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In this paper, we detail the theoretical ideas which are used to explain the mechanism of the laser controlling the

geometric quantum gates introduced in the work by Ekert et al. (Ekert A, Ericsson M, Hayden P, Inanori H, Jones J
A, Oi D K L and Vedral V 2000 J. Mod. Opt. 47 2501). We have introduced a two-level Hamiltonian system, and
directed to solve this system, and then obtained the probability distribution of this two-level system. We also show the

relationships between the external laser fields and the transition of the qubit in the two-qubit controlled-phase gate,

and how the transition of the qubit depends on the external laser fields and the states of the controlled qubit.
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1. Introduction

Recently, an exciting development in the field of
quantum mechanics has been the discovery that quan-
tum systems can be used to perform novel informa-
tion processing tasks, including computations which
are more efficient than any algorithm known in classi-
cal computing.!~®! Quantum information processing
requires the ability to execute conditional dynamics!®
between two quantum bits (qubits), where the state of
one qubit influences the evolution of the other qubit
during a quantum computation. Simple quantum in-
formation processing has been demonstrated using nu-
clear magnetic resonance (NMR)[7_10] and trapped

ions.[11]

Another very surprising effect recently discovered
in the same field is that a quantum system retains
a memory of its motion when it undergoes a cyclic

evolution.!12—17]

Recent experimental work has managed to com-
bine these two quantum phenomena in the form of ge-
ometric quantum computation,'®~2% and in Ref.[21]
the theoretical ideas behind geometric quantum com-
putation are detailed. In Ref.[21], Ekert et al. have
shown that the Berry phase[?l may be used to imple-
ment conditional phase shifts, and thus any quantum

gate.?2] In this paper, we try to study in detail the

mechanism of the laser controlling the geometric quan-
tum gates. In particular, we show the relationship be-
tween the external laser field and the transition of the
qubit in a two-qubit controlled-phase gate. We begin
with a brief introduction to a two-qubit controlled-
phase gate, proceeding to analyse the mechanism of
the laser controlling the geometric quantum gate in
order to see in detail how the transition of the qubit
in this gate depends on the external laser fields. Fi-
nally, we give a conclusion about the laser controlling

mechanism on the quantum gate.
2.Brief introduction to the geo-

metric quantum gate

In order to discuss how to control a geometric
quantum gate conveniently, we firstly introduce the
definition of a geometric quantum gate.?!] Ekert et

(1] ysed the geometric quantum phasel'?! to im-

al.
plement a two-qubit controlled-phase gate that they
called the geometric quantum gate. They begin with
a system of two non-interacting spin-half particles S,
and S; and consider these spin-half particles in a ref-
erence frame aligned with the static field. Then the

Hamiltonian reads

HO = hwaSaz @1y + hwbla ® sz7 (1)
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where the frequencies w, /27 and wy,/27 are the tran-
sition frequencies of the two spins, and the spin oper-
ators S; have been scaled as the Pauli operators o;/2.

When the two particles are sufficiently close to
each other, they will interact, creating an additional
splitting between the energy levels of the composite
system composed of two subsystems, A and B. Be-
cause only two spin-half particles are considered, the
magnetic field of one spin may directly or indirectly
affect the energy levels of the other; the energy of the
composite system is increased by whJ/2 if the two
spins are parallel, and it is decreased by whJ/2 if the
two spins are anti-parallel. The Hamiltonian of the
composite system, in which this interaction is taken

into account, reads
H = Hy + 27hJS,, ® Sp., (2)

where ® means that these operators S, and S; oper-
ate on two particles A and B, respectively, and J is

the coupled constant.
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Fig.1. The energy diagram of two interacting spin-

half particles. The transition frequency of the first

spin depends on the state of the second.
Figure 1 illustrates the energy levels of the com-
posite system. When spin S; is in state |1,) or |{.),

the transition frequency of the spin S, is
wi =we 7. (3)

