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In this paper, various waves in the Oregonator model are investigated in detail. The existence of planar waves (in

particular, spiral waves) is rigorously proven and their linear stability is analysed. In addition, some non-planar waves

in the model are also presented.
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1. Introduction

The Oregonator model™?) originates from the fa-
mous Belousov—Zhabotinsky reaction which leads to
a variety of non-equilibrium spatial structures. It
supports the propagation of single or periodic travel-
ling excitable waves, as well as more complex regimes
such as rotating spiral waves and turbulence, and
serves as a paradigm for pattern formation in excitable
media. >3]

The model is generally described by the following
two-component reaction-diffusional system

u = D;Au+ 1f(u, v),
8(; € (1)
8—: = Dy Av + g(u, v),
where f(u, v) = u —u? — fvu_
U+ U
In this equation, the parameters satisfy: 0 < p < 1,
0<e<l1l 0< f < +4oo. Dy and Dy are diffusing

coefficients, A is Laplacian, and spatial variables may

, g(u, v) =u—w.

be of one, two or three dimensions.

In recent years, much effort has been focused on
the study of this model.’*='2] However, there have
been few theoretical works, and most of the studies
are numerical simulations and approximate estimates.

The properties of waves in this model have been

[4,8,13—16]

studied by many researchers. In spite of this,

the important and fundamental problems, such as the

existence and stability of waves, have not yet been
solved.

To emphasize the importance of our results, it
is necessary to review the previously obtained re-
sults and to address the difficulties in proving the
existence and stability of wave pattern solutions in
this field. Keener®! studied a class of two-component
reaction-diffusional equations with excitable dynam-
ics in the framework of singular perturbation theory,
and showed how stable travelling pulses and periodic
wave trains in one spatial dimension evolve from initial
states, and that steady spiral waves can exist in two-
dimensional regimes. According to this, some qual-
itative properties of waves in the Oregonator model
can be established. But, we do not know what types
of waves may exist and in what range of parameters
these waves exist. In addition, Kessler et all'3] used
the formulated piecewise-linear Oregonator model to
study the stability of planar travelling waves to general
perturbation. By dividing the regime of existence of
the waves into the excited and quiescent parts, they
analysed the stability of the waves in so-called Fife
regimes. This analysis, however, is restricted only to
some special waves. Moreover, the treatment is not
always feasible. Because of this, the problem of how
to prove the existence and stability of waves in general
excitable media is open to question.

In this paper, travelling excitable waves in the

Oregonator model are investigated in detail, and some
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rigorous results for the existence and linear stability of
the waves are given. Besides, some non-planar waves
are also found in the model, for the first time as far
as we know.

2.Existence of waves

In this section, various waves for Eq.(1) are inves-
tigated and the existence of planar waves in a certain
range of parameters is rigorously proven. In addition,
the existence of some non-planar waves is shown by
expanding the solutions of Eq.(1) into the series of
Bessel functions with respect to the wave amplitude,
and by analysing the leading terms in the expansion.

To be specific, we introduce some symbols used
below. For Eq.(1), the unique positive steady state,
denoted by (ui,wvy), satisfies: f(uy,vy) = 0,
g(uy,vy) =0, where

1—f—u+\/(1*ffu)2+4u(1+f)

Vy = Uy =

1
We denote a1 = — {1 — 2uy —
€

U tp
- D, o0
()= (3 2) e
vV — Uy 0 Dy
<%f(u—u+,v—u+)> A:<a1 b1

glu gy v ) T
Eq.(1) can be rewritten in the following tidy form

[u} P=1-a;,Q = —(a;+b1), A = P>~ 4Q,

X =

> . Then

X; = DAX + F[X], (2)

whose linearized equation at the steady-state point
(uy, vy) is

X, = DAX + AX. (3)
Hereafter the subscripted variable is used to denote

differentiation with respect to the argument.
2.1. Planar wave

Let z be a spatial coordinate vector and & =

t— % (where wy is the wave frequency and k is the
wave 1Vector). In the following, for the same letter,
the bold typeface represents the vector while the nor-
mal typeface denotes its norm). Thus, the problem of
seeking for the planar wave solution of Eq.(2) can be
changed into that of looking for the periodic solution

of the following equation with respect to &

X; = F[X]+ DX, (4)

