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The Hamiltonian of the four-body problem for a lithium atom is expanded in series. The level shift and level

formula of a lithium atom in Rydberg states are achieved by means of the calculation of polarization of the atomic core

(including the contribution of dipole, quadrupole and octupole components). We also consider the effect of relativity

theory, the orbital angular momentum L and the spin angular momentum S coupling scheme (LS coupling) and high-
order correction of the effective potential to the level shift. The fine structure splitting (N=5-12, L=4-9, J=L+1/2)

and level intervals in Rydberg states have been calculated by the above-mentioned formula and compared with recent

experimental data.
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1. Introduction

The Rydberg states of a lithium atom consist
of a two-electron (helium-like) core and a distant
Rydberg electron. These states are more compli-
cated than the Rydberg states of helium. In Refs.[1]
and [2] precise measurements of the energy inter-
vals of the lithium atom—10Gg/,—10H; /2, 10G7 /5~
10Hg /5, 10H;;/5—10I;3/2 and 10Hg/5—10I;;/,—have
been made by using precision radio-frequency mea-
surements (with an accuracy of approximately 104
parts per MHz). As is well known, if the atom is
in the Rydberg state, its level may be described by
a Rydberg formula of atomic spectra, but it will ap-
pear as a function of the effective quantum number
n* and the quantum defect A;; in general, n* and A;
may be achieved by means of experiment in spectral

(1.3.4] We are interested in theoretically find-

analysis.
ing the relation® between the quantum numbers n*,
A; and n, L, J. In this paper, the Hamiltonian of a
four-body problem for lithium atoms is expanded in
series. Then, the integrated expression for the dipole,
quadrupole and octupole of the atomic core is ob-
tained, and the corresponding effective potential is

further derived from the method of adiabatic approx-

imation, pseudostate summation and Hylleraas-style
wavefunctional analysis.[6] The fine structure splitting
and the level shift of a lithium atom in Rydberg states
are obtained by means of the calculation of the Hamil-
tonian matrix diagonal elements, the consideration of
the leading relativistic correction, the LS coupling and
high-order correction of the effective potential to level
shift. We find that the calculated result of the energy
intervals of lithium atoms in Rydberg states is close

to the newest test data.

2.Separation of H and expansion

in Rowland series
When the lithium atom is in the high-excited

state of one electron, this electron does not penetrate
the core. Its exchange with the core electrons is negli-
gible, and it may be taken to be distinguishable from
them, hence only the polarization of the core is consid-
ered. We assume that electron 3 is the valence electron
and is much farther from the nucleus than the other
two. Then the four-body Hamiltonian (in Rydberg

state) including the nucleus is

€1

A__ 2 _ 2 _ 2 _
H=-Vi-V;-V3-+

Vi
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In order to easily separate the Hamiltonian operator
H , it is convenient to introduce the relative coordi-
nates p; and ps, which represent the vector from the
nucleus to each core electron, and @, the radius vec-
tor from the centre of mass of the core to the valence

electron. These are

P12 = m("'1,2 —Tar)s (2)
M

where M is the mass of the nucleus, m = M /(M +
1) is the reduced mass of one electron and the nucleus,
while m' = (M + 2)/(M + 3) is the reduced mass of
the valence electron and the core. The Hamiltonian
can be written as the sum of three parts: f]c, H, and
V', representing the core, the valence electron, and the

interaction between them, respectively. These are

H=H.,+H,+V, (4)
|

We note that

A~
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Here k = 2/(M 4+ 2), ¢ = m//m, f = 2q/(2 + k),
g =kf/2, and z = |z|. Since there is no z in Eq.(5),
ﬁc has no contribution to the transition for the va-
lence electron between Rydberg states, hence we con-
sider f]c to be a constant. The influence of the core
on the valence electron is described by the interac-
tion potential V. H, corresponds to the Hamiltonian
operator of hydrogen-like atoms. Due to the little dif-
ference between ¢ and m,, the eigenvalue of H, may
be evaluated only by Ry; of the Rydberg constant of
Li replacing Ry, which appears in the level formula of
the hydrogen atom. Therefore, the calculation of the
energy of lithium in Rydberg can be summed up as
the level shift with the interaction term in Eq.(7).

