Vol 11 No 12, December 2002
1009-1963/2002/11(12)/1221-07

Chinese Physics

© 2002 Chin. Phys. Soc.
and IOP Publishing Ltd

Structural stability in discrete singular systems’

Wu Jian-Rong(Z g %%)»" and Yang Cheng-Wu (47 i f8)>)

a) Department of Applied Mathematics, University of Science and Technology of Suzhou, Suzhou 215011, China

b) School of Power Engineering, Nanjing University of Science and Technology, Nanjing 210094, China

(Received 3 March 2002; revised manuscript received 15 July 2002)

In this paper, we study the structural stability of singular discrete systems with perturbations in coefficient

matrices. Some sufficient and necessary conditions of structurally stable singular discrete systems are given. Two kinds

of structurally stable normal compensators are discussed.
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1. Introduction

In the past few years, there has been a grow-
ing interest in the system-theoretic problems of sin-
gular systems due to their applications in represent-
ing and resolving problems concerning many naturally
occurring systems. Several important and fundamen-
tal results in normal systems have been successfully
extended to singular systems.!"?] Note that the sta-
bility problem is of both practical and theoretical sig-
nificance. Many researchers have made enormous ef-
forts in this fields (see, for example, Refs.[1] and [3-5]).
Their works are developed in the continuous case and
indicate that the stability problem of singular systems
is much more complicated than that of normal sys-
tems. As for the stability problem of discrete singular
systems, there are only few results. In fact, to deal
with this problem it is necessary to note that not only
stability but also regularity and causality must be con-
sidered simultaneously, while the latter two do not oc-
cur in standard state-space systems. For example, Xu
and Yang® considered the state feedback stabiliza-
tion problem of discrete-time singular systems. Using
a matrix inequality approach, Xu and Yang designed
state feedback controllers such that the closed-loop
system is regular, casual and stable. Myszkorowskil”!
has shown a general methodology for designing a sta-
ble control algorithm for a linear discrete-time system
with additive disturbances.

It is well known that stability is necessary for a

practical system (see, for example, Ref.[8]). In this

paper, we study the structural stability of singular
discrete systems with perturbations (or uncertainties,
deviations, errors in other terms) in coefficient matri-
ces, as well as their compensation strategies. Some
important results in Ref.[1] will be generalized to sin-

gular discrete systems.
2.Structural stability in discrete
singular systems

We consider a discrete singular system

Exz(k +1) = Az(k) + Bu(k),

y(k) = Cx(k), (1)
where E, A € R™*", rank £ < n, x € R", k=0, 1,
2, ---. To guarantee the uniqueness and existence of

the state solution, system (1) is always assumed to be
regular, ie., [sE — A| Z0.
Definition 2.1 A discrete singular system (1)

is termed stable if its free response (u(k) = 0) satisfies
lz(®)]| < allz(0)]l, k=1,2,-+,0>0,0<f <1,

for any admissible initial condition z(0) and k > 0.
System (1) is called stabilizable if there exists a
feedback

u(k) = Kz(k) + v(k)
such that closed-loop system

Ex(k+1) = (A+ BK)x(k) + Bv(k)
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y(k) = Cz(k)

is stable. It is called detectable if its dual system
ETa(k+1) = ATz(k) + CTu(k)

y(k) = BTz (k)

is stabilizable.

Lemma 2.1[" A discrete singular system (1) is
stable if its finite pole set o(E, A) is within the unit
circle on the complex plane, which is denoted by U™.

It is well known that, if the normal system
z(k+1) = Az(k) + Bu(k)

y(k) = Ca(k) @)

is stable, i.e., o(I,A) = o(A) C U™, a positive con-
stant § > 0 exists such that

o(A+S§A)cUT

for an arbitrary deviation d A in the coefficient matrix
A, provided ||§A||0. Here | A|| is any consistent matrix

norm; that is, the system
z(k+1) = (A+0A)x(k) + Bu(k)

is still stable. This property is termed structural sta-
bility. Thus, a stable normal system is structurally
stable. But this statement is unfortunately not appli-
cable to a singular system.