2
where 81 = <£> .

w1

One
of our aims is to find conditions for the existence of
periodic solutions of Eq.(4). For this, we let Y = Xé.
Then Eq.(4) becomes a fourth-order ordinary differ-

Now, we take 81 as a parameter in Eq.(4).

ential equation:

!
Xe=Y, 5)
ﬂlDYg’ =Y - F[X].
To make it clear under what conditions Eq.(5) pro-
duces Hopf bifurcation, it is necessary to analyse the
eigenvalues of the matrix of the linearized equation in
Eq.(5), evaluated at the steady-state point. According

[17,18] these eigenval-

to the Hopf bifurcation theorem,
ues, roughly speaking, should satisfy the following two
points:
(1) There is a conjugate pair of complex roots whose
real parts vary from negative to positive with the pa-
rameters.
(2) The other two eigenvalues always keep negative
real parts.

Further analysis shows that these conditions,

specifically, require that matrix A has a conjugate

D,—-D
pair of complex roots and that Di T Dz < Zi i— 1 +
2
1 4R p
\/<Zii1> -}-? holds (where R = o S =
V=2
7 )

The remaining problem is to test the conditions.
For this, the following two lemmas are needed.
Lemma 1 If 40u + 6 < 5, then there exist two
constants, fo and f; (f2 > fi > 0), which depend
possibly upon p and e, such that
(1) P <0 when f € (f1, f2);

1 2
2 > — .
(2) fr 2+1_2u

Proof: Through complicated operations, we find
that P = 0 is equivalent to &(f) = 0, where
&(f) = af® + bf* + c¢f +d in which a = 2, b =
—3(1 —¢) —2(1 = 7p), ¢ = —2(® — 5u — dpe — p?)
and d = (14+¢)(1+ )2 According to “Descartes’ rule

of signs” about polynomial roots, equation &(f) =0

has either two positive roots or no positive root. No-
tice that @'(f) = 3af? + 2bf + ¢ and b* — 3ac =
5(5—65—40u)-|-2152—i-36,u—i—184u2 > 0as40p+6¢ < 5.
Therefore, ¢'(f) = 0 has two roots with different sig-
natures. According to the “Isolate Theorem” of poly-
nomial roots, we know that &(f) = 0 must have and
has only two positive real roots, denoted by f; and

f2, respectively. Without loss of generality, we assume
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fo> f1 > 0. Since a; > 1 as f € (f1, f2), we have
P < 0. The first part of the lemma is thus proven.

From the given conditions, we know that 1 —

1
2uy < 0 holds as 0 < f < 2 + 1= However,
. 1 2u
1—2u; <0 gives P > 0. Hence f; > - + .
271 24

The proof of the lemma is then finished.

Lemma 2 Assume 40p +6e < 5. If 0 < e < %,
then there exist two constants, f; (> f1) and f (<
f2), such that A < 0 as f € (f1, f1) or f € (f3, f2)-

Proof: Notice that P(f1) = P(f2) = 0 from

lemma 1. A simple operation yields A = P? — 4P +

4 -1
u. Also notice that u; < 1 —¢ is equiva-

1 _
lent to f > EM. The conditions of the lemma
1+pu+e
2 14+pu—e

. Therefore, A(f1) <0

. 1
1mply§+172u El—i—u—%—s
and A(fy) < 0. According to the property of contin-
uous functions, the conclusion of the lemma is easily
obtained.

Remark 1. A(f) < 0 is not always held in the

whole interval (fi, fo).
L i Then A > 0.

