Vol 11 No 3, March 2002
1009-1963/2002/11(03)/0213-05

Chinese Physics

© 2002 Chin. Phys. Soc.
and IOP Publishing Ltd

Solutions, bifurcations and chaos of the nonlinear

Schrodinger equation with weak damping’

Peng Jie-Hua (3 fifi4)2)°
Yan Jla—Ren(Eﬁ%EE)

ot Tang Jia-Shi(JEZ 1)), Yu De-Jie(F-fi41)>),
and Hai Wen-Hua (Mg 3L H)P)

a) Department of Mechanics, Hunan University, Changsha 410082, China
b) Department of Physics, Hunan Normal University, Changsha 410082, China

<) Department of Physics, Shaoyang Teacher’s College, Shaoyang 422000, China

(Received 7 June 2001; revised manuscript received 19 November 2001)

Using the wave packet theory, we obtain all the solutions of the weakly damped nonlinear Schrédinger equation.

These solutions are the static solution, and solutions of planar wave, solitary wave, shock wave and elliptic function

wave and chaos. The bifurcation phenomenon exists in both steady and non-steady solutions. The chaotic and periodic

motions can coexist in a certain parametric space region.
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1. Introduction

The nonlinear Schrédinger equation (NLSE) has
very important applications in many scientific and
technological fields, such as nonlinear optics, electro-
magnetic theory, superconductivity and superflu-
ids, chemical and biological dynamics, lasers and
plasmas.l! ~¢! Scientists have made many studies on
this equation to uncover its properties.! 11 The re-
search results have shown that the NLSE possesses
the characteristics of planar wave, solitary wave, shock
wave, chaos and periodic motion.

In this paper, in terms of the wave packet theory,
various solutions of the weakly damped NLSE are ob-
tained, and its bifurcation property is revealed. The
threshold of chaos and the coexistence of chaos and
periodic motions are also obtained according to the

Melnikov criterion.
2. Wave packet transformation

for the weakly damped NLSE
We consider the weakly damped NLSE under the

action of a small periodic perturbation
iuy + augy + Blul*u — iyu = h(z, t), (1)

where i=v/—1. u; and u,, denote the partial deriva-

tives of function u with respective to time ¢ and co-
ordinate x, respectively; «, 8 and + are all real con-
stants; and iu, aug,, Blu/?>u and iyu are the non-
steady, dispersive, nonlinear and complex damping
terms. h(z,t) is the small perturbation acting on
the system, and it is a periodic function of time t
and coordinate x. In the case of interactions be-
tween protein molecules and a weak laser field,!”]
we have h(z,t) = nelkor=“0t)9y /9, and for a non-

propagating soliton excited by a vertical oscillation, 1!

iwot

we have h(z,t) = nue™°’. In this paper, to simplify
the calculation, we set h(z,t) = nue'(*o=~«ot) where
7 is a small real constant.

We introduce the following wave envelope trans-
formation

u(x,t) = A(E)eFr—wite(@)) (2)
where k is the wavenumber and w denotes the angular
frequency. A(£) and (&) are real functions of variable

£, and
§ = ez —cqt). (3)

Here cg4 is the group velocity of a wave packet, and
¢ < 1is a small parameter. According to Eq.(3), we

have

0 o 0 0
5 = 9196 Bz 58_5' (4)
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Inserting Egs.(2) and (4) into Eq.(1) yields

(w— ak? + BA*)A +e(c, — 2ak) Ape
+ 6201(1455 — A(p?)
=nAcos(wyé — 0), (5a)

—¥A — e(cg — 2ak) A¢ + e*a(24¢p¢ + Apge)
A sin(wlt — 0), (5b)

where wj = wo/cy,0 = (ko — wj)z. Since the damping
iyu and nAeilkor=wot) are very small, we can rescale
yA — e3vA,nA — e3nA. Thus Eqs.(5) become

(w— ak? + BA®)A + e(c, — 2ak)Ape
+e’a(Ag — Ag)
=e3nA cos(whé — 6), (5a%)
— (g — 2ak)A¢ + e*a(2A¢pe + Apge) — e°vA
=e3nAsin(whé — 0). (5b7)

3.Planar wave solutions and bi-

furcations

3.1. Zeroth-order solution of NLSE (1)

The zeroth-order form of Egs.(5) can be obtained
by setting € = 0,

(w—ak?+ BA2)A=0

or

[(w - ak?)/8 + A%]A = 0. (6)

The solutions of this equation read
A =0, (7a)

A=+VAA=(ak? —w)/B,A>0.  (7b)

