Vol 11 No 10, October 2002
1009-1963/2002/11(10)/0993-03

Chinese Physics

© 2002 Chin. Phys. Soc.
and IOP Publishing Ltd

General explicit solutions of a classical
Boussinesq system’

Zhang Shan-Qing(FK3£)*), Xu Gui-Qiong(#:3)»"), and Li Zhi-Bin(Z% 75#)™ 1
a) Department of Computer Science, East China Normal University, Shanghai 200062, China

) Department of Information Engineering and Administration, Shanghai University, Shanghai 200436, China

(Received 11 April 2002; revised manuscript received 18 June 2002)

Seeking a travelling wave solution of the classical Boussinesq system and making an ansatz for the solution, we

obtain a nonlinear system of algebraic equations. We solve the system using an effective algorithm and then two general

explicit solutions are obtained which are of physical interest.
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1. Introduction

It is important to find exact solutions of non-
linear equations in nonlinear problems. Recently, a
number of techniques have been proposed, such as
the hyperbolic tangent function expansion, 2! the
Jacobi elliptic function expansion,®# the homoge-

[5=9 the mixing exponential

neous balance method,
method,[*% the rank analysis technique®” and some
other methods.!'2-14] But there is no general method
for solving a given nonlinear differential equation, es-
pecially for coupled equations.

In this paper, we consider the following classical

Boussinesq system

{m 10+ mals = ~Jtana, "
U + Uty + Ny =0,
where 7 is the elevation of the water wave, and u
is the surface velocity of water along the z-direction.
Equation (1) is one of the three sets of nonlinear long-
wave equations of the Boussinesq class introduced in
Ref.[15].

Applying the following transformation

Vg

S w1 (2)
to Eq.(1) yields the Broer—Kaup (BK) system

U = —v

1
vy = 5(1)2 + 2w — Vg,
(3)

1
wy = (vw + iwz)z

Reference [16] gives two basic Darboux transfor-

mations of a spectral problem associated with the BK

system (3) and uses them to generate new solutions of
the classical Boussinesq system (1). Here we make a
simple ansatz to the solutions for Eq.(1) and we obtain
the general explicit solutions which cover the solutions

derived in Ref.[16].

2.General explicit solutions

To seek the travelling wave solution of Eq.(1),
we make the travelling wave transformation n(z,t) =
n(&), u(z,t) = u(€), £ = x — ct and we change Eq.(1
into the form

“en(€) + w(En(€) +u() + u(€) =0, (4a)
n(E) = eu(€) - 5 u2(), (1)
d . .
T Inserting Eq.(4b) into
Eq.(4a) leads to an ordinary differential equation

where the prime denotes

1

5 uH(E)e— S uP(€) —u(€)e® +u(é) + i u”(£§) =0. (5)

In order to solve Eq.(5), we assume that

€) = ap + a; tanh(k€) + ay tanh? (k€)
S o + by tanh(k€) + by tanh?(k€)

(6)

where k, ag, a1, as, by, b1, ba and by # 0,ay # 0 are
real constants to be determined.

Substituting Eq.(6) into Eq.(5), taking out the
numerator, and setting all coefficients of tanh(k¢) to

zero yield, the following algebraic system
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3cag?by + 3k2apbibs + k2agboby — 2 c2arby? + 4 agboby + 2 a1bo® + 6 cagay by
— 4c2agboby — 3ag2ar — 3k2aiboby — k2a1by? = 0,
—2c%agbo? — k2agbaby — ag® + k2agbi? + 2 apbo® — k2a1biby + 3 cao?by + k2asby® = 0,
k2aghs? — 2 c?asbs® — k2a1biby — k2asboby — as® + 2 asbs® + 3 cas?by + k2asby? = 0,
6 cagarby — 4 carboby — 3 k2asboby + 3cai2by — 4 k2asby® + 3k2aghs® + 2 asby?
+2 a0612 + 3cag?by — 3agas — k2a0612 —2 02a2602 — 4 c2apbobs — 3 agar?
+ 4 aybiby + 4 k2agboby + 4 agbaby + k2a1biby — 2 c2aghi? + 6 cagasby = 0,
k2a1bs? — 2 ca1by? + 6 cajasby — 4 c2a1boby — k2asbiby + 4 aghibs — a1® + 6 cagazby (7

