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The dyadic Green’s function for an unbounded gyroelectric chiral medium is formulated in the Fourier domain in

cylindrical coordinates. After a triple Fourier integral of the dyadic Green’s function has been obtained, the integral is

reduced by performing the integration over the transverse Fourier variable.
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1. Introduction

Dyadic Green’s functions, as a mathematical ker-
nal or a dielectric medium response, relate directly
to the radiated electromagnetic fields and the source
distribution. Nowadays, the dyadic Green’s function
technique is an important method employed elsewhere
for electromagnetic waves in various unbounded media
and boundary value problems. Although it becomes
increasingly difficult to solve the dyadic differential
equations governing the Green’s functions, an analytic
treatment of dyadic Green’s functions for various me-
dia can be found in many available papers.['=14 We
have listed the works chronologically as Refs.[1-14],
but the complete solution is not yet available.

In recent years, there has been a growing inter-
est in the study of electromagnetic wave interactions
with complex media. The solutions of Green’s func-
tions can be found in terms of eigenfunction represen-
tations and spatial representations. The formulations
of the Green’s functions in gyroelectric chiral media
using the eigenfunction expansion technique have been
developed by Cheng!'®! and Li et al.l'7-18]

In this paper, Fourier analysis is employed in
the formulation of spatial representations of dyadic
Green’s functions for an unbounded gyroelectric chi-
ral medium, and some ideas in Refs.[14] and [15] will
be used. Firstly, the Green’s function is expressed as

a triple Fourier integral. This result is reduced by
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performing the integration over the transverse Fourier
variable. The formulae in this paper can be ap-
plied to several kinds of media including a gyroelectric
medium, e.g. a plasma, a uniaxial medium and a gy-

roelectric chiral medium.
2.Formulation of the problem

A homogeneous gyroelectric chiral medium can be
characterized by a set of constitutive relations.!16—18]
We select

D:502E+Z€cBaH:Z€CE+B/HOa (1)

e —ig O
e=|ig e 0 |. (2)
0 0 €,

The associated parameters of €, g, €., and &. are men-
tioned in Refs.[16-18]. If a time-dependent exp(—iwt)
is assumed, then the source-incorporated Maxwell’s

equations lead to

V xV x E(r) —2wpeé.V x E(r)
— k28 - E(r) = iwpeJ ('), (3)

where kg is the free-space wavenumber. The electric
field can thus be expressed in terms of the dyadic
Green’s function and electric source distribution as
follows

B(r) = oy [ Glr) TV, (1)

’
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where V' denotes the volume occupied by the excit-
ing current source. If we could compute the dyadic
Green’s function é(r,r’), the problem would be
solved. Substituting Eq.(4) into Eq.(3), Eq.(3) can

be rewritten as!'®]
V x V x a(r,r') —2wppéV X é(r,r')
—k2&-G(r,7') =T6(r — '), (5)
where I denotes the unit dyadic, and §(r — r') repre-

sents the Dirac § function. Using Fourier transform,

the formal solution of Eq.(5) is written as
Glr,) = [ [ [awjessiit- (v )k, (0

where g(k) is the Fourier transform of a(r,r'), and
k= kk = pp + AZ is the Fourier transform variable in
The limits of inte-

gration in Eq.(6) run from —oo to +00 and are omitted

cylindrical coordinates (p, ¢p, A).

for simplicity. This convention will be maintained in
the following.
For the computation of the dyadic Green’s func-

tion in cylindrical coordinates, it is useful to define a

matrix
0O —X O
K=|x 0 -p|, (7)
0O p 0

so that the dyadic products may be written as a ma-

trix product, e.g.
kxG=KG. (8)

Substituting Eq.(6) and the corresponding Fourier in-
tegral expression for the delta function into Eq.(5),
and applying the operators V x Vx and VX to the
spatial cylindrical coordinates p, ¢, z, the matrix equa-

tion for the elements of g(k) is

Aot = (1) 7 ©)

where

Ak) = -KK — 2wt K — k22, (10)
It is easily seen that
KK = (kk - 1). (11)

Solving Eq.(9) and substituting this solution into

Eq.(6), G(r,r’) is obtained in the form of a triple

Fourier integral

1 a?k) /
607~ G | | oy ik =0

where D(k) is the determinant of A(k), and a(p)(k)

is the adjoint matrix given by

pp  Qpy, apx
awpk . (13)

axp Axp,, X\

a® (k) =

Aopp Aoy,

The elements of a(p)(k) are given as follows:

app = '+ N2~ KR (ete,) 43P + e, (R3e—A%),
(14)
App, = —ikgng + 'Lk(Z)ez(k(Z)g + 2wu0‘§cA)7 (15)

apy =Arp = \p® — [/\(kge — )\2)
+ 2wpoée (kg + 2wpobe)]p, (16)

ap,p = tkogp® — ikge. (kg g+ 2wpolN),  (17)

Uppp, = —kgep2 — kgez(/\2 — kge), (18)
a&pp)\ = Zkg (Ag + 2wﬂ0£c€)pa (19)
axrg, = —ik3 (A\g + 2wpoé.€)p, (20)

a ) = — (k%e — )\2)p2 + (k'ge — )\2)2
— (K2g + 2wpo€N)2. (21)

To study the Green’s function, we may regard G(r, ')
as a wave propagating either along the z-axis or away
from it. Accordingly, the above integral should be
written in a suitable form by expressing D(k) as a
biquadratic polynomial in the p Fourier variable.

