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An Ehresmann connection on a constrained state bundle defined by nonlinear differential constraints is constructed

for nonlinear nonholonomic systems. A set of differential constraints is integrable if and only if the curvature of the

Ehresmann connection vanishes. Based on a geometric interpretation of d—§ commutation relations in constrained

dynamics given in this paper, the complete integrability conditions for the differential constraints are proven to be

equivalent to the three requirements upon the conditional variation in mechanics: (1) the variations belong to the

constrained manifold; (2) the time derivative commutes with variational operator; (3) the variations satisfy the Chetaev’s

conditions.
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1. Introduction

Nonholonomic constraints are often encountered
in the studies of nonholonomic mechanics, field theo-
ries and motion planning.l'='% A nonholonomic con-
straint does not affect the configuration manifold but
the fibres only, which corresponds to the restriction
upon the freedom of mechanical systems. So the con-
strained submanifold does not have a symplectic (or
presymplectic) structure of tangent bundle (or contact
manifold). Therefore, in terms of calculus of variations
in classical nonholonomic mechanics, it is impossible
for nonholonomic constraints to satisfy the following
three requirements simultaneously: (1) the variations
belong to constrained submanifold; (2) the variational
operator commutes with the time derivative; (3) the
variations obey the Chetaev’s conditions, unless the
differential constraints are integrable in the sense of

Frobenius theorem.[!]

If a mechanical system is subject to linear non-
holonomic constraints, it can be proven that there ex-
ists a fibre bundle structure on a constrained subman-
ifold, whose horizontal distribution, called the Ehres-

mann connection, is determined by the nonholonomic

constraints. The non-vanishing of curvature form of
the Ehresmann connection corresponds to the non-
integrability of the constraints, which was proven in
Ref.[12] to be equivalent to the condition that Suslov’s

variation commutes with the time derivative.

In this paper, we generalize the result to the non-
linear nonholonomic constrained systems which may
be important for nonholonomic motion planning. In
section 2 we construct an Ehresmann connection on
a constrained submanifold of 1-jet bundle J{ M. The
curvature forms of the connections are derived in sec-
tion 3. It is proven that a set of differential constraints
is integrable if and only if the corresponding curvature
form vanishes. In section 4, the connection theory is
applied to analyse d—¢ commutation relations in cal-
culus of variations. We discover that these relations
correspond to the contraction of the curvature form
with a dynamical vector field of mechanical system
and its dual basic 1-form relating to the “irreducible
coordinates”.!3] Considering this geometrical expla-
nation of d—§ commutation relations, it is proven that
the above three requirements upon the variational op-
erator can be taken as a criterion of integrability for

differential constraints. Finally, an illustrative ex-
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ample is given. The Einstein’s summation conven-
tion is used throughout this paper: s = 1,...,n; pu,
c=12,...,¢e; 86=1,2,...,9 = n — ¢, where ¢ de-

notes the degrees of freedom of the mechanical system.
2.Ehresmann connection on a

constrained state bundle

An Ehresmann connection on a tangent bundle or
1-jet bundle is usually defined by the Lie derivative of
vertical endomorphism with respect to the dynamical
vector field, which determines the horizontal distri-

(14-16] By Ehresmann

butions on the tangent bundle.
connection here we mean a horizontal distribution on
the constrained fibre bundle defined by the constraint
equations.

Consider a time-dependent mechanical system
with n generalized coordinates. Let M be its smooth
extended configuration manifold of dimension n + 1
with local coordinates {¢,q®} which is a fibred man-
ifold over R with canonical projection m : M — R.
TM denotes the tangent bundle to M and Jy M the
1-jet bundle. Suppose that the system is subject to g

first-order nonlinear nonholonomic constraints:
¢ = (t,q°,4%). (1)

Problems with nonlinear constraints occur frequently
in two fields: optimal control and economical
dynamics.l'>17] This construction distinguishes two
groups of coordinates, ¢° and ¢t#. If the coordi-
nate transformations on M keep this distinction, the
configuration manifold M is of fibration structure.!*®!

Let V M denotes the vertical subspace of T'M with
respect to the projection 7 : M — Mg, where My C M
J1My C TMy is
a 1-jet manifold with respect to my : My — R and
T(J1 M) = M X, J1 My the pull-back bundle over
M.

is a manifold of dimension & + 1.

Definition 1 Let ¢ : 7* (J;My) — J1M be an
imbedding defined by the constraint equations (1),
then N = i (7* (J1My)) is called a constrained state
submanifold of J; M, and the bundle p : N — J; M,
is referred to as constrained state bundle.

