = L&
3@ P — ko)
s=1
=52:(£s _ dsfo)(%%—s: - % Q- P;) o

Equation (23) is called the structure equation of Lie
symmetries of the relativistic variable mass holonomic

system (6).

5.2. Structure equation and conserved quan-
tity of a relativistic variable mass non-
holonomic system

For the system expressed by Eqs.(11), we have

Proposition 2 For infinitesimal generators &g
and &, satisfying determining equations (21), if there
exists a gauge function G = G(t,q,q) satisfying the

following equation

XL +L* 60+ (QU+P;+4,)(6s—dub0)+G =0,
- (25)
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then the corresponding relativistic variable mass holo-
nomic system (11) has the conserved quantity in the

form of Eq.(24).

The proof is similar to that for proposition 1.
Equation (25) is called the structure equation of
the corresponding relativistic variable mass holonomic
system (11).

The conserved quantity of Lie symmetries of the
relativistic variable mass nonholonomic system can be
obtained from the conserved quantity of Lie symme-
tries of the corresponding relativistic variable mass
holonomic system, as long as the restriction of non-
holonomic constraints to infinitesimal generators is

considered.

Proposition 3 For infinitesimal generators &
and &, satisfying determining equations (21) and re-
striction equations (22), if there exists a gauge func-
tion G = G(t,q,q) satisfying the structure equation
(25), then the relativistic variable mass nonholonomic
0) has the con-
served quantity in the form of Eq.(24).

system expressed by Eqgs.(8) and (1

6.Lie symmetry inverse problem
of a relativistic variable mass
system

Supposing that a relativistic variable mass system

has the integral
I=1(t,q,q) = const, (26)

we have

n

dI oI oI Y
a _ 9 9, = 2
il 1 aqsq5+;8q gs = 0. (27)

s=

Multiplying Egs.(11) by

fs = gs - 45507 (28)

and taking summation over s, we have
- AS>ZS =0. (29)

According to Eq.(4), P is generally a linear function

S

of g and can be written as

n

Py =" Wi(t,q, @)k + W (t.q,9), (30)
k=1

where

N
% Bmoi Uu;

. _; [ Ok /1 —u2/c?
a’l"i a2mm’ 2
X + ——c —4/1—77/c?
8qs 3‘]53% / )
Om; 87’1}
945 /c2 Oqy,

+ (31)

Adding Eq.(27) to Eq.(29), and letting the coefficients

of i equal zero, we obtain

Supposing
O*L*

det(wgy) = det| ———— —
et(wst) e<aq'saqk

then from Eq.(32), we obtain

£ = Z&ska—.f, (34)

1 94y
in which
) 82L* .
WskWErl = 5sl7 Wsk = aqsaqk - Wsk‘ (35)

Now letting integral (26) equal the conserved quantity
(24), we have

I=1 50+Z ~ Q) e 4G (30
Thus, given the gauge function G, we can obtain the
infinitesimal generators £ and &, from Egs.(34) and
(36).

Proposition 4 If generators £, and &, deter-
mined by Egs.(34) and (36) satisfy determining equa-
tions (21), then the acquired symmetries are the Lie
symmetries of the corresponding relativistic variable
mass holonomic system (11). If generators & and &,
satisfy restriction equations (22) as well, then the sym-
metries are the Lie symmetries of the relativistic vari-
able mass nonholonomic system expressed by Egs.(8)
and (10).

For a relativistic variable mass holonomic system,

we only need to replace Eq.(29) by
P:) g0 ()

Proposition 5 If generators £, and &; deter-
mined by Egs.(34) and (36) satisfy determining equa-

tions (20), then the obtained symmetries are the Lie
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symmetries of the relativistic variable mass holonomic

system (6).
7.Illustrative example

The Lagrangian of a relativistic variable mass sys-

tem is

L* = ke (1 —\/1— (¢} +¢3)/c®) -V,
(k,a are constant), (38)

and the nonholonomic constraint is
f=¢ 141 =0, (39)

thus the non-potential generalized forces are

"n_ ket ¢
) 1 (@ + @)/
" ke~ ot )]

) VI @G )
while the potential energy V is constant, u = 0. We
study the Lie symmetries and conserved quantities of
the system.
Firstly, let us study the direct problem of the Lie
symmetry. Equations (11) give

i [ke_at i }
dt V1=(4F +d3)/c?
k —at .
_ € q1 A

RN

)

—{keo‘t g2 ]
al V@ ae
—at .
__ he 72 A (40)

- t(1+12) /1= (‘q% t¢2)/c2 N

From Eqgs.(39) and (40), we obtain

k —at .
A= C @ (41)

A+8) V1 (@ +dd)/?

