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‘We have investigated the position-dependent dynamics of a trapped ion in a standing wave laser by transforming

it to the Jaynes—Cummings-type system under the Lamb—-Dicke limit. A variety of novel phenomena are exhibited,

e.g. periodic collapse and revival features and long-time scaled revivals of the ionic inversion, depending on its position

in the standing wave. Our result provides a way of producing a system equivalent to the two-photon Jaynes—Cummings

model in the trapped ion system, with its exact periodicities.
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Trapped ions interacting with laser beams!!?
have become an extremely interesting system for
the investigation of fundamental physics, for in-
stance, the generation of nonclassical states of the
vibration motion of the ion®~7 as well as for
potential applications such as precision spectros-

Computation,[s] and quantum

9—10]

copy,[s] quantum

state reconstruction.! Recently, S¢rensen and
Mglmer[*!] have proposed a novel scheme for realiz-
ing quantum computation in ion traps via virtual vi-
brational excitations. This scheme does not use the
motional mode as the data bus, and it is insensitive
to the vibrational states. S¢rensen and Mglmer[t?
have also proposed a scheme for the generation of mul-
tiparticle entanglement in ion traps also without the
requirement of the full control of the ion motion, which
has been accomplished in experiment.3] These works
show that the trapped ion system is good for quan-
tum information processing.[**! Although the theoret-
ical treatment of the interaction of a trapped ion with
one or several laser beams constitutes a complicated
problem, being the full Hamiltonian and highly non-
linear, it can be greatly simplified under certain lim-
iting conditions, such as the Lamb-Dicke limit and
the Strong confinement limit. For example, Cirac et
all3 have shown that the dynamics of a trapped two-

level ion, at the node of a standing wave, is described

by the Jaynes—Cummings model (JCM); later Wu and
Yang,[!?! and Alam and Bentley['% demonstrated that
the dynamics of a trapped ion in any position of a
standing wave can also be described by the JCM on
the ionic dressed basis. In this paper, we introduce a
unitary transformation which transforms the Hamil-
tonian of the trapped ion to that of the normal JCM
on the bare basis of the trapped ion. By using this
transformation, we may obtain the general evolution
of the state vector of the trapped ion system.
Quantum collapses and revivals are directly re-
lated to the discreteness of the vibrational states and
provide a novel means of measuring the statistics of
The phe-
nomenon was theoretically predicted by Blockley et

the quantum motion of the trapped ion.

al' in a trapped ion interacting with a running wave,
and experimentally observed by Meekhof et al(!®] in
NIST. For a single trapped ion interacting with a
standing wave field, Cirac et all'® and Vogel and de
Matos Filho[2% have also reported quantum collapse
and revival features. However, these results are ob-
tained only under the condition that the trapped ion
is located close to the node of a standing-wave.[19:20]
In this paper, we investigate quantum collapses and
revivals of a trapped ion in any position of a standing
wave.

We consider a single two-level ion trapped in a
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harmonic potential of frequency v and interacting with
a standing wave. In the situation where the trap fre-
quency v is much greater than the ionic decay rate,

the Hamiltonian is!!]

A
H =vata+ 502

+ %Uwcos[n(a+a+)+X]- (1)

Here, a and a™ are the annihilation and creation op-
erators for the phonons or the vibrational states of the
trap, respectively; A = wy—uwj is the detuning between
the transition and laser frequencies; o, = 021 + 012
and o, = 099 — 011 are the two-level polarization and
inversion operators; {2 is the Rabi frequency propor-
tional to the amplitude of the standing wave; 7 is the
Lamb-Dicke parameter; and x accounts for the rela-
tive position of the ion in the standing wave. In partic-
ular, x = 7/2 corresponds to an ion centred at a node
of the standing wave. We expand Eq.(1) in powers of
the Lamb—Dicke parameter 7 to obtain