Let VN be the vertical subspace of TN with re-
spect to p and p* (T (J1Mo))=N X j,m, T (J1Mp) the
pull-back bundle over N. x (p) denotes the set of vec-
tor fields along p, i.e. the set of sections S : N —
p* (T (J1My)). Then the following exact sequence

0—>VN —>TN — p"(T(J1Myp)) — 0 (2)

determines an Ehresmann connection on the bundle
p: N — Jy M.
Let H : x(p) — TN, then dp - H = idy(,). In

local coordinates,
Ho=H (8/dt) = 8)ot + Ty "9)dg+®,  (3a)

H, = H(d/0q°) = 8/0q° + T, 0/0¢"#,  (3b)
Hy = H(9/0¢7) = 8/04 + T3 "0/0¢"*,  (3¢)

where TS-'_B, T?—B, 7577 € o (N), and {Ho, H,,

H;} expands the horizontal distribution on N. The

canonical projection p induces a mapping

e+

o

H' : N — Jip,
(t, ¢, ¢°, ) =

(t, q°, &7, P, gl g2 tP, TP )

with
—e+0 g .o
Ty =g =¢P —q70¢P 0 ¢,

T, = g0 = 060 Jogr,

(o2

we+8
r; = q;—l—ﬁ =0, (4)

o

where Jyp is 1-jet bundle of p: N — J; M.

The bases of vector fields on N can be taken as

Hy, H,, Hy; = 8/34°, Vs =0/9¢"P,  (5)

with dual basic 1-forms

dt, d¢°, d¢°, €+ =dgt? T Page - T a.

(6)
With the help of these bases, the horizontal and verti-
cal projections of vector fields on IV can be represented

as

Py =Hy®dt+ H, ®d¢° + Hs ® d¢°,
Py =0/8¢° " @ ¢17°, (7)
Obviously,

Py (TN) = H (p* (T (JoM))) £ H,,

where H, o denotes the horizontal distribution on N.
3.The curvature form of the con-
nection and integrability con-

ditions
By the definition of the fibre bundle, p : N —
J1 My is locally diffeomorphic to trivial bundles. So

the connections defined above are not flat in general,
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unless their curvature forms vanish. There exist sev-
eral methods to determine the curvature of a connec-
tion, e.g., via the Nijenhuis tensor of a horizontal or

r,[1419:20] the commutator

vertical projection operato
of horizontal exterior differentiations,?!] and the ex-
terior covariant differentiation of a vector-valued con-

nection 1-form on the bundle,[22-23]

etc. In this pa-
per, the last method is utilized to define the curvature
forms of the connections.

The above Ehresmann connection H on the bun-
dle p : N — J; M, is defined by the splitting of an
exact sequence 2. Following the connection theories
of principal fibre bundles, these connections can also
be defined equivalently by a vector-valued 1-form.

Definition 2 A V N-valued connection 1-form wg

on N is the projection Py : TN — VN, ie.

WH = PV = B/qu"'ﬁ ® §€+’B (8)

and its curvature form is a V N-valued 2-form R
R=VPy =dPy - Py. (9)

Substituting Eq.(7) into Eq.(9), we have, in local

coordinates,

R:{[ Hy(T5™) = Ho(TS ) dt A dg”

e+

S HATE) - HA(T5))dg” A dg?

2
—e+03
0
0q°
—e+0

Og+

_|_

dt A dg”

+

dg® A dq”} ® 0/8¢°HP. (10)

The conditions of complete integrability for gen-
eral constraint equations (1) can also be geometrically
characterized via the curvature form of the connection.

Proposition 3 Let R be the curvature form of
connection H defined by a set of nonlinear differential
constraints, then the necessary and sufficient condi-
tion for the constraint equations to be integrable is
that the curvature form R vanishes.