In addition to the static field, if one applies a
rotating field that is slowly varied, the Berry phase
acquired by the spin S,, which depends on its transi-
tion resonance frequency, will be different for the two
possible states of spin Sp. Indeed, when spin S} is in
state |1,) or |].), the Berry phase acquired by the spin
Sa is v+ = Fr(1 —cos 1), with a negative or positive
sign in front of the expression, depending on whether

spin S, is up or down, respectively, and

Wi —Ww
(s — )+l

(4)

cosfyL =

where w/27m and fiw; are the frequency and the ampli-
tude of the oscillating field, respectively. If one defines
the differential Berry phase shift

Ay =4 — -
Wy —w w_ —w

- (\/(W+—W)2+Wf Ve —W)2+W¥> ©

then the net transformation, up to global phases, is

given by
e2idy 0 0 0
0 e 2AY 0 0 ®)
0 0 e 21AY 0
0 0 0 e2iBy

Thus, one succeeds in engineering a conditional
evolution since the state of the qubit S, influences

(23] This geo-

the phase acquired by the qubit S,.
metric quantum gate (for more details, see Ref.[21]),
which introduces a phase of €227 if the two spins are

247 if they are anti-aligned,

aligned, or a phase of e
is equivalent to the controlled-phase gate introduced

in Ref.[20].
3. Laser controlling mechanism

As mentioned above, when the spin Sy is in state
[t.), the transition frequency of and the Berry phase
acquired by the spin S, are w; and <4 respectively.
However, when the spin S, is in state ||.), the tran-
sition frequency of and the Berry phase acquired by
the spin S, are w_ and 7y_ respectively. Therefore,
the state of the qubit S influences the phase acquired
by a second qubit S, which introduces a Berry phase.
They consist of the controlled-phase gate—geometric
quantum gate described by Eq.(6). Now we ask how
the geometric quantum gate works and how it is real-
ized. The key to the geometric quantum gate is the
transition under the control of the laser fields. Now
we analyse the mechanism of laser control on this ge-
ometric quantum gate.

In order to implement a two-qubit controlled-
phase gate, we use two types of field that act on the
two-spin-half system: one is a static magnetic field
which is much stronger and acts on this system in the
z-axis direction; the other is a laser field which acts on
the system in the z-axis direction. The former (static
magnetic field) acts on both particles S, and S, but
the latter acts only on particle S, or particle S,. Since
we want to discuss the transition action of the spin-

half particle S, on which the laser field acts, we can let
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the spin-half particle S, be in its eigenstate so that the
two-body problem changes into a one-body problem.

Since the transition frequency of the spin-half par-
ticle S, depends on the state of the qubit Sy, we dis-
cuss, in general, the transition wy of the spin-half par-
ticle S, when S, is in state |1.). In this case, the

Hamiltonian (2) can be reduced to
H = h(wy + 7J)S,. = hwy S, (7)

where in the second equality, we omit the subscript
a of S,, since we only discuss one spin-half particle
hereafter.

We consider a laser field acting only on the spin-
half particle S,. The Hamiltonian of the system that

takes into account the interaction reads

h
H=Hy+H =hw,S, + 8B, (8)
ue

where B is the external magnetic field which comes

from the external laser fields A
A= %e (Aoe—i(th—k.r) n ASei(“’Lt_k'r)> . (9)
and is expressed as
1 . .
B=vyxA= §Bo [e7irt 4+ elert] (10)

Here By = iApe x k, and e is the polarization di-
rection unit vector of the external laser field A. In
Eq.(10), we have made a zero-order correction to func-

tion eiik'r

on the space coordinates 7.

Now we assume that the direction of the laser field
A points to the y-direction with the laser wave trav-
elling along the z-direction, then the magnet field B
points to the z-direction. So the Hamiltonian (8) can

be rewritten as
R
H = Hy+ H'(t) = hwy S, + — S Ba(t). (11)

e
ue

12)

1)

Fig.2. The two-level system.