For example, take f = 1,

cT 96 M T 2000 T .

Obviously, matrix A has eigenvalues Ay =
—P+ /A
— Therefore, we have

Corollary 1 Assume 40u+6e < 5and0 < e < %
Then, as f € (f1, fi) or f € (f3, f2), matrix A has a
conjugate pair of complex roots.

Now we turn to the discussion of the existence of
planar waves of Eq.(2). Since the solutions of Eq.(5)
are just the planar wave solutions of Eq.(1), the follow-

ing theorem holds from the Hopf bifurcation theorem.

1
Theorem 1 Assume 40p + 6 < 5,0 < e < 2

Dl—DQ a1+1 a1+1 2 4R
Dy > Do, < =
' = 2 D1+D2 a1—1+\/<a1—1> + S

Then there exist two small intervals (f;, f;) and

(f4, f2) such that Eq.(2) has planar wave solutions,
as f € (fl: f{) or f € (f217 f2)

2.2. Non-planar waves

In this section some non-planar waves will be ex-
plicitly given by the singular perturbation theory.

For convenience, we consider only the two-
dimensional case (a similar discussion can be applied
to the three-dimensional case). Notice that the condi-
tion Dy > D is unnecessary in the following discus-
sion.

Generally, wave phenomena involve a frequency

w, at which u oscillates at a fixed point, and a char-
acteristic wave vector k (its norm is usually called the
wavenumber, denoted by k) corresponding to a typi-

cal pattern length in the curve solution. We introduce

U4

a steady-state solution U*, U* = ( ), which sat-

Ut
isfies F(U*) = 0. Thus it has also an amplitude pa-
rameter o, ox max || U — U™ ||, characteristic of the

distance X = U — U”* from the steady state, where

U
U = < ) It is better to introduce dimensionless
v

variables t' = wt, p = kz. For convenience, we use t
to replace ¢’ below. With this,

wh X = k*DA,X + F(X). (6)

Remarking 2. For w — 0, we have low-
frequency waves; k — 0, long wavelength; ¢ — 0,
small amplitude waves.

In this paper, only the small amplitude wave is
considered. For convenience, we introduce the polar

coordinate system. Equation (6) is then rewritten as
1 1

wd X = k2D<af + -0, + —28§>X +F(X). (7)
T T

Notice that the waveform X (r, ¥, t) is 2m-periodic
in t and depends on the wave amplitude o. Further-
more, the frequency w and the square of the wave vec-
tor k2 will vary with the amplitude parameter o. By
symmetry considerations, it is clear that the sign of o
cannot affect w and k2. Thus, we have the following

expansions of X, w and k?:

oo o0
w = g W™, k%= g ko, 02,
n=0 n=0

(8)

Substituting these into Eq.(7) and considering only

oo

X =) Xy,

n=1

the first-order term in o, we have
1 1
w0 X1 = ng <8f + -0, + —283>X1 + AX;. (9)
r r

By construction, X is a 2m-periodic function. Us-
ing Fourier transformations, we see that Eq.(9) has a
solution for real kg and wq if A — ng has pure imag-
inary eigenvalues +iwy for at least one integer m > 0.
In what follows, we limit ourselves to non-degenerate
non-resonant cases when A — k(Q)D has a simple eigen-
value (wp = 0) or a pair of complex imaginary eigen-
values +iwy (wo # 0). Meanwhile, it is easy to show
that

-P D1 +(11_D2 2
B = — =(-by)— | —————=] . (10
0 D1+D2’wo (=b1) <D1+D2 > (10)
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Therefore, combined with lemma 1, the following con-
clusion is easily attained.
Theorem 2 If 40+ 6 < 5 and i <u) >
€ \ut +pu
D1 + a1D2 2
Dy + Dy
0), such that Eq.(9) has nontrivial solutions as f €