1/2
1 1 1 -
T — fpytgpy T 1 2fx-py | fP1  9*P3  29x-py  29fpi-po .
O p2 + + 2 2 22
When the lithium atom is in the Rydberg state, it g :E{2 — k[p3P3(fo -&) + pPs(py - &)
seems a long distance for  compared with |fp, ,| and 2t | 2+k7! ! 2 2
|9p1 2| Hence Eq.(7) may be expanded in the Row- Ak — 2k? — k3
land series in negative power *, and thus the coef- - Ww Py(w-z) ¢, (11)

ficient of ™! in the Rowland series is zero, and the
terms of @ - p;, (- p;)?, (- p,)(x - py) appear on
the expanding expression. By the definition of Legen-
dre polynomials, the first three terms of the expanded
Eq.(7) are

_2q2w 24 (z— 1)k o
e TR
Vo =28 52D, (p - &) + p2Pa(p, -

2 =5 piP2(py - &) + poP2(p, - @)

4k — zk?

where P;, Py and P3 are the linear, quadric
and cubic Legendre polynomials, respectively, and
w = |w| = |p; + po|s w = (p1 + pa2)/lP1 + P2l,
pi = |pil, p; = p;/|p;|- By the definition of the multi-
pole moment of the atom,” Eqs.(9), (10) and (11) cor-
respond, respectively, to the integrating expressions
of the dipole, the quadrupole and the octupole mo-
ments of the core of the lithium atom. Then the in-
fluence of the polarization of the core on the energy
level is summed up as the contribution of the dipole,

the quadrupole and the octupole moments.
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3.Computation of the fine struc-

ture splitting

Using the adiabatic approximation, the pseudo-
static summation and Hylleraas-style wavefunctional
analysis,[8=12] the corresponding effective potential of
Vi , V5 and V3, acting on the valence electron of
lithium in the Rydberg state, is derived from Eqgs.(9),
(10) and (11)

U(z) =Us(z) + Us(2) + Ur(2) + Us()

where (n, L| is the eigenstate of H,, and the level shift

is

A(’I’L,L) :RLl(U4+U6—|—U7+U8) (14)

Here

1
Uk = C’k<n,L—k
x

Ry, is the Rydberg constant of the “Li atom, and Rp;=
3.289584678 x10° MHz.

n,L> (k=4,6,7,8). (15)

The normalized radial wave-

function of a hydrogen-like atom, R,z (z),[*] is

Tt T a6 T T T
_0.1924854  0.097881  0.143125 1/2
= — $4 xﬁ I7 RL( ) |:(n+L — '
~ 0.428584 + 0.0iQOOSL(L + 1)‘ (12) 95\ L3/2 n—L-1
T X <_> x—Zzn Z (—I)S
N n
As mentioned above, H, corresponds to the en- S
ergy operator of a hydrogen-like atom. Thus the level % (2z/n)® . (16)
of the lithium atom in the Rydberg state is SI2L+1-9)!(n—L—-1-25)
— R
e(n,L) = —LJRLI + (n,L|U(z)|n,L), (13)  Substituting this into Eq.(15), we can derive
n
|
Cr(n+ L)!(n— L —1)! <2>’“
Uy = —
2n n
il (=1)StP(2L 4+ 2+ 5 + P —k)! a7
ST SI2L+1+4+S)!(n—L—-1-8)!P2L+1+P)(n—L—1—P)I

Table 1 shows the level shift, which is brought about
by Uk, of which the sum has been given by Eq.(14).

Since we have taken consideration of Usg, it is not con-

| According to the method of obtaining the solu-
tion Ag of helium in Ref.[5], the corresponding Ay of
lithium, which has a 16-digit significant figure, is ob-

sistent to omit the effect of including Cy/x* to the  tained, i.e.
second-order Ay (it is proportional to z~%). |
B (2L —3)17* (2L —3)!! 1 [ 9n* 6n*
(2L -3 1 1 [ 27n* 30n?
+m —[3+40(f1(L HGML))HE[WWH’ (18)
where
fo(L) = (L= 1)L(L + 1)(L +2),

(
fs(L) = (L =2)(L -

DL(L+1)(L +2).
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Table 1. The corresponding level shift of the effective potential U}, of 7Li (MHz).