Example: Consider a singular system:

1
1 0 0 3 -1 0
01 0 |z(k+1)= o o 1 |=zk).
0 0 O 0 1 0

1
Since the pole set is o(E, A) = ¢ — 5} C U™, this sys-
tem is stable. Taking the perturbation in coefficient

matrix A as

, 1 >e>0,

we have o(E, A+ 0A) = { — %,% ¢ U*. Thus, the
perturbed system z(k+1) = (A+6A)z(k) is unstable
no matter how small € (thus 6A) is.
Now we consider the homogeneous system of sys-
tem (1):
Ex(k+1) = Az(k)

y(k) = Cx(k), 3)
where £, A € R"*" rank E < n, x € R", k=0, 1, 2,

Definition 2.2 Data point P(E, A) for system
(3) is defined as a vector formed by listing the ele-
ments of F and A in an arbitrary order.

Definition 2.3 Assume that system (3) is stable.
If there exists a certain § neighbourhood Us(P(E, A))
at data point P(E, A) such that the stability of system
(3) is preserved in the presence of arbitrary perturba-
tions of structural parameters in this neighbourhood,
we will term system (3) structurally stable at data
point P(E, A).

By definition, a structurally stable system is sta-
ble, and hence is regular.

Theorem 2.1 Assume that system (3) is stable.
It is structurally stable at data point P(E) if and only
if rank F = n.

Proof. Sufficiency: If rank F = n, then system
(3) becomes a normal system. Thus, it is structurally
stable at data point P(FE).

Necessity: Let system (3) be structurally stable
at data point P(FE).

E < n. Since system (3) is regular, there exist two

If rank £ = n is false, rank

nonsingular matrices @ and P such that system (3) is

a restricted system equivalent (r.s.e.) to:

:cl(k + ].) = Alxl(k),

y1(k) = Cra1(k), (4)
ng(k + ].) = .CCQ(I{)),
y2(k) = Coza(k), (5)

in which the coordinate transformation is

xl(k) € Rn17 m?(k) € an:vnl +ng = n,

and

L, Ay
QEP = , QAP = )
N I,

2

CP =[Cy Cyl,

where A; € R™*™ N € R™*" is nilpotent with
nilpotent index h. The stability of system (3) implies
that o(E,A) C U", therefore, o(A1) = o(I,,,A1) C
Ut.
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Without loss of generality, we assume that N is

in the form

_ 01 -
0 1
N = 0 € R™X"2,
1
0
Let the perturbation be
Ony iy 0 0
OE = Q_l 0 O(nz—l)xl 0
0 € 01><(n271)

Pl e R™" §A =0,

where € > 0 is a sufficiently small scalar. Then
2(E + 0E) — A
:‘Q_1| . |P—1| . |zIn1 — A1| . (_l)nz A (1 _ 82“2_1),

indicating that the perturbed system has an unstable
pole 1 no matter how small € > 0 is. So, system (3)
is not‘E structurally stable at data point P(FE), which
conflicts with the assumption. Thus, rank F = n.

Theorem 2.2 System (3) is structurally stable
at data point P(A) if and only if it is stable (implying
regular) and deg|zFE — A|=rankF (or in other words,
system (3) is causal).

Proof. Sufficiency: If deg|zE — A|=rankFE, there
must exist two nonsingular matrices ¢ and P such
that

1, Ay
QEP = , QAP = , g=rankF.
0 I
Denote
0A 0A
QSAP — 11 12

Note that [|§A2e|| < ||QIAP||, we know that ||§Aaa||
is sufficiently small when [|6 A|| is. Therefore, I+ Aas
can be assumed to be nonsingular. A simple calcula-

tion shows that
2E— A= 6A|= Q"] |P~]

ZIq — A1 — 5A11

_5A12
—I —6As
=|Q7H P71+ [ = T — Az
. |ZIq — A1 — {SAll — 5A12(I + 5A22)71(;A21|.

