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In this paper, we present a general approach to the construction of conservation laws for generalized classical

dynamical systems. Firstly, we give the definition of integrating factors and, secondly, we study in detail the necessary

conditions for the existence of conserved quantities. Then we establish the conservation theorem and its inverse for

the Hamilton’s canonical equations of motion of holonomic nonconservative dynamical systems in generalized classical

mechanics. Finally, we give an example to illustrate the application of the results.

Keywords: generalized classical mechanics, holonomic nonconservative system, Hamilton’s canonical

equation, integrating factor, conservation theorem

PACC: 0320, 0200

1. Introduction

The generalized classical mechanical theory ini-
tiated by Ostrogradsky and Jacobi in 1859 has been
developed greatly in the last fifty years, and many im-
portant results have been obtained. Especially, con-
cerning physics, the Lagrangian equations with high-
order derivatives in mechanics and field theories have
been studied; for example, Podolsky has introduced an
electromagnetic theory with second-order derivatives.
Concerning mathematics, the description of the mod-

ern geometrical method has obtained good results.!]

The conservation law of a dynamical system plays
an important role in the study of mechanics. The ex-
istence of a certain conserved quantity will help us
understand the partial physical state and the qual-
ity of the system studied when it is hard to solve the
differential equations of motion of the system. Fur-
thermore, it has become one of the most important
directions for research. At present, there are two main
methods to seek the conserved quantity. One is based
on the theory of invariance of Hamilton’s action un-
der infinitesimal transformations, namely, the Noether
theory.?l The other was given by Lutzkyl®! in 1979,
who introduced Lie’s method of the expansive group
of invariance for ordinary differential equations under

infinitesimal transformations to mechanical systems

and presented the Lie symmetries of differential equa-
tions of motion. In recent years, this kind of method
has been extended to generalized classical mechanics,
and significant achievements have been obtained in
the study of this method.[4~11]

In this paper, we extend the theory of integrat-

2] to generalized

ing factors of differential equations
classical mechanics to seek the conserved quantity for
Hamilton’s canonical equation of motion. Compared
with the two famous methods mentioned above, this
method has the benefits of fewer conditions, easy cal-
culation and wide practical applications. Also, it will
have a great future in the integration theory of gener-
alized classical mechanics. Firstly, we give the defini-
tion of integrating factors of differential equations of
motion. Secondly, we study the necessary conditions
of the existence of conserved quantities. Then we es-
tablish the conservation theorem and its inverse the-
orem of the Hamilton’s canonical equations of motion
of generalized holonomic nonconservative dynamical
systems. Finally, an example is given to illustrate the

application of the results.
2.Generalized Hamilton’s canon-

ical equations of motion

If the configuration of generalized mechanical sys-
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tems is determined by n generalized coordinates g,

(s =1,2,---,n), then the Lagrangian function is
A (w)
L:L(tvqququsa"'v qs)
(521727“'7’”’)' (1)

In a lower-dimensional space, the generalized non-
potential force is Qo = Q4(t, ¢s,ds), while in a higher-
dimensional space, the generalized nonpotential force
is written as

(w)

Qa = Qa(taqsaqqusadS7 ) qs)

(8:1727"'7’”)' (2)
The Lagrangian equation of the generalized non-

conservative system is

w

.d/ [ OL
_1) _
Z( b dtj< (j)) TR.=0
7=0 8 qds

(s=1,2,---,n). (3)

The generalized momentum is

)
—_ (-1 — —
Pojm = (1) dtj<a(j+m)>
ds

(j:071727"'7w_m; m:1727"')w;
s=1,2,---,n). (4)

We introduce the Hamilton’s function

(m—1)

(m) A
H(tv qs 7ps/m):ps/m qs _L(t7QS7qqusv"'

(521727"'7’”“; m:1727"'7w)' (5)

Hence, the Hamilton’s canonical equations of mo-
tion of the generalized mechanical systems are
(m) oH
qs = a ’ (6)
p

s/m

0H ~
N Qs

qs
ny; m=1,2,--- w). (7)

ps/m = -

(s=1,2,--

Here, the symbol ~ represents the expression obtained

o (me) (m)
by substituting ¢, g, Ps/m for qs .
3.Integrating factors and conser-

vation theorems

3.1. Integrating factors

If the invariant

. O0H ~
Ps/m+m—Qs Gs
9 gs

reduces identically to

. OH ~
<p.s/m + (m—1) - Qs) G,
qs
=4 G _HR- )
=qt Pe/m™
OH ~
+)‘s (ps/m+ Y _Qs>7 (8)
(m—1)
9 qs

where R, A and )\, are functions of ¢, (W;]:l) and p

then functions G5 = G,(t, (nclll;l),pﬂ/m) are called inte-

s/m?