Equations (7) indicate that, in the zeroth-order of
NLSE (1), there is one fixed point when parame-
ter A < 0, and there are three fixed points when
parameterA > 0. The pitchfork bifurcation occurs
when A = 0. In terms of the theory of the differential
dynamical system,[*2! we can determine the stability of
the zeroth-order approximate steady solutions. Not-
ing that Eq.(7) is the equilibrium point equation of

the differential dynamical system

A=f(4)=(r— 424,

. dA
where A = Fra then the Jacobian of this equation at

the equilibrium point reads
A, for A=0,

Df =X-34A%=
d {—2,\, for A=+vA

Therefore, at the equilibrium point A = 0, Df(0) < 0,
the eigenvalue of Df(0) is negative as A < 0, and
Df(0) > 0, hence the eigenvalue of D f(0) is positive
as A > 0; and at the equilibrium points 4 = +v/A,
when A < 0, Df(:l:\/X) > 0, hence the eigenvalue of
Df(£V/A) is positive and when A > 0, D f(£v/A) < 0.
Thus, the eigenvalue of Df(£+v/A) is negative. So,
according to the stability theorem of the equilibrium

(12] the equilibrium point A = 0 is stable for

point,
A < 0 and unstable for A > 0, whereas the equilib-
rium point A = ++/\ cannot exist for A < 0 and is

stable for A > 0. The bifurcation diagram is plotted

in Fig.1.
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Fig.1. Bifurcation diagram.

The combination of representation (2) with so-
lution (7b) tells us that the motion of NLSE (1) is
a planar wave in the zeroth-order approximation and
the planar wave only exists in the parameter space

A>0.
3.2. The first-order solution of NLSE (1)

Neglecting the terms with ¢ or €3 in Egs.(5)
yields
Ae =0,

(e — 2ak)pe = —(w — ak® + BA?). (8)
Solving Egs.(8), one has

A(§) = Ao = coust.,

. w= ak? + BA?
wle) =~ e(cy — 2ak) ¢
_ W ok AR ()

(cg — 2ak)
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Substituting Egs.(9) into Eq.(2), we obtain the first-
order approximate solution of NLSE (1) which is a
plane wave.

3.3. The second-order solution of NLSE (1)
Adding Eq.(5b’) to Eq.(5a’) yields
(w— ak® + BA*)A + e(c, — 2ak)(Ape — Ag)

+ea(Age — Acpg + 2A¢p¢ + Apge) — 27 A
=&y’ Acos(wpé + '), (10a)

— (g — 2ak) A¢ + €% a(2A¢p¢ + Apge) — €°vA
=e?nAsin(whé — ), (10b)
where 7/ = /21, 6’ = 0 + 37/4. For simplification,
we usually set ¢, — 2ak = 0, and ¢ = 0.1'3] Then
Eqgs.(10) read
(w—ak® + BA?)A + ®a(Aee + Apee) — e3vA
=3y’ A cos(wi€ +6"), (11a)
2aApee — e*yA = e’nAsin(whé — 6). (11b)
Neglecting the terms with 3 in Eq.(11b), we have
pee = 0. (12)
Inserting this into Eq.(11a), we have
(w— ak® + BA®)A + 2adge — 37A
=&y’ Acos(wié + 6'). (13)

This is a Duffing equation with a small perturbation.

Its equivalent form is
Ye = 2,

z¢ = ay — by’ + e[cy + noy cos(whé +6)],  (14)
ak® —w B gl '

where a = ——b= ——,c= —,n = ot and

2 €
y(€) = A(£),2(§) = A¢(8).
tions (14), namely, the second-order form of Eq.(13),

@ @
The unperturbed equa-

can be expressed as

Ye = 2,
ze = ay — by, (15)
This is a Hamilton system and its Hamiltonian is
1 b
h = 522 — gy2 + Zy‘l; its value is determined by
the initial condition. The steady solutions of Egs.(15)
read
y—O} y:i\/X,A:a/b:(alﬁ—w)/ﬂ}
, and
z=0 z=0.

(16)

That is, the second-order solutions of Eq.(5) are A =
0, and A = £vX. These are the zero solution and

planar wave solution of NLSE (1) respectively.

In terms of vector field bifurcation theory,'4 the
solutions (16) show that there is only one equilibrium
point (0,0) in the phase plane (y,z) when A < 0.
There are three equilibrium points (0, 0) and (£v/X, 0)
when A > 0; thus at the point A = 0, bifurcation oc-
curs. The stability of these equilibrium points will be

studied in another paper.

