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Taking into consideration the interactions between electrons and phonons, we have studied the temporal evolution

of the average charge and current in a dissipative mesoscopic RLC circuit. Our results show that a mesoscopic RLC

circuit can be treated as an interactive system between an electromagnetic harmonic oscillator and many lattice harmonic

oscillators; this is called the bathing of the harmonic oscillators. The results also show that the quantum equation of

motion of the linear mesoscopic RLC circuit is identical in form to its classical equation of motion, the only difference

between them being their respective meanings. In order to thoroughly study the quantum properties of a dissipative

mesoscopic circuit, we have to consider not only the electromagnetic energy of the circuit, but also the crystal lattice

vibration energy and the interactive energy between electrons and phonons.
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1. Introduction

When the dimension of a circuit or an electronic
element is comparable with the phase coherent length
of an electron, the quantum effect of the circuit should
be considered. Recently, much research has been car-
ried out on the quantum effect of the non-dissipative
mesoscopic circuit.[1−7] Some researchers have stud-
ied the influence of a resistance, whose macroscopic
parameter is R, on the quantum effect in the dissipa-
tive mesoscopic circuit.[8−11] But most have only con-
sidered the effect of the electromagnetic energy and
neglected the microscopic mutual action between the
system and environment. Feynman and Vernon (see
[12]) have proposed a theory about the mutual action
between the quantum system and environment. In
their theory, they have used the concept of bathing
of oscillators to express the environment. According
to this theory, other researchers[13−15] have considered
the environment as an aggregate of a set of harmonic
oscillators Qα whose mass and frequency are mα and
ωα, respectively. As is known, the resistance of a cir-
cuit is the result of collisions between the crystal lat-
tice and electrons, and the crystal lattice oscillation is
equivalent to the movement of phonons. So the meso-
scopic RLC circuit can be equivalent to an interactive
system between electromagnetic harmonic oscillators
and the environment bath of the lattice oscillators.

In this paper, we study the Hamiltonian of the sys-
tem and the time dependence of the mean charge and
current. Our results indicate that the quantum fluc-
tuations of the charge and current are not related to
the initial state of the system in its stable state.

2.Quantum scheme

The classical kinetic equation of an RLC circuit
is

Lq̈ + Rq̇ + C−1q = ε(t), (1)

where L, C and R are the inductance, capacitance
and resistance, respectively, ε(t) is the external volt-
age source, and q(t) is the charge that is regarded as
a coordinate of the system. Equation (1) shows that
the movement of the system is equivalent to that of
a forced damped harmonic oscillator. Obviously, the
dissipative term of the equation is concerned with the
first derivative of the coordinate, and its coefficient is
the resistance of the system. The generalized current
can be defined as p(t) = Lq̇(t). If the lattice vibration
energy is neglected, Refs.[8] and [9] provide the expres-
sion for quantum fluctuation of charge and current in
the ground state, as follows

(∆q)2 =
~

2LΩ0
, (2a)

(∆p)2 =
~Lω2

0

2Ω0
, (2b)
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where Ω0 =
√

ω2
0 − β2, ω2

0 = (LC)−1, β = R/2L.
Evidently, the non-dissipative mesoscopic LC cir-

cuit is equivalent to an electromagnetic harmonic os-
cillator. According to solid-state physics, resistance
is the result of electron scattering by the crystal lat-
tice, and the lattice oscillation can be equivalent to
the movements of a large number of phonons under
the harmonic approximation. Therefore the dissipa-
tive mesoscopic RLC circuit can be regarded as a har-
monic oscillator coupled with many phonons, which is
called the bathing of harmonic oscillators.

The total energy of the system includes the follow-
ing three types of energy: the electromagnetic energy
of the circuit; the crystal lattice energy; the interact-
ing energy. The electromagnetic energy of the circuit
is expressed as

E0 =
1
2
Lq̇2 +

1
2C

q2 − qε(t).

Obviously, q depends on the resistance R of the
RLC circuit. In this paper resistance is treated as a
set of normal mode oscillators, i.e. a group of phonons.
We let Qα, mα and ωα represent the coordinates, mass
and frequency of the phonons respectively, and α is
the mode number. Then the energy of a crystal lat-
tice (mα=1) is

Ep =
1
2

∑
α

(Q̇2
α + ω2

αQ2
α).