A £
H=vata+ 50z + 70 cos(x)oa
2 . + 2
N sin(x)oz(a+a™) + O(n7), (2)

where higher-order terms of n are negligible in the

Lamb-Dicke limit. We introduce a unitary transform

operator
r=| " Y (3)
Yy —x
with
A+ 2 {2y cos
€T = ) Y= —F—————=
202 20(A+ 02)

2 =1/A% + 22 cos? x. (4)

The Hamiltonian (2) is transformed by T to
H' =THT™*

0 n§22 sin 2x
—nT 0 +
=va"a+ 202[1—7292 (a+a™)

1§y Asin x
LT I

By carrying out a rotating-wave approximation on

Eq.(5), we then find

o(a+a"). (5)

H' =Hjcwm
o 2 +
=vata+ oo +glonatonzd’),  (6)
DA
where g = 7 0= sin X. Therefore, we can directly

use the results of the normal JCM in studying the

dynamics of the trapped ion in any position of the
standing wave. For example, the state vector |¥(t))
of the trapped ion system, governed by Hamiltonian
(1), can be obtained by transforming the state vec-
tor | ¥yem(t)) of the well-studied JCMU through the
unitary transform operator T: |¥(t)) = T | ¥ycm(t)).

For the ion initially in the ground state |1) and

the phonons in a coherent state

| ¥p(0)) = Z Pyln),
n=0

with 1 n
P, = —la?) 2o 7
exp - 3lal ) 2, )

where o = v/nexp(if3), 7 is the initial average phonon
number, and 3 is the phase of the phonon coherent
state. The time-dependent state vector |¥(t)), after
a straightforward calculation, can be expressed in the

form
|2 (t)) = [C(1))]2) + |S(8))[1), (8)

where

C(1)) = i P exp(—invt) {exp< _ 1%t>

n=0

x [zyCaln) = iy*nnln + 1)]

—exp <’§> [2yCams|n)
il - 1]}, )

15(t) = i PneXP(—inut){eXp< N I%t>

n=0

X [y?Culn) + izyna|n + 1)]

e

vt
=

+ exp< 5
-HW%Amm} (10)
with

6sin At
(n = cos A, t — ii st

_ gvn+1lsinA,t
A ) nTL_ A—’

An:\/<g>2+gz(n+l), s=0-v. (11)

In what follows,

we explore the position-
dependent dynamics of the trapped ion in terms of

the quantum collapses and revivals of the ionic inver-
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sion, which take the form

=3 @ - A UG -~ )

n=0
= 2?([Ga1]? = [0 [M)] |1 Paf?
— 4zyRe{exp(ivt)

X [i(yQCinn—lpn—lpﬁ — 2 ZflnnPnP:-t-l)
+ 2y(GiCaa| Pal? + a1 Pa1 Py},
(12)

where S, = %(|2><2| — |1)(1]) is the inversion op-
erator of the trapped ion. The expectation value
for S, reflects the occupation difference between the
ground state |1) and the excited state |2). Figure 1
presents numerical results for the ionic inversion W (t)
for 2y = 67 x 10°s 1,119 A = 2,/20,1 = 0.05, 7 = 25
and § = —(. In Fig.1(a), we have assumed that the
trapped ion is located at the node of the standing
wave (x = 7/2). Obviously, the time evolution of the
ionic inversion W (t) exhibits the collapse-revival pro-
file, which is similar to that in the normal JCM.?2!]
If we move the trapped ion away from the node, say
x = 7/4 (in Fig.1(b)) and x = 7/10 (Fig.1.(c)) then
the quantum collapses and revivals of the ionic inver-
sion can well demonstrate a periodicity as time passes.
Besides, this also shows long timescale revivals. It is
evident from this graph that the quantum dynamics
of the trapped ion is highly dependent on its position
in the standing wave.

We should point out that the periodic collapse
and revival feature of the trapped ion occurs only
when 6 = —{2. Otherwise, no periodic profile shows
up in the time evolution of the ionic inversion, al-
though it still exhibits quantum collapses and revivals.
See, for instance, in Fig.2, where weset § = 2—v = 0,
and the other parameters are same as in Fig.1.