It is obvious that the Hamiltonian H of the system is
a 2 X 2 matrix and the system described by Eq.(11)

is a two-level system. Now we return to solving this

two-level system directly so that the control of the
transition of the spin-half particle can be solved.
The time evolution of a general quantum system

is governed by the Schodinger equation,

., 0
lh&'(b(rat) = H(T,t)'(,b(?“,t), (12)

where H(r,t) is the Hamiltonian and can usually be

written as
H(r,t) = Ho(r) + H'(r,t). (13)

Equations (8) or (11) are in this form. Using the eigen-
vector ¥, (r,t) of the static Hamiltonian H(7), the
solution ¢ (r,t) to Eq.(12) can be expanded as

b(r,t) =Y Co(t)thn(r,t)
= Cal®)fun(r))e BV (14)

Substituting Eq.(14) into Eq.(12) and using the or-

thogonal normalized relations

(i (r)|un(r)) = 8mnd® (7 — 1), (15)
yield
L d —i(En—Em)t y
1hECm(t):zn:Cn(t)e (En=Bm)t/B (| H () |u).
(16)

After obtaining the eigenvectors and eigenvalues of
Hy(r), and the coefficient C,(t) determined by the
above equation, we can completely describe the time
evolution of the wavefunction ¢ (r,t) under the gov-
erning of H(r,t).

Since we want to discuss the transition of the spin-
half particles, it is obviously a two-level system (see
Fig.2). For this system, the wavefunction ¢ (r,t) de-
scribed by Eq.(14) can be rewritten as

p(r,t) = Cr(t)ur)e 0 4 Co(t)|ug)eF=4/", (17)

and the Schrédinger equation (16) can be reduced to

dC(‘;t(t) _ _% (L&) Hly (1) + Co(t) Hin(£)e 2] |
~ (18)

T = 5 (OOt e+ O )]
(19)

where the transition frequency wis = (Ey — Es3)/h.
The eigenvalues of Hy in Eq.(11) are

1 1
E1 = 757740.)4_, E2 = ihw-l—, (20)
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and the eigenfunctions are

0
|u1> = |~Lz> = )
1

1
|uz) = [12) = : (21)
0
Therefore, the transition frequencies read
W1 = —W12 = W4 (22)

Recalling Eq.(11), the matrix elements H},,(t) in

Eqgs.(8) or (19) have the form
) eh
Hro (8) = (] 22 B (£) S ttm)- (23)

Because the state |u,) is not the eigenvector of S,
we cannot calculate Eq.(23) directly. We now expand
lu1) = |}.) and |ug) = |1.) in the eigenvectors of S,

as

ey L
‘u2> = |Tz> - \/5(|Ta:> + |\Lm>)7 (24)
) = (1) = — (1) = b)) (25)

V2

Hence we have the following equations

Solt) = J5(Sult) + S, = 5l (20
1 1

Recalling Eq.(10) and substituting Eqgs.(26) and (27)
into Eq.(23) yield

eh —iw iw
Hiy(t) = Hy (t) = 47613’0(e Hpent), o (28)
Hy,y (t) = Hjy(t) = 0. (29)

Proceeding to substitute Egs.(28) and (29) into
Eqgs.(18) and (19) and taking into account the transi-

tion frequencies (22), we obtain

_ _i702(t)(e—i(w++w1_,)t 4 e—i(w+—wL)t)’
U
(30)
= i Oy (t)(el@r Tt ¢ eilwstwn)ty - (37)

With the rotating wave approximation, omitting the
terms containing the factor (wy + wr) in the above
equations, and assuming that the state of the system

(17) is the ground state |uy) = ||.) when the system

is at the initial moment (¢=0), i.e. C1(0) = 1 and
C3(0) = 0, we finally obtain

C, (t) :Rl_;e*i(““r —wr)t/2
R
i(ws —wr,) sin <212t>
R
+ Ry3 cos <$t>] , (32)

. R
Cy(t) = —i2a Ry, el(@+ —wL)t/ 2 gip <$t>, (33)

X

where a = eBy/4uc, and Ris = [(wy — wr)? +4a?]1/?
which is called the Rabi frequency. So the time evo-
lution of wavefunction (14) of the system can be ex-

pressed as
. R
B(t) :R1—2le—1(w+—uJL)t/2 [i(w.,_ — wy)sin <$t)

+ Ry cos <%t>:| ‘\Lz>eiw+t/2
_ izaRl—zlei(w+—wL)t/2
. Bz —iwpt/2
X sin Tt [12)e . (34)