D(k) is written as
D(k) = —kje(p® — p)(p* — p3), (22)

where £p; = £p;(A, ¢p),7 = 1,2 are the four roots of
the biquadratic in p

—kge(p* +byp* +¢,) = 0. (23)

Here
by = —kgle. + (€€ —g°) e + 4w 12 e + (L + €. /) N2,
(24)

ep = €. /e[(A\? — kie)? — (2wué A + kig)?. (25)

To eliminate the integration over one Fourier variable,
say over p, we use the well-known expansion of a plane

wave 0o

exp(ik - r) =exp(iAz) Z i" o (pp)

m=—0o0

x explim(p — ¢p)]. (26)
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Taking into account the above relations, G(r,r') is

rewritten as

N 1 oo 2m oo
G(r,r') :—3/ pdp/ dcpp/ dA

I

m=—00 N=—00

"explil(z — 2')]

x exp[i(m + ny')] - exp[—i(m + n)p,)

T (pp) Jn(Pp')

——— "~ .a(k 27

where a(k) is the matrix obtained after the trans-
lation of a” (k) from the (p,pp,A) cylindrical coor-
dinate system to the (p,,z) cylindrical coordinate
system, the unit vectors of which do not depend upon

the integration variables. This is accomplished via the

transformation
~—1 ~
a(k)=T -a®(k)-T (28)
and
pb Db bk
T= (lap ﬁ @p(ﬁ Qap z ’ (29)
Z.p Z-9 Z:Z
~—1 AT
with T =T due to the orthonormal nature of the

cylindrical coordinate system.
For a gyroelectric chiral medium, since Eq.(13) is
not concerned with ¢, the Fourier integral (27) can

be simplified as follows:

/\ 1 (o] o0
G(r,r") :W/O pdp/ dA

oo oo

X Z Z i "explid(z — 2')]
Jm(pp)In(pp’)

3.Integration over the trans-

verse Fourier variables

In this section, two cases corresponding to r # 7’
and r» = v’ will be examined, and a study of the inte-
grand function of Eq.(30) is necessary.

As our objective is to perform the integration
Thus,
four poles appear in the integrand function, namely,
+p; = £p;(A),7 = 1,2. The integrations to be per-

formed are of the form

F(p,\) - Ju(pp) Jn(pp')
/ (p? _p1) pp- 31)

(p? _P2)

over variable p, we write D(k) as in Eq.(22).

It may easily be verified that the elements of ﬁ’(p,)\)
contain p at some power from zero to three except for
the pp element containing a p* term when p = p’. This
case corresponds to the singularity source term. The
singularity behaviour of Green’s dyadic may easily be
seen with the similar method used by Cottis et al.['*]
In the gyrotropic chiral case, the delta-type terms are
(2¢)715(r — ') (pp+ $p) for a needle-shaped principal
volume and €, '§(r — )22 for a pillbox-shaped one.

The integrals in Eq.(30) are broken into integrals

of the form

11(7]) — [

s (P2 —Pi)(p

P’ Jo(pp) Jn(pp")
2 —p3)

pdpa.] =0,1,2,3.
(32)

Using the relations

p

(p? = pi)(P* — p3)

1 P p
=3 2'<2 2 2 2)7 (33)

b1 —Dp3 T —Dp7 P —Dp3

2

(p? — p?)(p* — p3)

o) e

_ 1 <p2
pi—p3 \p?—-p7 p>—p}

3

(p? — p})(p* — p3)

1 pp} PP}
=3 2'< 2 27 2 2 ) (35)

b1 —Dp3 p° =D P —Dp3

the following integrals with respect to p are gained

* pl - Jm(pp)Jn(pp’) | .
— o0 P —pP

00 j.Jm J.(pp'
/ P 2(pﬁ) L (P 4 i = 1.2, (37)
— 00 p _p2

Taking into account the following relations

Im(pp) = %[Hfi)(pp) + HP (pp)], (38)

HY (=pp) = (=1)" " HP (pp), (39)

these integrals can be computed. In the case of p > p/,

we have
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. 1T i
/°° P Imop) o) | S o) i) + B i) men=even
— oo p?—pi 0, m + n = odd
In the case of p < p’, we have
: 1T i
/°° P In(®p)In(PP) o 5P VH (p1)[Hin (p10) + Hi (p1p)], m+n = even (41)
—00 p2 - p%

For Egs.(39) and (40), the integral (36) can be ob-

tained using a similar method.
4.Discussion

We discuss the following three simplified cases:

(a) In the uniaxial chiral case, namely g = 0,
Eq.(30) can be simplified, but it is still required to
solve the integration in which the integrand function
contains the Bessel functions.

(b) In the gyroelectric case, namely &. = 0, simi-
larly, Eq.(30) is simplified to an integration in which
the integrand function contains Bessel functions. The
formulae in this paper can be applied by putting
¢. = 0 to the radiation of an electric dipole in the
gyroelectric medium, such as plasma, directly.

(¢) In the uniaxial case, i.e. {. = 0 and g = 0, after

0, m+n = odd

performing the integration over the transverse Fourier
variable p, the solution of Eq.(30) can be obtained
by performing the integration over the longitudinal
Fourier variable A. In both cylindrical and spheri-
cal coordinates, the Green’s functions in a uniaxial

medium have been solved analytically many years ago.
5. Conclusion

In this paper, the dyadic Green’s function for an
unbounded gyroelectric chiral medium has been ex-
amined analytically. Following the Fourier analysis,
it has been shown that the dyadic Green’s function
can be expressed as a triple Fourier integral, which
can be reduced by performing the integration over the

transverse Fourier variable.
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