Now the task is to solve Egs.(7). In order to solve
Eqgs.(7), one may use the Ritt—Wu elimination or the
technique of Grobner bases. However, we have instead
used a much more effective algorithm. Its main idea is
to consider several alternative cases, such as a; = 0,
a; # 0, and several subcases inside each case, etc.
Applying this algorithm and carrying out all compu-
tations in the interactive mode of Maple 6, we have

found the following two sets of non-trivial solutions of

system (7)
b — 1 caz + \/*2 1)12C2 + a22 + b12 + C4b12
07 2 —1+c2 ’
ag = —az,
by — 1 cag T V/—2b12 + ag? + by 2 + ¢ty 2
272 -1 ’
k=+vc2—1, a1 =0

(8)

and
b — 1 Ccaa + \/—2 1)1262 + a22 + b12 + 641)12
07 79 —1+¢2 ’
ag = —az,
by — 1 caxF \/—2 bi%e? 4 a2 + by % + ¢tby?
272 —1+ 2 ’
k=—-vc2—1, ag =0.

(9)

+ k2a1bo” + 4 arbobs + 2 a1b1? — 4 c2aghiby — 4 2asboby + 4 asboby — k2agboby

— 3k2agbiby + 3cai2by + 6 k2a1boby — 3 k2azbgby + 6 cagaiby — 6agaiag = 0,
3cas?by — 4c2a1bibs — 3agas? — 3ai2as + 3k2a2602 + 4 axbgby — 202a2612 — k2a2b12

+ 6 cagasby — 4 c2asbpby — 2 c2a0b22 + 4 k2aybgby + 2 ashi? + 3 ca;2by

+ k2a1b1bs + 6 cajasby + 4 arbiby — 3k2agbaby — 4 k2agbe® + 2 agbs® = 0,
—2c%a1by® + 2a1b2% — 3ayas® + 4dagbiby — 4c?azbiby + k2asbiby — 3k2aqbobs

- k2a1b22 +3 k2a2b0b1 + 60a1a2b2 + 3ca22b1 =0.

| From Egs.(8), (9) and (6), we have

u(é)
_ 2(c? — 1)sech?(k€)
¢+ Q — 2p(c? — 1)tanh(k€) — (¢ F Q)tanh?(k¢)
(10)

u(¢)
_ 2(c? — 1)sech?(k¢)
c+ Q + 2p(c? — 1)tanh(k€) — (¢ F Q)tanh?®(k¢)’
(11)

where k = v/c2 —1,Q = /1 +p2(c2 —1)% and p, ¢
with ¢ > 1 are arbitrary real constants.

Obviously, from Egs.(10), (11) and (4b), we ob-
tain the general exact solutions with two parameters
for Eq.(1).

some particular solutions for Eq.(1) are generated, for

Especially, taking the special value of p,

example:
(i) Taking p? = 1/(c? — 1), we can obtain a pair

of soliton solutions

(c* = 1)sech®[V/c2 — 1(z — ct)]
¢+ v/ — 1tanh[Ve2 — 1(z — ct)]’

u(z,t) =

ne,t) = cule,t) — su?(a, ),

(12)
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which have been derived by Darboux transformation
in Ref.[16].
(ii) Taking p? = (a®*—1)/((c* —1)(c+a)?), where|

u(z,t) =

« is an arbitrary real constant, we can obtain another

pair of solutions

2(c? — 1)sech2[\/c2 —1(z — ct)]

n(z,t) = cu(x,t) — %u2(m,t).

It can be shown that Egs.(13) are also the soliton so-
lutions, which were derived by another new Darboux
transformation in Ref.[17].

(iii) Taking p = 0, we can also obtain the following

singular solutions which represent the shock structure

2(c? — 1)sech®[v/e2 — 1(z — ct)]
(c+ 1) — (¢ F 1)tanh®[ve2 — 1(z — ct)]’

u(z,t) =

n(z,t) = cu(z,t) — %u2(a:,t).

(14)

c+ Q — 2p(c? — 1)tanh[ve? — 1(z — ct)] — (¢ T Q)tanh®*[v/e2 — 1(z — ct)]’

3. Conclusion

In summary, based on a simple ansatz we have
obtained new general explicit solutions of the classi-
cal Boussinesq system (1), which can generate some
soliton solutions derived by other techniques. Our ap-
proach is easy to understand and can also apply to
other nonlinear evolution equations. To ensure that
the result is correct, we have verified the solutions by
putting them back into the original equations (1) us-

ing Maple 6.
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