Recalling that system (3) is stable, we have o(A;) =
o(I,,,A1) CUT. Let ||§A]| be sufficiently small such
that the perturbation

SA1 + 6A (T +5Ag) 5Ay
may be so small that
o(Ar +6A11 + 0A1a(I 4+ 6A2) " 6As) CUT,

indicating that o(E, A+ §A) C U™, i.e., system (3) is
structurally stable at data point P(A).

Necessity: Let system (3) be structurally stable
at data point P(A). Then system (3) is regular, and
hence there exist two nonsingular matrices  and P
such that system (3) is a restricted system equivalent

to

:cl(k + 1) = All‘l(k),
y1(k) = Cra1(k), (6)
N.CCQ(k‘ + ].) = ivg(k),

y2(k) = Cama(k), (7)

where Ay € R™*™ and N € R™*"2 ig nilpotent with

nilpotent index h, ny + ny = n, and

I,

A
QEP=| ™ , '
N

QAP = ;

n2z

CP =[Cy Cq],

Without loss of generality, we assume that N is

in the form

0 1
0 1
N = 0 € Rm2x"2,
1
0
Let the perturbation be
0n1 Xni 0 0
5A == Q71 O O(nzfl)xl O
0 —€ 01 (ny—1)
P71 c Rnxn

where 1 > € > 0 is a sufficiently small scalar. Then
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Q- |P|-[zE — (A +54)|

zl,, —A; O 0 0
-1 =z
= 0 -1 0
z
0 -1
-1 =z
-1
= |z, — A4 - 5
-1 =z
—€ —1
= (=1)"2|zI,, — A1]- (1 — az"2_1).

It follows from the assumption that o(E,A + 0A) C
U*T when ¢ is sufficiently small. Thus ny, = 1, and
hence N=0, implying that deg|zE — A|=rankFE.
Lemma 2.2[% System (3) is regular, causal and
stable if and only if there exists a nonsingular sym-
metric matrix P € R™*™ such that the following two

inequalities hold:
ETPE >0, ATPA—- ETPE <. (8)

Following Lemma 2.2 and Theorem 2.2, we ob-
tain:

Theorem 2.3 System (3) is structurally stable
at data point P(A) if and only if there exists a non-
singular symmetric matrix P € R™*™ such that the

following two inequalities hold:

ETPE >0, ATPA— ETPE <.

3.Structural stability via state

feedback

It is well known that a practical system should be
structurally stable, otherwise it could not work prop-
erly or may be destroyed. In this section, we are con-
cerned with the structural stability of a closed-loop
system via a compensator.

For system

Exz(k + 1) = Az(k) + Bu(k),

y(k) = Cx(k), (9)

here E,A € R"*"™ rankF <n,z € R", k=0,1,2, ---,

we consider its state feedback
u(k) = Gz(k) + v(k) (10)
under which the closed-loop system is
Exz(k+1) = (A+ BG)xz(k) + Bu(k). (11)

Definition 3.1 If the closed-loop system (11) is
structurally stable at data point P(E, A, B), the state
feedback (10) is said to be structurally stable at data
point P(E, A, B).

Theorem 2.1 indicates that the state feedback
(10) cannot be structurally stable at data point P(E).
However, it can be structurally stable at data point
P(A, B). In fact, from Theorem 2.2, Theorem 8-3.3!]
and Theorem 2.3 we have:

Theorem 3.1 For system (9), the following con-
ditions are equivalent:

(1) System (9) has a structurally stable state feed-
back (10) at data point P(A, B);

(2) The closed-loop system (11) is stable and
degsE — (A + BG)|=rankFE;

(3) System (9) is stabilizable and causality
controllablel';

(4) There exists a nonsingular symmetric matrix
P € R™" such that the following two inequalities
hold: ETPE > 0,(A+BG)TP(A+BG)—-ETPE < 0.