4.Solitary wave and shock wave

It is convenient for discussion to assume 3 > 0.
Thus, when h = 0, the non-steady solutions of unper-
turbed equations (15) are the well-known homoclinic
orbit for o < 0[13:18]

[ |ak? — [ak? —
A=yg== 2usech a27w£,
e2a
\ozk2 —w| |
X sech\/ f tanh\/ — w

and in the homoclinic loop these are full of sub-

AgZZO

harmonic orbits

_ 2(w — ak?)
ym(&) = E\ T s
ak? —w w— ak?
<o ) .
(ak? — w) —2c
2m(8) = (1+ mz)eam 08

><dn< Ax e akaa£>, (18)

1+ m?)e?
with period T = +m “a The sub-
ak? —w
harmonic motion corresponds to h = m

Here, cn ( ), dn () and sn ( ) are Jacobi elliptic
functions, K( ) is the completely elliptic integral of
the first kind, and m is the modulus. The first equa-

tion of Egs.(17) represents a solitary wave which is
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illustrated in Fig.2. Equations (18) denote the ellip-
tic function waves. Similarly, we can easily obtain the
shock wave solution (Fig.3) of NLSE (1) for a > 0.

1.2f

Fig.2. Solitary wave diagram.
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Fig.3. Shock wave diagram.

5.Chaos

We can prove that NLSE (1) possesses a chaotic
behaviour with the Melnikov criterion.l*4] For this, we
consider the time evolution of Egs.(14), which means
that in Eqs.(14) z is fixed so that 6 is a constant.
Hence, the Melnikov function of the homoclinic orbit

(17) can be calculated as follows

My (&) = I - nosinwpéo +7-0, (19)

oo 2 _ 2 _
I= :i:/ 7|ak' w| —lsechzv ok’ —w w£
oo € af 2
ak? —w .
X tanh 1/ 6270[5 -sinwp€ - d€. (20)

It is obvious that My(&y) possesses a simple zero
point. This indicates that the solitary wave exhibits a
chaotic behaviour. The threshold Ry(wj) of chaos is

no/v > 0 = Ro(wp). (21)

According to this equation we can conclude that, if
the damping is only related to w other than on wug,
then chaotic motion occurs in system (1) under a pe-
riodic perturbation, even though the perturbation is
very small. It is consistent with recent discoveries
that the motion of biology molecules will change from
solitary wave into chaos under the action of a weak

laser.[8:10,15]

If the angular frequency w(, of the periodic per-

turbation satisfies the condition

(1+m?)ea 27l
ak? —w  nw)

T = 4K (m) (22)
(I,n are relatively prime numbers), the periodic per-
turbation will give rise to the sub-harmonic resonance
in system (14). After a complicated calculation, we

obtain the threshold of sub-harmonic bifurcation

— ak?
Rilw!) — € |w—a«a
l(wo) 271'(.4}(’)(1 +m2) ﬁ

4(10_;72”_)2 a) .(23)

x sinh <w6K'(m)

It is obvious that the sub-harmonic bifurcation thresh-
old is larger than the chaos threshold of the homoclinic

orbit, namely
Ry(wp) > Ro(wp). (24)

This implies that, in system (14), chaotic motion and
periodic motion coexist in the region determined by
the inequality (24).

both the chaotic motion and sub-harmonic periodic

That is to say, in this region,

motion are likely to occur. Which of these occurs in a
concrete situation is determined by the Hamiltonian

of the system. When h = 0, the motion of the system

m2a?

1+ m?)2b

is chaotic, and if h = , the motion of the

system is periodic.

Equation (14) is a derived system of NLSE (1).
Equation (2) indicates that if A({) is chaotic, then
the solution u(z,t) of NLSE (1) is certainly chaotic.
Since NLSE (1) is an infinite dimensional dynamical
system, we cannot determine the threshold of chaos
of NLSE(1) by means of the Melnikov criterion. The
above discussion shows that if the Hamiltonian of sys-
tem (15) is zero, then the motion of the system will
come into chaos via a homoclinic bifurcation under
a small periodic perturbation. Moreover, if omitting

the weak damping and small periodic perturbation,
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the NLSE (1) is a Hamiltonian system and its Hamil-
tonian corresponding to the homoclinic orbit of the

derived system (14) is!'7:1]

“+oo
H :/ {utu, — (u*u)?}da

=8a’k*\/a(ak? — w). (25)

This is the condition under which chaos can occur via
a homoclinic bifurcation in NLSE (1). Therefore, if
Eq.(25) is true, the solitary motion occurs in the sys-
tem of NLSE (1), and if acted by a small periodic
perturbation, the motion comes into chaos via homo-

clinic bifurcation.

6. Conclusion

By using the well-known method of wave packet
transformation, we obtain the various solutions of the
NLSE, such as planar wave solution, and solutions
of solitary waves, shock waves and elliptic function
waves. The bifurcation phenomenon of the steady so-
lutions and the coexistence of the chaotic and periodic
motions in the weakly damped NLSE are discovered.
We also prove that if the damping of the NLSE only
relies on the function u, then the solitary wave solu-
tion is unstable and any small periodic perturbation

can make it come into chaotic motion.
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