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We have analysed theoretically the polarization and dielectric constant of uniaxial ionic crystals, including the

effect of the nonlinear interactions between ions. The spectrum of polaritons (coupling modes of photons and optical

phonons) under nonlinear interactions was developed. A new branch of dispersion relations emerges in the original

frequency gap.
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1. Introduction

In ionic crystals, the optical mode corresponds to
the lattice vibration in which positive and negative
ions of a primitive cell move relative to each other. It
interacts strongly with electromagnetic waves, so it is
important in the study of the electric and optical prop-
erties of ionic crystals. As the wavelength is very long,
the relative displacements of positive and negative ions
of different primitive cells change slowly in the crys-
tal. Long wavelength phonons and photons couple
into mixed vibration modes, namely polaritons. In
ionic crystals, the attractive Coulomb forces between
the positive and the negative ions and the repulsive
Coulomb forces and the exchange forces between elec-
trons of the outer shells are nonlinear. When the effect
of the nonlinear interactions between ions cannot be
ignored, it is necessary to discuss their effects on the
polaritons. We have recently discussed!!] nonlinear ef-
fects on the polaritons of isotropic crystals, and have
given interesting results. The dispersion relations of
polaritons are very complicated in uniaxial crystals.
So exploring the influences of nonlinear components
of the interactions on their dielectric constants and

polaritons is valuable.

2.Nonlinear dielectric constant
of uniaxial ionic crystals in
long-wavelength approxim-

ation
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We suppose there are only two oppositely charged
ions in a primitive cell. In the long-wavelength limit
(the wavelength of the optical mode of the lattice vi-
bration A is much greater than the lattice constant
a: A~ 107°m> a ~ 107 %m), the relative displace-
ment of positive and negative ions (p, —p_) changes
slowly in different primitive cells. Hence we can in-
troduce a vector W to describe the optical mode of

lattice vibration!?

Here p is the reduced mass density

M M, M_

P=" M, 1A (2)

M, (M_) is the mass of a positive (negative) ion, M
is the reduced mass, and (2 is the volume of the primi-
tive cell. Due to the anisotropy of the uniaxial crystal,
there are two types of optical modes. One type is the
ordinary mode (denoted by “0”) in which the displace-
ments of ions are perpendicular to the optical axis. Its
vibration frequency and dielectric constant are wy; and
€, respectively. The other type is the extraordinary
mode (denoted by “e”) in which the displacements of
ions are in the plane where the optical axis and the
wave vector lie. Its resonance frequency and dielec-
tric constant are we and ., respectively, when the
displacements of ions are parallel to the optical axis.
If we neglect the coupling between the o mode and e

mode, we can write two couples of Huang’s equations.
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For a centrosymmetric uniaxial crystal (i.e. possess-
ing a centre of inversion), we can generalize Huang’s

equations into
(W)o,e = (bW + b2 E + gW?), ., (3)

(P)oe = (b12W + 22 E) e (4)

If we look for the monochromatic wave solution,
from Eq.(3), we have —w?W = bj;W + b1, E + gW?>,
where we have omitted the subscripts for simplicity.

Introducing the Green function

1
G=—7>— 5
— (5)
we have W = b1oGE+gGW3. Taking the second term
as a perturbation, we expand W by iteration and thus

have

W =b1,GE + gb3,G*E?®
1+ cos2(wt — k-7)
2

If we discuss only the self-energy correction, we can

=b12GE + gG*}, B} E.

keep only the basic frequency terms and obtain
3
W =b;,GE + ZgG‘lbi’QEgE
3
- <b12G + ZgG‘*bfoE§> E. (6)

We suppose the optical axis of the uniaxial crystal is
the z-axis in the Cartesian coordinate system. Sub-
stituting Eq.(6) into Eq.(4), we have

3
P.,= {bm + by (qu + ZgG“bi’zEg)] E.,, (7)

o

3
P, = [blz + bao <b12G + ZgG4b?2Eg>:| E,. (8)

From Egs.(7) and (8), we can obtain the dielectric
constants for the o and e modes by considering the

nonlinear effect

3
Eo = { |:b12+b22 <b12G+ 4gG4b§2Eg>:| 1}60, (9)

o

3
Ee = { |:b12+b22 <b12G+ ZgG4b§2E§>:| —1}80. (10)

With these dielectric constants, we can discuss
the nonlinear optical properties of the uniaxial ionic
crystal. We can see that the two dielectric functions
are similar, except that the values of the parameters

(b12)0, (b22)o and (b12)e, (ba2)e are different.
3.Influences of nonlinear inter-

actions of polaritons

Now we consider the coupling of the phonons
and electromagnetic photons. When the ion crystal
is illuminated by light, a transverse electromagnetic
field is stimulated, and transverse oscillation of long-
wavelength optical phonons will be influenced. Par-
ticularly, when the photon frequency w = kc and the
transverse phonon frequency wy(~ 10'3s71) are close
to each other, the coupling will be very strong, the
spectra of photons and phonons will change drasti-
cally, and polaritons will be generated.

For a plane wave, we suppose (E, D, H, P,
W)=(E,, Dy, Hy, Py, Wy)cos(wt — k - 7). From

Maxwell equations,®/ we have

A A

D =¢yE+ P =¢pc|E — k(k- E)). (11)

We select the z-axis as the optical axis. In uniaxial
crystals, there are two independent linear-polarized
light waves, which are ordinary and extraordinary
light waves respectively. Without losing generality,
we suppose k is in the yz plane, and its angle with
the z-axis is 0, therefore k;=0, k,=sinf and k,=cosf.