If the laser fields resonate with the spin-half par-
ticle, i.e. wy = wy, and Rys = 2c, then Eqs.(32) and
(33) can be reduced to

C1(t) = cos <R;t> = cos(at), (35)

Oy (t) = —isin <%t> = —isin(at).  (36)

The wavefunction of the system turns into

—isin(at)e_i%““rt
= S : (37)
cos(at)elzw+t

It is entirely possible that the laser fields resonate with
the spin-half particle (electron) S,. For a far stronger
static magnet B acting on the spin-half particle S,,
the transition frequency wy of the spin-half particle
S, can reach wy ~ eB/2uc ~ 10 Hz. Moreover, the
frequency wr, of the laser fields, e.g. the infrared fre-

quency of the natrium laser fields, is of this order.

It is clear that the probability of the system in
the excited state |1,) is |Cy(t)|> = sin®(at), and the
probability of the system in the ground state ||.) is
|C1(t)]? = cos?(at). From this we know that if the
width of the laser impulse is

s 2uc
== Ew,

(38)
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then after one impulse, called the m impulse, the prob-

abilities change into

G =1, [Ci()* =0. (39)

That is to say, the spin-half particle is in the ex-
cited state. Therefore, there is a transition from the
ground state to the excited state, as illustrated in
Fig.1. From Eq.(4) we know that there is a Berry
phase shift v; = Fm(1 — cosf,).

Thus, we can conclude that, for the two spin-half
particles described by Eq.(2), if the Sp, particle is in the
state |1,) and there is a 7 impulse whose frequency is
w4 acting on the S, particle along the z-axis direction,
then the S, particle will produce a Berry phase shift
~+. Similarly, if the S}, particle is in the state |,) and
there is a 7 impulse whose frequency is w_ acting on
the S, particle along the z-axis direction, then the S,
particle will produce a Berry phase shift v_. However,
if the laser fields do not resonate with the energy level
hwy of the spin-half particle S,, i.e. w; # wr, then
the probability, using Eq.(33), in the excited state is

4a? | 5 Ry
Co(t)|* = 7, sin? 5 b (40)
with

da? _ (eBo/2pc)’ (41)
Rl [(wg —wi)?+ (eBo/2uc)?]’

We assume that Rjz > «, then |Co(t)|? and

|C2(t)|? are almost zero. So the probability for pro-

ducing transition wy (see Fig.1) is almost zero, and
no Berry phase shift vy is produced if the qubit S
is in the state |1.). This is the same reason that the
probability produced transition w_ (also see Fig.1) is
also almost zero, and no Berry phase shift v_ is pro-
duced either if the qubit Sy, is in the state |].) and the
laser fields cannot resonate with the energy level fiw_

of the spin-half particle S,.

Now we know from the above discussion that if
there are two laser fields, with strengths By and fre-
quencies wy and w_ respectively, acting simultane-
ously on the spin-half particle S, in the z-axis di-
rection in the system described by Eq.(2), then the
particle S, will produce an w; transition and a Berry
phase shift v, when the particle S; is in the state
[1.), and it will produce an w_ transition and a Berry
phase shift v_ when S} is in the state ||.). Thus, we
have succeeded in explaining how the state of qubit
S, influences the phase acquired by the qubit S,.[2!
The gate (6) is equivalent to the controlled-phase gate
introduced in Ref.[20].

4.Concluding remarks

We have introduced a two-level Hamiltonian sys-
tem which allows us to explore the mechanism of
the laser controlling the geometric quantum gate dis-
cussed by Ekert et al.l?'l We show the relationship be-
tween the external laser fields and the transition of the
qubit in the two-qubit control-phase gates, explaining
how the transition of the qubit depends on the exter-
nal laser fields and the states of the controlling qubit.
It is worth noting that the polarized direction of the
external laser field must be in the y-axis (or z-axis)
direction so that the induced magnetic field B points
in the z-axis (or y-axis) direction; otherwise the laser
fields cannot resonate with the energy level of the spin-
half particle S, no matter what the frequency of the
laser field.
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