grating factors of the Hamilton’s canonical equations
of motion (7).
Combining Egs.(7) and (8), we have

OH ~
= Qs>7 (9)
0

qs

d

and the following theorem can be obtained.
3.2. Conservation theorems

Theorem 1. If functions G, are integrating fac-
tors of Eq.(7), then there exists a conserved quantity

(first integration)

D = (p,),,Gs — HR - A). (10)

For a given dynamical system, if functions G, are
integrating factors of Eq.(7), the necessary condition
(8) must be satisfied for every set of functions G, R, A

and A,, which can be written as
0H - 0OH
—R— s|Gs — R
o 79 < ap >
+ PG —HR— A+ I=0.

s/m

(11)

Here, we have used Eqs.(6) and (7) to calculate,

H and
OH ~
NC=T Qs>-
0

ds

1=\, <(ps/m + (12)
If the set of functions G, R, A and )\, satisfy the
necessary condition (11) and the right-hand side of
Eq.(10) is reduced to a constant, then we have a sin-
gular set of functions G, R, A and ;.
According to these considerations and Theorem
1, the following theorem can be formulated, which is

convenient for finding first integral Egs.(6) and (7).
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Theorem 2. For every nonsingular set of func-
tions G4, R, A and A,, which satisfies the necessary
condition (11), there exists a conserved quantity (first
integration) (10) of the given holonomic nonconserva-
tive dynamical system.

By integrating Eq.(11), we can obtain the non-
singular set of functions Gg, R, A and As; which gives
a conserved quantity. In any case, if we have any
solution of Eq.(11), which does not contain any in-
tegration constant, we call the solution a functional
solution of Eq.(11). When a nonsingular functional
solution of Eq.(11) is substituted into Eq.(10), it pro-
duces a usual first integral of the dynamical system.
Here, the only integration constant is the value of D.

(13] has shown that, by using a complete so-

Vujanovic
lution of Eq.(11) which contains a sufficient number
of integration constants, we can finally form a finite

solution of the equations of motion (6) and (7).
d
Obviously, in Eq.(11) % must be interpreted as
the following operator
a0 o0, oH_o()
sm o "y,

o)

ap.s/m

= ; 1
dt ot ' op 1y T Ps/m (13)

4.Killing equations

The key is to find the functions R = R(t, ("Z};l),
(m—1) (m—1)

ps/m), A= A(t, g ,ps/m) and G, = G4(t, g5,
pﬂ/m) which are used together with the theory of in-
tegrating factors to seek the conserved quantity of the
generalized classical dynamical systems. Usually, we
expand the necessary condition (11) and split it into
first-order partial differential equations for R, A and
G;. This kind of partial differential equation is called
the Killing equation. We can obtain the above func-
tions through solving the Killing equation.

4.1. We can expand Eq.(11) using Egs. (12) and
(13) and separate it into terms with and without pg,

and set them equal to zero individually. Then we have

oH « oH
~rZL 4+ 0.(G.—R
R ot e ( 3ps/m>
. <3GS oG, OH > G OH
ps/m m— - m—
9 D Wy 0

3(615
H<8R R 6H> 24

o " -0 gy, ) O

oA 0H < 0H
8

T — 7_Q5> =0, (14)
P ( qﬁl) apﬁ/m P ( ‘I,al)

0G OR oA
Posmap — Hop 5
Pg/m Pgjm  Pp/m
If the dynamical systems admits a nonsingular so-

( ) (m—1)
) ps/m)’ A(ta qs 9
)

+Xg=0. (15)

. . m—1
lution with respect to R(t, g,

(m—l) (m—l
ps/m)vGS(ta qﬁ 7pﬁ/m)’and)‘s(t) qﬁ )pg/m)athen

a first integral (10) exists automatically. Here, we have
a system of (n+ 1) linear partial differential equations
with (2n+2) unknown functions in most cases. Thus,
there is greater freedom for their solutions. The most
logical suggestion is to prescribe (n 4 1) functions in
advance and, after that, to solve the equations with
respect to the remaining (n + 1) unknowns. Usually,
the prescribed functions are A and ;.