Substituting formula (41) into Egs.(40) yields

G1=q1(1 — (4§ + 43)/c*) <a - ;) — Gige/c* = au,

G2

02t = (3. (42)

G2 =aga(1 — (47 +43)/c?) +
The determining equations (21) give

&1 — qio — 260a1 = XV (),
& — 4obo — 26pas = XV (ay). (43)

Equations (43) have the following solutions

50 = 07 51 - 17 52 = 07 (44)
50 = 0) 51 = Oa 52 = 1a (45)
50 = 07 61 = ]-7 52 =1 (46)

So the generators correspond to Lie symmetries of
the corresponding relativistic variable mass holonomic
system.

The restriction equations (22) give
&2 — dabo — (&1 — G1€o) — dr1&o = 0. (47)

Because generators (44), (45) and (46) satisfy Eq.(47),
they correspond to the Lie symmetries of the relativis-
tic variable mass nonholonomic system.

For generators (45), from the structure equation

(25) we can obtain the gauge function

G =c¢p (constant). (48)

From Eq.(24), we have the conserved quantity

q2
=@+ B/

I=ke ™t + cp = const.  (49)

For generators (44) and (46), we cannot obtain the
corresponding gauge function, so we cannot obtain the
corresponding conserved quantity.

Secondly, let us study the inverse problem. We
try to obtain Lie symmetries from the integral (49) of
the system. We have

oI _ 4142
_— = ke ot 5 50
i i@t ajere 80
oI
- :kefat L
942 1—(¢7 +43)/c?
q3
+ - - . 51
ai-@+rayepe, OV
92L*
W1l =—a—
1T ag2
1
=ke™" 2 2
1- (‘h + Q2)/02
3
+ . , 52
i@+ @ern)
92L* I
W12 = == — 7 53
2 3(118% 3CI1 ( )
92L* I
w21 = L. = Wi2, (54)

T 042041 Oq
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o’L*  aI

270 9 (55)

From Egs.(34), we obtain

& =& — dibo
ol ol

=117 + Q25—

0q ¢z
=W11w12 + Wiawa = 0, (56)

&2 =& — dobo
ol ol

=Wo1 —— + Waa

04 ¢z
=Wawi2 + Wagwae =1 (57)

and Eq.(36) gives
@161 + ¢2&2

k‘eo‘t{ —
1—(qf +43)/c?

+ (1= \/1— (@ + ) /)
B it +d3 ] CVi+g
Vi@ raer Vet
—keot 12 + (58)

) ) Co.
V1= (4 +43)/c

If we take G = cg, then from Egs.(56), (57) and (58)
we can obtain
60 = 07

=0, &=1 (59)

8. Discussion

The results of this paper are of universal signifi-
cance. They can be applied under relativistic and clas-
sical conditions to variable mass and constant mass
systems. When m,,; is constant, then P} = 0, and
the results of this paper reduce to those of relativis-
When v; <€ c,u; < c,

then T*, @;. P¥ of the relativistic condition become

N g dmy; N
T = Z gmm"f”?, 451' = ot (ui—vi), Ps = Z |:(451+
3 i=1

a .
om,; d /1 om,;
_Llo L Ome o d 1 Omai | | g
9g. 2 "o, +dt<2“ "4, >]

under the classical condition, and the results of this

tic constant mass systems.

2

8Ti 1 .

MeiT;) -

paper become those of the classical variable mass sys-
tem. When v; < c,u; < ¢ and m,; is constant, the
results of this paper can be turned into those of the

classical constant mass system.
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