Next, we will deal with the structural stability
of a closed-loop system via a compensator. Now, we
consider system (9) and the normal dynamic compen-
sator:

z.(k+1) = Acz.(k) + Bey(k),
u(k) = Fexo(k) + Fy(k), (12)

where z. € R", A, B, F,. and F are constant matri-
ces of appropriate dimensions. System (9) and com-

pensator (12) form the closed-loop system

E 0 z(k+1)
0 I, z.(k+1)
| A+BFC BF, (k) (13)
B.C A. zo(k) |

Definition 3.2 The closed-loop system (13) is as-
sumed to be stable. The compensator (12) is said to
be structurally stable at data point P(E, A, B,C) if
the closed-loop system (13) is structurally stable at
data point P(E, A, B,C).

It is obvious that we have the following results:
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Theorem 3.2 (1) System (9) has no structurally
stable normal compensator defined as Eq.(12) at data
point P(E);

(2) Compensator (12) is a structurally stable nor-
mal dynamic compensator for system (9) at data point
P(A,B,C) if and only if the closed-loop system (13)
is stable and the following equality holds:

E 0
deg |z —
L,

A+ BFC BF,
B.C A,

c

= n, + rankF.

Theorem 3.3 System (9) has a structurally
stable normal dynamic compensator (13) at data
point P(A, B,C) if and only if system (9) is stabiliz-
able, detectable, causality controllable and causality
observable.[1]

Proof.

structurally stable normal dynamic compensator (12).

Necessity: Suppose system (9) has a

Applying Theorem 8-5.3,[! we know that system (9) is
stabilizable and detectable. On the other hand, The-

orem 3.2 indicates:

n. + rankF
E 0 A+ BFC BF,
=deg |z —
0 I, B.C Ac

< n.+deg|zE — (A+ BFC)| < n. + rankE.

Thus, deg|zE — (A 4+ BFC)| = rankE. Using Theo-
rem 8-3.3[! yields the conclusion that system (9) is
causality controllable and causality observable.
Sufficiency: Suppose system (9) is causality con-
trollable and causality observable. From Theorem 8-
2.1 and Theorem 3-5.1 in Ref.[1], we know that there

exists a feedback control
u(k) = Fy(k) + v(k) (14)
such that the closed-loop system
Ex(k+1) = (A+ BFC)x(k) + Bu(k)
y(k) = Cz(k) (15)
is causal, i.e.,
deg|zE — (A + BFC)| = rankE (16)

Then there exist two nonsingular matrices Q and P
such that system (15) is a restricted system equivalent
to

z1(k+ 1) = Arz1(k) + Biu(k),

0 = zo(k) + Bov(k),

where 1 € R?, 9 € R"™ 9, g=rankF and

Iq
QEP = ;

Ay
Q(A+ BFC)P = ,

| B |
CP =[Cy Cy], QB = .
| 5 |

From Theorem 8-3.2[1, the forward subsystem of
system (9)

:Cl(k + 1) = Al.’El(k) + Bl’l)(k)

is stabilizable and detectable. Thus, two matrices F.

and B, may be chosen so that
o(A1 + B F,)cU", o(A;—B.Cy)cU". (19)

Now we will construct the normal compensator

for subsystem (18)
z.(k+1) = A.x.(k) + Bey(k),

u(k) = Fexo(k) + Fy(k), (20)

where Ac = A]_ - BCC]_ + (B]_ + BCCQBQ)FC.
Applying it to system (9), the closed-loop system
is

E 0 z(k+1)
0 I, z.(k+1)
| a+BFC BF, (k) o)
B.C A zo(k)

It is obvious that

E 0
0 I,

A+ BFC BF,
B.C A

= O'(A1 + BlFC) @] O'(A1 - BCC1) C U+,

implying that the closed-loop system (21) is stable.