The proof of this proposition is very similar to the
case of linear constraints'? and can be neglected. It
follows from Eq.(10) that R = 0 if and only if

o (T5) 1, (T57) =0,
H, (T377) - 1, (T57) =0,

81—,s+ﬂ

9q°

37?5

) 8qﬂ

Further examination in the next section shows that
these integrability conditions make the nonlinear dif-
ferential constraints reduce to linear ones. Since the
basis {Ho, Hy, Hs } of horizontal distribution H, sat-

isfies the following commutation relations
[Ho, Ho| = [Hs, Hp] =
[Ho, Hol = [Ho (T5") - H, (T57)] 0/04°+7,

= [ (1) (7)o

n
—e+0
3F
[Ho, Hs] = 80 8/0q° 7,
q°
—e+0
81—'0’ €
(Hoy Hil = ~252-0/04°",

the condition R = 0 means that

[Ho, Ho] =
= [Hffv HH] =

[He, Hpl =
[Ho, Hf'f} =

[H07 HU]
[Ho, Hﬂ] =

which implies that the distribution H, is involu-
tive. From the Cartan’s structure equation, the non-
involution of horizontal distribution on N can be char-

acterized by the relation

R(X,Y)=-Py(X,Y]), VX, YeH, (11)

Now we can turn to the applications in calculus

of variations.
4. Applications to calculus of

variations

Noether’s symmetries are essentially different
from the dynamical mechanics, physics and control
theory, etc. If the differential constraints are present,
some requirements must be exerted to variations and
we obtain the so-called conditional variations. Con-
sider a mechanical system subject to a set of differ-
ential constraints of the form (1), then the variations,
in general, do not satisfy the following three require-

ments simultaneously:

d S -8

309" = 94", (12a)
Sptth e tB

548 = gq_a 5¢° + gqs ¢ (12b)
HEth

St = §7an, (12¢)

In Chetaev’s

the conditions

unless the constraints are integrable.

model of nonholonomic mechanics,
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(12b) and (12c) are selected to define the Suslov’s
variation that keeps the variations of orbits belonging
to the constrained submanifold and meets Chetaev’s
conditions. But, in this case the variational opera-
tor  does not commute with the differential opera-
tor d. Usually their commutation relations are called
d-0 commutation relations. Nevertheless, they have
never been well understood in the study of classical
constrained dynamics. In the framework established
above, we can characterize the d—§ commutation re-
lations geometrically and prove that the above three
conditions can be accepted as a criterion of integrabil-

ity for differential constraint equations.

4.1. The geometrical meaning of d—§ commu-

tation relations

In order to make clear the significance of the cur-
vature 2-form R in calculus of variations, we construct
another tetrad basis of vector fields, or moving frame,
on N. To this end, we first introduce a dynamical
vector field on the constrained manifold.

Definition 4 A dynamical vector field Z on the
constrained submanifold N is a vector field satisfying

the condition:

’ .Z ) ZZ£E+B = 07

where 67 is Cartan’s contact 1-form. In local coordi-

nates,
Z =0/0t+¢°9/9q° + " (t,q°,¢") 9/0g" "
+ f7(t,q%,4")0/04°.

Substituting Z for Hy in the old tetrad (5), we

obtain a new tetrad basis:
Z, H,, 8/9¢°, 8/dq"P.
The dual basic 1-forms correspondingly change into
dt, 90’ wa’ §€+ﬁ’

with w? = d¢? — f?dt. By means of this tetrad, the
curvature form R (see equation (10)) can be trans-

formed into

8—e+ﬁ 1 8
_J _ et o a o B T°
R_{ T Pdt A7 + i 0° Nw +2[H}L(FU )
FEtB\1 90 e+
- H,(I', )]0 A0”}®8/3q ) (13)
where

it = 2 (T,7) = H, (4°). (14)

(e

Because of the duality of the new tetrad and the
above basic 1-forms, we have the contraction of R with
Z and ¢51P

R(Z, €1P) = —T: 1Py, (15)

where Z and £51F

spond to d/dt and differentials of quasi-coordinates,

, in calculus of variations, corre-
respectively. This equation reminds us of the so-called
d-0 commutation relations. Substituting Eqgs.(3a)-
(3c) and (4) into Eq.(14), then

7 dtd¢T  9q° 9§V 9¢
which is, in calculus of variations, just the commuta-
tor of time derivative operator d/d¢ and variational
operator 4, i.e. it satisfies

o

5 qs+ﬁ _ —T§+*35q°,

where [. , . ] denotes the usual Lie bracket of the two
operators. Thus we have proven an interesting result:

Proposition 5 H is an Ehresmann connection
on the constrained fibre bundle p : N — J; M| defined
by the differential constraint equations (1), and R is
its curvature form. Z denotes the dynamical vector
field of a mechanical system and £1# its dual 1-form
corresponding to the irreducible coordinates. Then
the contraction of R with Z and £17 is just the geo-
metrical formulation of d—4 commutation relations in
classical calculus of variations.