n L Uy Usg U7 + Ug A(n, L) = XUy
5 4 -3216.2390 8.7226 -0.3983 —3207.9147
6 4 —2068.0549 7.3030 —-0.5003 -2061.2522
7 4 —1380.8582 5.4914 —0.4452 -1375.8120
8 4 -959.21101 4.07656 -0.36253 -955.49698
9 4 —-690.12513 3.05774 —-0.28809 —687.35548
10 4 —511.67472 2.33172 -0.22840 -509.45713
11 4 —389.19234 1.80936 —-0.18220 -387.56516
12 4 —302.59356 1.42758 -0.14671 -301.31271
6 5 —658.01747 0.66391 6.233x103 —657.34733
7 5 —456.66186 0.60179 1.3934x1073 —456.05867
8 5 -324.31281 0.48628 ~1.0036x103 —323.82753
9 5 —236.62803 0.38259 -1.9171x1073 —236.24735
10 5 -177.11821 0.30070 -2.1341x1073 -176.81964
11 5 —135.67732 0.23818 —2.0558x10~3 -135.44119
12 5 —105.97605 0.19071 -1.8678x1073 —105.78720
7 6 -175.63918 0.08101 1.2303x1073 -175.55693
8 6 —128.69558 0.07726 9.6046x10~% —128.61735
6 -95.69864 0.06576 6.9022x104 -95.63219
10 6 —72.53408 0.05409 4.9214x10—4 —72.47950
11 6 —56.03569 0.04412 3.5556x10~4 -55.99121
7 -56.626053 0.013634 1.9149x10~4 -56.61222
9 7 —43.207225 0.013451 1.7303x10~4 -43.19360
10 7 -33.290261 0.011899 1.4163x10~% -33.27783
11 7 —26.007712 0.010134 1.1303x10~4 —25.99746
9 8 —21.025976 0.002901 3.468x10~° -21.02304
10 8 —16.554171 0.002929 3.351x107% -16.55121
11 8 —13.119039 0.002669 2.917x107° -13.11634
10 9 —8.712722 0.000738 7.44x10~6 —8.71197
11 9 —7.032889 0.000757 7.40x10~6 -7.03212

We note that Eq.(13) does not consider the rel-
ativistic correction and the LS coupling. In order to
derive the leading relativistic term in the energy, the
lithium atom is considered as a two-body system: the
core and the valence electron. We use the Breit oper-

ator expression!!

) AV K 4
=S R (14 s )E (9)

. a?(m')3Ry 1 9?2
0,y =_—""7"""(y24L ~_ 19)’
2 24k ;c< =t 83:2)’ (19)

where « is the fine structure constant.

Substituting m' = (m+2)/(m+3) = (2+k)/(2+
2k) and Roo = R(M +3)/(M +2) = R(2+2k)/(2+k)
into the above equations, and expanding H, and H,

in the power series of k, we obtain the following ex-

pression for the relativistic correction

Avel =(n, L|Hy + Hy|n, L)
_o*R (3 2
n dn 2L +1

2
3 >+osz

T

1 3 3
x <_ 8t TR 1/2) 2n3(L+1/2)>
_o’R[ 3 Lk 2
- n3 |4n 6 2L+ 1]

Since the coefficient of k2 is zero, we obtain a cor-

(20)

responding correction accurate to the second order of
k2. Comparing Eq.(20) with the relativistic correction
formula of a hydrogen-like atom,['5] there is only an
additional term a?Rk/8n3 whose influence is incon-
siderable in any case. As the amounts of the spin and
orbit angular momenta of the core are both considered
to be zero, so the LS coupling of the lithium atom in
Rydberg states is summed up as the LS coupling of

the valence electrons, spin and orbit angular momenta.
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According to the Thomas formula, the level of e(n, L) given by
is split into two levels: e(n, L+1/2) and e(n, L—1/2).
Furthermore

e(n,L+1/2) =¢'(n,L) + A(n,j = L+ 1/2),

Ae(n,L+1/2)

o =A(n,L) + Ay + Aa + A(n, j = L+ 1/2), (24)
21
Ae(n, L —1/2)

e(n,L —1/2)=¢'(n,L)+ A(n,j =L —1/2). (21)

Here

Aln,j=L+1/2) =

Aln,j=L—1/2) =

o’R
2n3(L+1)(2L + 1)’

o’R

Cm3L(L+1)’ (

g'(n,L) =¢(n,L) + Az + Aral.