The mode of interactions between electrons and
phonons can be treated as the coupling of momen-
tum and coordinate. Then the interactive energy is
expressed as[12]

Ee−p = −q
∑
α

cαQ̇α,

where cα is the coupling coefficient.
If there is no external power supply in the circuit,

the classical Lagrangian of this system is

L =
1
2
Lq̇2 − 1

2C
q2 − q

∑
α

cαQ̇α

+
1
2

∑
α

[Q̇2 − ω2
αQ2

α]. (3)

From this Lagrangian, we can obtain the equations of

motion by
d
dt

(
∂L
∂Ẋ

)
− ∂L

∂X
= 0,

Lq̈ + Lω2
0q = −

∑
α

cαQ̇α, (4a)

Q̈α + ω2
αQα = cαq̇ α = 1, 2, 3, · · · (4b)

where ω2
0 = (LC)−1. The conjugate momentum p and

Pα can be obtained from

p =
∂L
∂q̇

= Lq̇, (5a)

Pα =
∂L

∂Q̇α

= Q̇α − qcα. (5b)

Then, the Hamiltonian of the system is

H =pq̇ +
∑
α

PαQ̇α − L

=
1

2L
p2 +

1
2C

q2 +
1
2

∑
α

(P 2
α + ω2

αQ2
α)

+ q
∑
α

cαPα +
1
2
q2

∑
α

c2
α. (6)

According to the canonical quantization principle,
we can quantize the system by operators (q, p) and
(Qα, Pα), which satisfy the following commutation re-
lations, respectively, [q, p] = i~, [Qα, Pβ ] = i~δαβ .

The Heisenberg equation of a quantum-mechanical op-
erator X is

Ẋ = − i
~
[X, H], (7)

where X ∈ (q, p, Qα, Pα). Actually, we may also de-
rive Eqs.(4a) and (4b) from Eq.(7). This shows that
the quantum equation of motion of the linear meso-
scopic RLC circuit is identical in form to its classical
equation of motion, where the only difference between
them is their respective meanings.

3.Solution of equation

We assume that at the initial stage we have

[Qα(0), Pα(0)] = [q(0), p(0)] = i~,

where q(0), p(0), Qα(0) and Pα(0) are the initial val-
ues of these operators, in the Heisenberg picture. Ac-
cording to the quantization principle, the commuta-
tion relation between q(t) and p(t) or Qα(t) and Pα(t)
is

[Qα(t), Pα(t)] = [q(t), p(t)] = i~. (8)

Using
d
dt

∫ b(t)

a

f(x, t)dx =
∫ b(t)

a

ḟ(x, t)dx + f [b(t), t]

×db(t)
dt

and initial values, we have obtained[16]

Qα(t) =Qα(0) cos ωαt + Pα(0)ω−1
α sinωαt

+ cα

∫ t

0

cos ωα(t− s) · q(s)ds. (9)

Supposing cα is a constant, we have
∑
α

cαQα =
∑
α

cα[Qα(0) cos ωαt + ω−1
α Pα(0) sin ωαt]

+ c2
α

∫ t

0

[∑
α

cos ωα(t− s)
]
· q(s)ds,
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∑
α

cos ωα(t− s)

=
∑
α

Re{exp[−iωα(t− s)]} = δ(t− s),

and
∑
α

cαQ̇α =
∑
α

cα[−ωαQα(0) sin ωαt

+ Pα(0) cos ωαt] + c2
αq̇(t).