Moreover, we have

deg

{E 0} [A—i—BFC BFCH
. _
0 I, B.C A,

= deg|zE — (A+ BFC)| + n. = rank + n,.
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Theorem 3.2 (2) tells us that system (9) has a struc-
turally stable normal dynamic compensator at data
point P(A, B, C).

As shown in Theorem 2.1, a normal compensator
of the form of Eq.(12) cannot be structurally stable
for system (9) at date point P(E, A, B,C). So, we
have to find another kind of compensator. In fact, we

may consider the compensator of the following form
zo(k+1) = Acz.(k) + Bey(k),

u(k) = Fewe(k) + Fy(k) + Hy(k + 1), (22)

where z. € R", A., B., H, F, and F are constant
matrices of appropriate dimensions.
Definition 3.3 System (9) is said to be normal-

izable if a feedback control
u(k) = Kyz(k) — Kex(k+ 1) +v(k)  (23)
may be chosen such that its closed-loop system
(E + BKs)z(k+1) = (A+ BK,)z(k) + Bv(k)

y(k) = Cz(k) (24)

is normal, i.e.,

|E + BK| # 0. (25)

System (9) is said to be dual normalizable if its dual
system is normalizable.

Theorem 3.4 System (9) has a structurally
stable normal compensator (22) at data point
P(E, A, B,C) if and only if system (9) is stabilizable,
detectable, normalizable and dual normalizable.

Proof. Necessity: System (9) and compensator
(22) form the closed-loop system

E—BHC 0 (k +1)
0 L,. z.(k+1)
A+ BFC BF, k
- B
B.C A zo(k)

Under the above assumption, system (26) is struc-
turally stable at data point P(E,A,B,C). From
Theorem 2.1, rank(diag(E — BHC,I,_))=n + n. or
rank(F — BHC)=n. Thus, system (9) is normalizable
and dual normalizable. Since system (26) is stable,
system (9) is stabilizable and detectable.

Sufficiency: Let system (9) be normalizable and
dual normalizable. From Lemma 3-5.11', a feedback
control

u(k) = Hy(k + 1) + v(k) (27)

Vol. 11
may be chosen so that the closed-loop system
(E - BHC)x(k+ 1) = Az(k) + Bu(k)

y(k) = Cx(k) (28)

is normal, i.e., |E — BHC| # 0, where v(k) is a new
input.

System (9) can be rewritten as

z(k + 1) = Az(k) + Bv(k)

y(k) = Ca(k) (29)

where A = (E — BHC)™'A, B = (E — BHC)™'B.
Recall that system (9) is stabilizable and detectable,
Lemma 3-3.21') indicates system (9) is both stabiliz-
able and detectable too. Therefore, there exist two
matrices K and G such that (A + BK) C Ut and
o0(A— GC) Cc U*t. Choose a compensator

z.(k+1) = (A— GC + BK)z.(k) + Gy(k),

u(k) = Kz (k) + Hy(k + 1), (30)

which, when applied to system (9), forms the closed-

loop system

E—-BHC 0 z(k+1)
0 I z(k+1)
A BK k
_| A BE W ey
GC A-GC+ BK z.(k)
That is
z(k+1)
z.(k+1)
A BK k
) ) B w0 |y
GC A-GC+ BK z.(k)
The characteristic polynomial
2l — A -BK
~GC 21— (A—- GC + BK)
_ 2 — A —-BK
—2I+A—-GC zI -A+GC
|a-a-Bx Bx
0 2l - A+GC
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Recalling that o(—A+ BK) C Ut and o(A - GC) C
U*, we have
A BK
o _ _ cUt.
GC A—-GC+ BK

This indicates that the normal system (31) is stable,
and hence is structurally stable. That is, system (9)

has a structurally stable normal compensator at data
point P(E, A, B,C).
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