4.2. We can expand the necessary condition (11)
using Eqgs.(12), (13) and (17), then we have

~ H
N R )

ot P m
n G oG, OH OH
Ps/m ot 9 (7,&,1) Bpﬁ/m 53 (W;]fl)
B s

ot

H<8R OR  OH > oA
0", OPs/m

oA  OH N ( G OH >
T m=1)8p. BT (m—1)
9 ( q51) 8pﬁ/m P ( qﬁl)
y <ps/maaGs _HaaR B 88/1 ) —0. (16)
Pg/m Pg/m  “Pg/m

This is a linear partial differential equation. In
the general case, each of the (n + 2) functions Gj,
R and A can be regarded as unknown. According to
Theorem 2, any nonsingular solution (16) with respect
to Gs, R and A yields a first integral (10).

5.Inverse theorems to theorems
1 and 2

The connection among the first integral of the dy-
namical systems, which is based on the theory of inte-
gration, the corresponding integrating factors G and
the functions R and A must be consistent with the
necessary condition (11). It is shown that the nec-
essary condition (11) is equivalent to Egs.(14), (15)

r (16). Therefore, the set of (n + 2) functions G, R
and A must satisfy Egs.(10), (14) and (15) or (10) and
(16).

Calculating from Eq.(10), and forcing this
Pa/m
result to satisfy Eq.(5), we have
oD oOH
G, +R . (17)
Ip, /m Ip, /m



No. 10

Integrating factors and conservation theorem for ... 991

Now, combining Eqs.(10) and (17), we obtain

oD OH

s/m

- H) (18)

(m—1)

S )

Next, setting the first integral D = D(¢,

D, /m) equal to the conserved quantity, we have
(m-1)

ps/mGS_HR_A:D(t’ ds ’ps/m)‘ (19)

From Egs.(17)—(19), G5, R and A can be ob-
tained.

In this way, we have the following theorem.

Theorem 3.

D(t, (W:];l),ps/m) for the dynamical systems can be

If every constant of motion

described by the Hamiltonian H and nonconservative
generalized forces Q,, then the integrating factors G
and functions R and A corresponding to D are deter-

mined by Egs.(17)—(19).
6. Example

Suppose that the Lagrange function of a mechan-

ical system is

1 1
L= 9+ -ij? 20
U+ 50 (20)

then the nonpotential generalized force is
Q= —i. (21)

We try to find the conserved quantities of the sys-
tem.

Firstly, we study the direct problem to obtain the
conserved quantities of the system.

The first step is to establish the Hamilton func-

tion. From Eq.(4), the generalized moments are

_oL doL . o
=%y " aaey U
oL
e 22

Letting ¢; = y,q5, = v, C} = —py, then the Hamil-
ton function is
H =pq, +pygs — L

1 1
=p1qy + 51)3 - 5q§- (23)

The second step is to establish the Killing equa-
tion and find its solution.
From Eq.(16), we have

~ OH oG, 0G oG
Q1<G1R—>+p1< e 1p2>

op, ot J0q, 0q,
L 0G> L 0G> L 0G»
P2\ 75 94, 42 94, D2

2

OR [ OR_ L OR \ a4 oA o4
at ' dq, az 4, P2 ot dq az 94 p2
- 0G4 0G, OR 04
(2520001
! 1(9p1 26p1 Op, Op,
OH 0G1 G, OR 8A>
- (g, E 2 HEE 2 ) = 0. (4
8q2< 1o, P op,  Mop, p) ~ O Y

1 1
— Ga(py — @) — <p1qz +5p5 — —q§>

The solutions of Eq. (24) are as follows

R=0, Gi=1, Go=0, A=—y.  (25)

The third step is to seek the conserved quantity of the
system.

For the integrating factors Gy, G2 and functions
R, A all satisfy the necessary condition (11); accord-
ing to Theorem 1, the conserved quantity (10) can be
given as

D = 29— Y= const. (26)

Next, we study the inverse problem. The integrat-
ing factors G4 and functions R and A can be obtained
from the known first integral.

Suppose the system studied has a first integral
D = 2j— Y= + p, = const. (27)

From Egs.(17) and (18), we have

G1 = 1 —|— qu, GQ = sz, (28)
A
R= % (29)
72 52
5¥ T 5V

When A = —y, we have

These are consistent with the expression (25).
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