Substituting the previous results into Eq.(4a), we ob-
tain

q̈ + 2rq̇ + ω2
0q

=L−1cα

∑
α

[ωαQα(0) sin ωαt− Pα(0) cos ωαt],
(10)

where r = (2L)−1c2
α. Using the Laplace transform, we

may solve Eq.(10) and find

q(t) =q(0)x1(t) + L−1p(0)x2(t)

+ L−1cα

∑
α

[Qα(0)y1(t) + Pα(0)y2(t)],
(11a)

p(t) =Lq(0)ẋ1(t) + p(0)ẋ2(t)

+ cα

∑
α

[Qα(0)ẏ1(t) + Pα(0)ẏ2(t)].
(11b)

In the above formulae

x1(t) = exp(−rt)[cosΩt + rΩ−1 sinΩt],

x2(t) = Ω−1exp(−rt) sinΩt,

y1(t) =Y {ω2
α[2r cosΩt

+ Ω−1(r2 − Ω2 + ω2
α) sinΩt]exp(−rt)

− ωα[2rωα cos ωαt− (ω2
0 − ω2

α) sin ωαt]},

y2(t) =Y {[(ω2
0 − ω2

α) cosΩt

+ rΩ−1(ω2
0 + ω2

α) sinΩt]exp(−rt)

+ [(ω2
0 − ω2

α) cos ωαt + 2rωα sinωαt]},

and

Y = [(ω2
0 − ω2

α)2 + 4r2ω2
α]−1,Ω2 = ω2

0 − r2 > 0.

In [17] Peng pointed out that for a damped har-
monic oscillator, because of dissipation, its coordinate
q(t) and momentum p(t) are not a pair of linear Hermi-
tian operators. But, in our work, it is easy to confirm

that the solutions of the equation satisfy the commu-
tation relation [Qα(t), Pα(t)] = [q(t), p(t)] = i~. That
is to say, when the interactions between electrons and
phonons are taken into consideration, the coordinate
q(t) and momentum p(t) are, in fact, a pair of linear
Hermitian operators. When the crystal lattice oscilla-
tion energy is neglected, i.e. Qα(0) = Pα(0) = 0, we
have [q(t), p(t)] = [q(0), p(0)]exp(−2rt). This shows
that in a dissipative system the interactions between
the electrons and lattice cannot be neglected.

At T=0K, we assume that the system is initially
in a thermal equilibrium, and all modes of the phonons
are in a vacuum state. Then

Qα(0) = Pα(0) = 0,

Q2
α(0) =

~
2ωα

, P 2
α(0) =

~ωα

2
α = 1, 2, 3, · · · .

With Eqs.(11) we can calculate the average and
the square average of charge and current of a meso-
scopic RLC circuit. These results are[15]

q(t) = q(0) · x1(t) + L−1p(0) · x2(t), (12a)

p(t) = Lq(0) · ẋ1(t) + p(0) · ẋ2(t). (12b)

q2(t) =q2(0) · x2
1(t) + L−2p2(0) · x2

2(t)

+ L−1[q(0)p(0) + p(0)q(0)] · x1(t)x2(t) + F1,

(13a)

p2(t) =L2q2(0) · ẋ2
1(t) + p2(0) · ẋ2

2(t)

+ L[q(0)p(0) + p(0)q(0)] · ẋ1(t)ẋ2(t) + F2,

(13b)

where

F1 =
r~
πL

∫ ∞

0

ωα[ω−2
α y2

1(t) + y2
2(t)]dωα,

F2 =
r~L
π

∫ ∞

0

ωα[ω−2
α ẏ2

1(t) + ẏ2
2(t)]dωα.

The above results show that the average and the
square average of both charge and current are time-
dependent. In the stable state, i.e. t →∞, the quan-
tum fluctuations of charge and current are

(∆q)2 = F1(t →∞) =
~

πLΩ
arc tan

(
Ω
r

)
, (14a)

(∆p)2 = F2(t →∞) =
~Lω2

0

πΩ
arc tan

(
Ω
r

)
. (14b)

From Eqs.(14), when ω0 À r, we have

(∆q)2 =
~

2Lω0
, (∆p)2 =

~Lω0

2
,

which are identical with the results in Ref.[18].
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4.Conclusion

In summary, it is worth taking into consideration
the crystal lattice oscillation energy and the interact-
ing energy between electrons and phonons in studying
the quantum properties of a dissipative mesoscopic cir-
cuit. When the interaction is considered, q(t) and p(t)

become a pair of linear Hermitian operators. On this
basis, we have studied the time evolution of the aver-
age and square average of the charge and current. In
a stable state, the quantum fluctuations of the charge
and current are not related to the initial state of the
system.

———————————————————————————
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