From Eq.(11), we have

D, =eoeFE,,
Dy = eoe(Ey — ]%y(Eyky +
D. = eoe(E. — k.(Eyk, + E.k.).

As we have adopted the principal axial coordi-
nate system, for uniaxial crystals, we have D, , =
€0€oFy .y, D, = €oeeE,. Compared to Eq.(12), we
obtain

(e —eo)E, =0, (13)

E,(ccos?0 —¢,) — E,esinfcosd =0,
(14)

—~Eyesinfcosf + E,(esin®f — e,) = 0.
For the ordinary light there is E = FE_2 and, from
Eq.(13), we have
€= &,. (15)
We can see that the dielectric constant of the ordinary
light is independent of the direction of the light.

For the extraordinary light there is E = Eyj + E.k.
From Eq.(14), we obtain

€ofe

Ep = (16)

£os8in? 0 + e, cos2 6’
We can see that when 6 = 0°, we have g9 = ¢, and
when 6=90°, we have 9 = €.. So the dielectric con-
stant of the extraordinary light varies between ¢, and

e
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With Egs.(15), (16) and w = kc/+/e, we obtain
the dispersion relations of o and e light respectively.
For the ordinary light, we have

w? €s — €0
k‘2 :C— |:EOO + 27(4)';20

to w?
bigE?
+3 12950 } (17)

(b11 +w?)%eo |,
Here c is the velocity of light in vacuum. In Fig.1(a),
the k dependence of w shows that a new branch of cou-
pling modes emerges between (wi,)o and (w)o)o. Here
(wio)o 1is the resonance frequency of the longitudinal
ordinary optical mode.

For the extraordinary mode, we have

2
w
K="

c2

€ofe

(18)

£, 8in2 0 + e, cos? 0

The k dependence of w is shown in Fig.1(b) (6=60°)
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and Fig.1(c) (6=90°). When 6=0°, the curve is the
same as Fig.1(a). Figures 1(a), 1(b) and 1(c) show e
modes when 0 equals 0°, 60° or 90°, and the o modes
When 6

is not 0° or 90°, we can see that the curve of the e

are the same as the e modes when 6=0°.

mode is quite different to that of the o mode. Fig-
ures 2(a), 2(b) and 2(c) show the relations between
the dielectric constant and frequency, drawn accord-
ing to Eqs.(15) and (16). We can see a part of £ > 0
between (wio — Wi )oe corresponding to the polariton
modes in Fig.1.

Figure 3(a), 3(b), and 3(c) show the reflectance
dependence of w(R — w) when the incident electro-

magnetic wave is perpendicular to the crystal surface,

and
2
-1
R:‘ﬁ—l—l (19)
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Fig.1. Dispersion relations.
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It is shown that we have R < 1 (so the transmittance
T > 0) in some area between (Wi, — €16 )o,e. There is a
transmission peak corresponding to the new polariton
modes in the original frequency gap in the linear case.

The peak will vary with 6 in the extraordinary modes.

Figures 4(a), 4(b), and 4(c) show the relations of
reflectance and frequency (R — w) when the nonlinear
coefficient is negative. It is shown that the transmis-
sion peak is shifted to a frequency lower than wi, and
the frequency gap is expanded for the ordinary mode.
There is another peak in the gap for the extraordinary
mode.

The quadratic term of nonlinear interactions of
noncentrosymmetric crystals is not zero, thus for these
materials we can replace Eq.(3) with W = bW +
bioE + fW?, f being the nonlinear coefficient. We

make a Fourier transformation and iterate twice, and

obtain the self-energy correction

3
W = <b12GE +3 f2b§’2G4E§E> ,  (20)

o,e

and dispersion relations for o and e light

2

k2 =Y |o 4 ST 2
- o0

° c? w2 — 2 te

to
+ 2(w? — w ) )wie ’
to to=0 o
w? EoE
k== oe . 22
¢ g, sin?0+ e, cos20 (22)

With diagrams of k —w, we can also find that new

coupling modes will appear in the original frequency

gap.
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We have added the nonlinear component to
Huangkun’s equations when discussing the coupling
of electromagnetic waves and long-wavelength optical

Fig.3. R ~ w relations.

4. Discussions and conclusion

Fig.4. R ~ w relations.

waves of lattice vibration in uniaxial polar crystals.
Using iteration with Green’s function (equivalent to
perturbation expansion), we obtained the self-energy
correction to the dielectric constant. By combining
Huangkun’s equations with Maxwell equations of the
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electromagnetic field, we have investigated the influ-
ences of nonlinear components of interactions on the
spectrum of polaritons. A new branch of polariton
modes emerges in the original forbidden gap. The
new branch of o mode polaritons is independent of 6
and that of e mode polaritons is dependent on 6. The
electromagnetic waves corresponding to this branch
of polariton modes can transmit through the crystal.

This is a valuable result, and experiments to test this

are suggested.

It should be pointed out that the nonlinear com-
ponents of interactions between ions can result in cor-
rections in the dielectric constant, which can not only
make corrections to the self-energy compared to linear
ones, but can also generate other nonlinear optical ef-
fects such as second harmonic generation, parametric

amplification, etc.
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