This proposition gives the geometrical meaning
of classical d—§ commutation relations and shows that
they are covariant under the coordinate transforma-

tions on the constrained manifold.

4.2, Integrability conditions in terms of varia-

tional operator

Adopting the new tetrad bases in this section, we
can obtain new integrability conditions in local coor-
dinates.

Proposition 6 The curvature R vanishes if and
only if Ts+P = 0.

Proof According to Eq.(13), T¢+# = 0 if R = 0.
Let

—e+8
T;+ﬁ _ qu% +T (TE+,@) —H, ((pﬁ) =0,

g

then the independence of § leads to

3

or, _0
0q° ’

T(T;7") - Hy (¢°) =0,
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which means

wets _ Opf .
r, ZWZF?%(’%Q)
or

o = FsP(t, ¢°) 47 + F=P (8, ¢°).

It follows that

HIL = E# = B/Bq” —|— Fﬁ+°‘8/8q€+“

i (727) - 727 - 17

2 7 " 2 Ko

B ot
O R AC RS
=B z+8 8
where C',, and ¢, " are formally the same as C);, and

t‘;"'ﬁ in Ref.[12], respectively. Then we have

Substituting the above equations into Eq.(13), then
R=0.

It is evident that, if T5t# = 0, the nonlinear
constraints reduce to the linear integrable constraints,
and vice versa. Combining this proposition and propo-
sition (3), it is easy to achieve:

Corollary 7 The nonlinear differential constr-
aints (1) are integrable if and only if T5+# = 0.

On the basis of this corollary and the geometrical
explanation on d—§ commutation relations, we imme-
diately obtain

Proposition 8 The constraint equations are in-
tegrable in Frobenius sense if and only if the Suslov’s
variation commutes with differentiation, i.e. there ex-
ists a variational operator § satisfying the three con-
ditions (12a)-(12c) simultaneously.

Thus we have verified the equivalence between the
integrability of differential constraints and the three
requirements (12a)—(12¢) upon variational operator.

Appell-Hamel’s example. Consider a unit
mass moving in a uniform gravitational field g. Let
the local coordinates of the configuration manifold M
be z = ¢, y = ¢%, z = ¢°. Then the dynamical func-
tionis L = % (332 + 9% + 732) —gz. Suppose the particle

is subject to an first-order nonholonomic constraint

i =a\/i2 + 2.

Then the coordinates of the constraint manifold N
take {z,y,2,9} and the dynamical function embed-
ded in the constraint is L' = (1+ a?)(2% +9?)/2 — g=.

Obviously, this system is not a Chaplygin’s system.
We can find the dynamical vector field to be

Z =i0/0x + 90/0y + a\/2? + y29/0z
97 8/

+
(1+a2) /& + 32

499 8/dy.

+
(1+a) /& + 32

The connection coefficients are

3

To=o0, T TS

_ ax 73 _ ay
/;'c2+y2’ 2 /¢2+y2'
The horizontal distributions on N are expanded by
Hy=98/0t, H, =08/0q" +T.9/0z,
Hy = 0/8¢ + T390z,
H; =0/0&, Hs=0/0y.

Then the curvature R, can be derived as
R, =[-T}dt A 6" — T5dt A 6?

+ a(:'c2 + y2)*%(y201 Awl

— 290" Aw? — 9i6? Aw' +3%20% Aw?)| ® 0/02,

where
T} =aZ | —— |,
w2+y2
ez ).
’m2+y2

The non-vanishing of the contraction of R, indicates

that the constraint is nonholonomic.
5.Concluding remarks

In this paper, we have utilized the connection the-
ory on a fibre bundle to discuss the problem of inte-
This

method emphasizes the geometrical meaning of inte-

grability for nonlinear differential constraints.

grability conditions. Our construction is based on the
fibrations of the configuration manifold M and the
state constrained manifold N. The coordinate trans-
formations respecting these fibrations can be visual-
ized as a holonomy group of the Ehresmann connec-
tion, the algebra of which can be generated by the
curvature form. It should be pointed out that the com-
plete integrability mentioned above is in the Frobenius
sense, unconcerned with the dynamical properties of
the system. Otherwise, the Suslov’s variation may ac-
cord with the commutativity of d and § in some special
cases. For example, the condition T:1# = 0, which

does not lead to the integrability of the constraints,
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can be satisfied along the orbit of motion of the sys-

tem in Appell-Hamel’s example because the action is

stationary along the orbit.
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