The phenomenon of collapse and revival has the
same origin as that exhibited in the standard JCM.2!]
From Eq.(12), one can see that the inversion consists
of summations over the number n of phonons. Each
term in the summations represents Rabi oscillations
for a definite value of n. The phonon distribution func-
tion P,,,(0) = |P,|? determines the relative weight for
each value of n. If the atom is prepared in a defined
state at the initial time (¢ = 0), all the terms in the
summations are correlated. As time passes, the Rabi
oscillations associated with different excitations have

different frequencies and are therefore uncorrelated.

This leads to a collapse of the inversion. As the time
further increases, the correlation is restored and re-
vival occurs. The behaviour continues and an infinite

sequence of revivals may be shown.
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Fig.1. The time evolution of the ionic inversion W (t) of
a trapped ion in a standing wave under the off-resonance
condition. The ion is initially in the ground state |1) and
phonons are in the coherent state with average phonon
number 7 = 25, £ = 67 x 10°s~!, A = /20, and
n = 0.05,8 = —§2. (a) The trapped ion is located at the
(b) The
trapped ion is placed from away from the node of the

node of the standing wave, x = w/2,8 = 0.

standing wave, x = 7/4,8 = 0. (c) The trapped ion devi-
ates from the node of the standing wave, x = w/10,3 = 0.
To further explore the dynamical behaviour of the
ionic inversion, we here present an analytical investi-
gation of Eq.(12). For the case of the trapped ion
locating at the node of the standing wave (x = 7/2),
z=1and y =0, Eq.(12) reduces to the form

1 o0
W(t) == 5> (a1l = 2Pl
n=0

oo

1
= > cos[2gy/n(1 + 6%/ (4g°n))H]| P ?
n=0
for 6 = —2;
~ = (13)
—3 > cos(2gy/nt)| Py ?
n=0
for § = 0.
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This formalism is the same as the expression for the
inversion in the normal JCM and therefore it exhibits
the well-known quantum collapses and revivals for
suitable choices of P,. The revival time TRy can be
obtained from Eq.(13)

oril/2 52
™ /<1+42> for § = —12;
n
TRJ ~ 5 ?1/2 9 (14)
™ for § = 0.
g

As a result, the revival time Try &~ 6.41 x 10~ s in the
case of § = —§2, while Try = 6.67 x 10~%s for § = 0.
Therefore, the time evolution of the ionic inversion
W (t) for both cases is almost identical (see Figs.1(a)
and 2(a), for example).

When the trapped ion deviates from the node of
the standing wave, for instance, y = 7/4 and A < {2,
then « ~ y and W (t) has the approximate form

W(t) ~ — 22%y? Z Pn|2{Re{exp(iyt)

n=0

X [— 1;11\/5 sin(A,,

n—1

~ An)t

+ cos Aptcos Ayt
52
44, A,
[ 6sinA,tcos A,_1t
+ 1< A,
dcos Aptsin A,,_1t
T
g®nsin A,tsin A, 1t
et

sin A,tsin A,,_1t

(15)

Here we have assumed that z ~ y and n ~ 7 > 1.

For the parameters given in Fig.1, we may make
further approximations: A, =~ A,_1,0/24, =
-1, 02/4A,A, 1 ~ 1 and g?/4A2 ~ 0 for the case
of § = —2; and g2ﬁ/AnAn_1 ~ 1 for the case of
§ = 0. Then Eq.(15) can be further reduced to

—222%q? Z cos [3!2 +2¢%(2n + 1)/()]t
n=0
for 6 = —12;
W(t) =~ oo
—22%y? Z COS[Q — g/2\/ﬂt
n=0
for § =0.