(fla f2)
Consider the case wy # 0. According to the na-

, there exist fo and f1 (fo > fi >

ture of the Bessel function,!'®! Eq.(9) has spiral wave

solutions of the form

X{m) = Xi(r,wot + m¥) = J,,,(r)Re <§+ei(“’°t+m§)>

(11
where J,,,(r) is an mth-order Bessel function, m
+1,42,---, i = v/—1, and £, is an eigenvector cor-
responding to the eigenvalue +iwg of A — k'gD. It is

~—

1
easy to show that &, = < > The
1 —|— k%DQ —I— in

patterns of these waves have fixed nodes at the ze-
ros of J,(r) and rotate at an angular speed, “o
(m =41, +2, ---). m

The first-order theory of a non-planar wave with
respect to the wave amplitude can predict that for
the wave vector ko a spiral wave solution (of strictly
zero amplitude) exists with a frequency wy. Nonzero-
amplitude wave phenomena must only be at [k? k2| >
0. When these small-amplitude solutions exist, they
represent a balance between the linearized dynamics
of perturbations with a wave vector k and nonlinear-
ity.

In addition, Eq.(9) has the solutions of the form:

Xl(m) = X1 (r,wot + md¥) = J,,,(r) sin(md)Re (§+eit) .

(12)

These solutions are sometimes called standing
waves.

Notice that when md¥ = 7 (m = +1, £2, --- ),

X{m) = 0, and the zeros of J,,(r) also make Xl(m)

null. All these zeros consist of the nodes of the stand-

ing waves.
Finally, by introducing the second-class Bessel
1
function Y,,,:Y;, = ;1L1—>mo Y, (r) (where Y, (r) = S ()

[J,.(r) cos(um) — J_,.(r)], and p is non-integral), and
taking the linear combination, Hffl =Jn Y, (m=
+1 £2 --+), then Eq.(9) has also the solutions of the

form

Xl(m) = X1(r,wot + md) = Re <f+H;—;(r)ei(t+m19)> ,
(13)

where m = +1, £2,---.
play the radially propagating phenomena.

The waves of this form dis-

Next, we consider the asymptotic behaviours of
Eq.(13) with respect to r. From the nature of the
Bessel function, it follows from Eq.(13)

m 2r ipE
X"~ [ TRe (60177 (14)

as 7 — 400, where ¢* = + r—%mw— iﬂ) +t+
md, m = 0, £1, £2, --.. Therefore, when r is suffi-
ciently large, such a wave propagates approximately
along the radial direction. However, Hnj; ~ r ™ as
r — 0 (when m = 0, HOi ~ logr for r — 0); in this
case the above expansions on the small amplitude o
are invalid because they diverge as r — 0. The re-
gion of non-uniformity takes place near the central

core r = 0.
3.Stability of waves

Generally, it is difficult to give a criterion to judge
the stability of waves in the Oregonator model, but
is possible for small-amplitude planar waves. In this
section, a sufficient condition to ensure the stability of
planar waves is given.

We assume D; > 0 and Dy > 0. Let Y*(z, t) =
X(wt — kz) be a planar wave solution of Eq.(2). To
investigate the stability of the wave, we introduce
a small perturbation in the neighbourhood of the
wave and consider the following linearized perturba-

tion equation
W/ = B(Y*(z, t))W + DAW, (15)
where W = X — Y*(z, t) and matrix B is defined as
B = (bi;) = ((0Fi/0X;)(X))

1 2fpv f(u—p)
L(1-2u—2s) L

1 -1

in which w and v are functions with wt — kz as the
argument.