= A(n, L) + Ay + Ay + A(n,j = L—1/2). (24

Table 2 shows the total amount of the level shift
(22)  of the fine structure splitting, including the polar-
ization of the atomic core, the relativistic effect and
the LS coupling, i.e. a list of the calculated values of
Ae(n, L+1/2). Table 3 shows the comparison between

the theoretical computation of the corresponding level

22)/

(23)

intervals of lithium and the experimental result from

The corresponding level shift of the fine structure is  Ref.[1].

Table 2. The level shift and the fine structure splitting of "Li (MHz).

(n,L,7) A, Al A(n, L, §) A(n, L) Ae
4 9/2 —0.12859 ~33.37476 5.339882 —687.35548 —715.518948
4 72 ~0.12859 ~33.37476 ~6.674852 —687.35548 —727.533682
10 4 9/2 —0.09668 —25.78995 3.892774 —509.45713 —531.450986
10 4 7/2 ~0.09668 ~25.78995 ~4.865967 ~509.45713 —540.209727
11 4 9/2 ~0.07421 ~20.27370 2.924698 —387.56516 —404.988372
11 4 9/2 —0.07421 -20.27370 ~3.655873 —387.56516 —411.568943
5 11/2 —-0.01171 —23.66589 3.640828 —236.24735 —256.284122
5 9/2 —0.01171 ~23.66589 ~4.368994 ~236.24735 —264.293944
10 5 11/2 —0.00899 —18.71219 2.654164 —-176.81964 —192.886656
10 5 9/2 ~0.00899 ~18.71219 ~3.184997 ~176.81964 ~198.725817
11 5 11/2 —0.00701 —-14.95607 1.994112 —135.44119 —148.410158
11 5 9/2 ~0.00701 ~14.95607 ~2.392935 ~135.44119 ~152.797205
6 13/2 ~0.00155 ~16.94437 2.640601 ~95.63219 ~109.937509
6 11/2 ~0.00155 ~16.94437 ~3.080701 ~95.63219 ~115.658811
10 6 13/2 ~0.00123 ~13.81219 1.924998 ~72.47950 ~84.367922
10 6 11/2 ~0.00123 ~13.81219 -2.245831 —72.47950 —88.538751
11 6 13/2 ~0.00098 ~11.27463 1.446279 ~55.99121 ~65.820541
11 6 11/2 ~0.00098 ~11.27463 ~1.687326 ~55.99121 ~68.954146

Table 3. The comparison between the theoretical computation of the corresponding level intervals

of lithium and the experimental result.

Ae(n,7) Interval Computation/MHz Exp. result/MHz Error/%o
10Gg):  —531.450986 10Gg)5-10H,; /5 338.5643 338.4778(33) 0.25
10Hy; /5:  —192.886656
10G7 )5 ~540.209727 10G7 5~ 10H, /5 341.4839 341.4027(35) 0.23
10H9/2: —198.725817
10H,; /5:  ~192.886656 10H /51015 108.5187 108.4819(51) 0.33
10135/5:  —84.367922
10Hy 5  —198.725817 10Hg 5=101;3 /5 110.1870 110.1566(54) 0.27

10111/2:

—88.538751
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4. Conclusion

1. Once the stationary state of a lithium atom in
Rydberg state is given, i.e. the quantum numbers n, L
and j are given, then one may evaluate Uy, A(n, L),
Ag, Al and A(n,j = L +1/2) by means of the ex-
pressions (14), (17), (18), (20), (22) and (22)’ (only
using the algebraic method) and may further evalu-
ate the level shift. If necessary, one can evaluate the
corresponding level e(n, L +1/2) in the Rydberg state
by means of the analytic expressions (13), (15), (23),
(21) and (21).

2. In Table 3, the relevant experimental re-
sults of fine structure splitting in n=manifold of "Li
in the Rydberg state are given: the level intervals
of 10G9/2710H11/2, 10G7/2710H9/2, 10H11/2710113/2
and 10Hg/-10I;;/2 correspond to 338.4778(33),
341.4027(35), 108.4819(51) and 110.1566(54)MHz, re-
spectively.  Our calculated results are 338.5646,
341.4842, 108.5173 and 110.1856 MHz respectively; the
error in calculation is only (0.2~0.3) Y. It is thus ob-
vious that the results of the theoretical calculation are

close to the newest data.
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