(16)

The corresponding revival time Tr can be obtained as

w2/g? for 6 = —12;
TRN{ /

17
8tn®/?/g for § =0. (17)

It is clear from Eq.(16) that, under the condition
d = —{2, the ionic inversion W(t) undergoes Rabi
oscillations with a Rabi frequency proportional to n.
This is similar to the case in the two-photon JCM and
leads to the periodical time evolution of the ionic in-
version, as in Figs.1(b) and 1(c). However, for the
case of § = 0, the Rabi oscillation frequency of ionic
inversion W (t) is proportional to 1/4/n. This is simi-
lar to the case in the one-photon JCM. Thus, the time
behaviour of the ionic inversion W (t) is not periodical

in this case.
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Fig.2. The time evolution of the ionic inversion W (t) of a
trapped ion in a standing wave under the resonance con-
dition. The choices of parameters are the same as in Fig.1
but § = 0. (a) The trapped ion is located at the node
of the standing wave, x = 7/2, 8 = 0. (b) The trapped
ion is placed away from the node of the standing wave,
x = w/4, B = 0. (c) The trapped ion deviates from the
node of the standing wave, x = 7/10, 3 = 0.

The approximate analysis gives us quantitatively
the timescales of the evolution of the ionic inver-
sion W (t) varying with ionic positions. For exam-

ple, in the case of § = — (2, the revival time Try =

2mnl/? 52
14 — ) &~ 6.41 x 1074s for x = 7/2,
g 4g°n

and the revival time T = m£2/g? ~ 7.61 x 10~ s for
x = 7/4. Whereas in the case of § = 0, the revival
time Try = 270'/2/g ~ 6.67 x 10~ *s for x = 7/2, and
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the revival time Tg = 877°%/%/g ~ 1.34s for x = 7/4.
Therefore, when the trapped ion is not situated at
the node of the standing wave, the timescales of the
quantum collapses and revivals of the ionic inversion
are much longer. These results are almost in agree-
ment with the observed revival times in Figs.1 and
2.

We can qualitatively interpret the long timescale
revivals of the ionic inversion when the trapped ion
is placed away from the node of the standing wave in
terms of the effective coupling constant g. It is well
known that the revival time is proportional to ¢g—! in
the standard JCM, 21 which is also qualitatively ap-
plicable to our trapped ion system. As is known, the
effective coupling coefficient, g = n2yAsinx /20, is
strongly position-dependent. When x = 7/2, the cou-
pling is maximal and thus the revival time is shortest.
Otherwise, the ionic inversion will revive at a longer
timescale. As can be seen, for example, in Figs.1(c)
and 2(c), the revival time for x = 7/10 is much longer
than that for x = 7/2 as in Figs.1(a) and 2(a). The
features of the long timescale revivals of the ionic in-
version are a unique manifestation of the position de-
pendence of the ionic dynamics.

In conclusion, we have investigated the position-

dependent dynamics of a trapped ion in a stand-

ing wave laser by transforming it to the Jaynes—
Cummings-type system in the Lamb-Dicke limit. A
variety of novel phenomena is exhibited, for exam-
ple, periodic collapse and revival features and long
timescale revivals of the ionic inversion, depending on
its position in the standing wave. It is well known
that there are exact periodical dynamics in the two-
photon JCM in quantum optics. Therefore, our re-
sult provides a way of producing a system equiva-
lent to the two-photon JCM in a trapped ion sys-
tem, with its exact periodicities under the condition
0 = —{2. It is noted that the experimental real-
ization of the two-photon JCM is somewhat difficult
in the experiment of cavity quantum electrodynam-
ics, due to the effects of the dissipative processes
in the system with atomic spontaneous and cavity
damping. While in the trapped ion system, the dis-
sipative effects are essentially negligible as the cou-
pling between the vibrational modes and the envi-
ronment is extremely weak, and spontaneous emission
may be avoided or ‘controlled’ by using electric—dipole
forbidden transitions or Raman transitions between
metastable ground states of the trapped ion. Hence,
our result is important for the experimental realiza-
tion of the the dynamics with periodic collapse and

revival.
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