For research convenience, we now change the vari-
ables in Eq.(15) to those in a coordinate system mov-
ing along the wave by setting 7 =t and £ = nz — Yy
(where n is a unit constant vector). With this, Eq.(15)

becomes
w
r_
W, = T

We want to know if there are perturbations

Wi+ B(X(—k&))W + DW{. (16)

bounded for all z, and also for all £, which grow in
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time t (or 7). This will be the case if the ordinary dif-
ferential function of £ has some points of its spectrum
in the right half-plane, i.e., if Eq.(16) has the solution
of the form W = e""I'(¢) with the bounded I' and
Re(h) > 0. This gives an eigenvalue problem of the
ordinary differential equation

w

hI' =
k

I{+ B(X(—kE)) + DI, (17)

12

c - ( 0 1
~ \ DM - B(X(~k¢))) 2D

is a second-order unit matrix). Equation (17) can be

> (where I

rewritten as
g = C. (18)
Since X is a 2m-periodic function with respect
to &, so is the matrix C. Theoretically, we may
show the stability of solutions of Eq.(18) by deter-
mining the signature of their Floquet exponents. But
this does not seem to be feasible since we do not
know the explicit expression of the planar wave so-
lution. Because of this, the following discussion is re-

stricted to the small-amplitude planar wave. Thus,

BX(-k) ~ (

a; b

> = A and Eq.(18) has cer-
1 -1

a .
tain solutions of the form I' = < >e’e£, where a
b

and b are (possibly complex) constants and e is real.
Substituting I" into Eq.(18) and considering the non-
trivial solution yield

D, Dye* — (D, + Dy)Bie?

—I— [(1 —I— h)Dl —|— (h — al)Dg — ﬁ2] 62

— (14 2h — ay)Bie — (a; — h)(1 + h) — by = 0,(19)
where § = % Setting h = hy + iths and balancing the

real and imaginary parts of Eq.(19), we can obtain the

following expressions:

64 + (1 + hl)Dl + (hl — al)Dg — ,62

D, + D
28hy  h? — h2+ Phy +Q
2 1 2
—0, (20
<t DoD,° D1D, » (20)

— (Dl + Dg)ﬂe?’ —|— h2(D1 + D2)62
— (P + 2hy)Be+ (2hy + P)hy = 0. (21)

Equation (21) can be further turned into

(ha — Be) [(D1 + Da)e* +2hy + P] =0.  (22)

If hy — Be = 0, then no matter what value hy takes,
no rigorously positive hqy can be found from Eq.(20).
Therefore, Eq.(21) yields

—(2hy + P
w. (23)
Dy + D,

For convenience, we consider the equal diffusion case,
D1 = D5, and we denote the common value by Dj.
Substituting Eq.(23) into Eq.(20) yields

A 2hy + P —(2hy + P)

—— — K2 24 98hgy | ——— 2 =0
1T op, B £ 26k, Di + D, ’
(24)
which further becomes
1 40 2 A 2 P s
—B%h 2 —— +h —_— h
Doﬂ 1t+26 { 1 + hy + 4D0ﬂ 1

A 2 P 2 2 212 __
+<Zh2+mﬁ) +2PB%h2 = 0. (25)

In order to guarantee that hy is positive, ho must sat-
isfy
A 2 P 32
,T+h2+m,3 <20, (26)
(f% —h}+ ﬁfﬁ) +2PB%h3 > 0
Because of this, the conclusion immediately follows.

Theorem 3 Under the conditions of theorem 1,
there exist two small intervals (fi, f1) and (fs, f2)

such that the small-amplitude planar wave solutions of

Eq.(1) are linearly stable if f € (f1, f1) or f € (f3, f2)

A
—Dy.
pro

As a by-product, the above analysis yields an ap-

and 0 < 8 <

praisal for hs:

—(DoA + 3P?) — |B|\/P(DoA + P?)

2D

0<hi<
(27)

4. Conclusion

We have rigorously proven the existence of pla-
nar waves in the excitable media of the Oregonator
model. By expanding wave pattern solutions into the
series of Bessel functions with respect to the small
wave amplitude and by analysing the leading terms in
the expansion, some non-planar waves in the model
are found for the first time. For small-amplitude pla-
nar waves, some sufficient conditions for their linear
stability are also given. Further study for the stability

of the non-planar waves is still necessary.
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