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Resonance modes in optical fibres
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The weakly nonlinear boundary value problem of wave propagation in an optical fibre (for the transverse electric

mode, for example) is formulated and a modified linear solution is obtained. It is shown that a self-consistent theory

of fibre optics should be weakly nonlinear. The mode of critical refraction that does not exist in the linear theory is

obtained, showing that it is a mode consisting of resonance modes. It is shown that the signal carriers in a long fibre

are of resonance modes, not normal modes. Some experimental data are given for comparison with the theoretical

predictions, and the agreement seems satisfactory.
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1. Introduction

Recently, the boundary value problem of fibre op-
tics has been solved for the transverse electric (TE)
mode by using the covariant form of Sommerfeld’s
formula/!l for a spherical wave. An integral solution
is obtained which gives the well-known normal modes
and the radiation mode in closed analytic forms. The
mode of critical refraction is missing in the integral so-
lution, it must be the particular solution at the branch
point corresponding to the critical angle of incidence.
However, it is well known in the theory of guided waves
that the particular solution at this point does not exist
since the corresponding beam intensity diverges, and
the principle of energy conservation is violated. So the
linear theory of fibre optics is not self-consistent.

The motivation of this paper is to overcome
this difficulty by introducing correction terms into
Maxwell’s equations, assuming that natural dielectrics
are weakly nonlinear in general.

In the following sections, we construct a bound-
ary value problem of weakly nonlinear fibre optics and

obtain a modified linear solution with self-consistency.
2.Conventions and fundamental

assumptions

2.1. The normalized unit system

Physical relations should be scaling independent.
Hence it is convenient to use the normalized unit sys-

tem in fibre optics, in which the radius of the fibre

core, the light velocity in vacuum, and the vacuum
magnetic permeability are all equal to unity. In this
unit system, all space—time variables are dimension-
less, and the dimensions of the field strengths E and

H are the same. This system will be used hereafter.
2.2. The weak field assumption

We assume that the field strengths are much
smaller than the magnitude of the breakdown electric
field strength Ep,.x of the dielectric. Let E (H) de-
note the electric (magnetic) field strength divided by
Fax, then E and H are dimensionless small quanti-
ties of the first order.

2.3. The assumption of weak nonlinearity

For a uniform isotropic and non-dissipative dielec-
tric, the dielectric constant € should be an analytic
function of E (and E*) such that: firstly, it is regular
in the neighbourhood of the point E=0;[?! secondly,
it is independent of the spatial direction of FE; and
thirdly, it does not depend on space—time coordinates
explicitly.

Hence we assume that
e=¢o(l —au?) (v =E*-E, o®>>0), (1)

(retaining terms up to the first power of u?) where

g0 = n? (n is the refractive index, which has no in-
trinsic dispersion by assumption) and o? is a real pa-

rameter.

http://www.iop.org/journals/cp
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Substituting the above equation into Maxwell’s

equations

D=VxH, H=-VxE,

V.-D=V-H=0, (D=cE), (2)

we obtain, retaining terms up to the first power of 42,

the wave equation for F in the following form
AE — n*E = o[V(E - Vu?) — v*AE], (3)

where o = n?a?. The magnetic field strength H can
be obtained by using the second formula of Eq.(2).
Equation (3) is in the form of a weakly nonlinear equa-
tion given in Ref.[3], which can be solved by a certain
method of perturbation.

The Poynting flux J = Re(E* x H) and the con-
tinuity condition for the field strength across an inter-
face between two different media remain the same as

those in the linear theory.
3.Boundary value problem of fi-

bre optics

3.1. The axisymmetrical case

The configuration of the fibre and the cylindrical

coordinate system are shown in Fig.1.

Fig.1. Configuration of the fibre.

We assume that the material outside the cladding
is a black body that cannot affect the field inside the
fibre. So the cladding can be considered as unbounded
also in the radial direction.

The system is conservative and uniform along the
z-axis, so a steady state of plane wave motion can be
established in the fibre, i.e. for cases with axial sym-

metry, we have

E(r,2,0.t) = B(r0)d@ 0. (2
The amplitude E(r,q,w) satisfies the following equa-
tion

V2 —uE = VE8—U272V2E 5
(r,(p I’L) =0 Ta’l" u I ()

2

by using Eq.(3), where u? is now a function of r only,

and p? = ¢® — w?n?.
3.2. The boundary conditions

Let the subscript v(=1 and 2) label quantities per-
taining to the core and the cladding, respectively. The
angular frequency w and the wavenumber ¢ are the

same in both regions.

The boundary conditions are the same as in the
linear theory, which are given in Ref.[1]. Let F' denote
FE and H, collectively, we have:

(i) F, =0 at r = co.

(ii) Fy, = Fa,, F1, = F3, at the interface r=1.

(iii) The field is produced by the source, which is
the illuminated entrance end of the core—a circular
disc with the radius being unity. In other words, the
incident wave is the diffraction field of the illuminated

disc.

It is important to note that the continuity condi-
tion (ii) given above is not valid across the entrance

aperture due to the presence of diffraction.
3.3. The linear case

In the case p,, # 0 (v=1, 2), the nonlinear term on
the right-hand side of Eq.(5) can be safely neglected in
comparison with the linear term p2E. The equation
then becomes linear. The boundary value problem has
been solved (for the TE mode, for example) in Ref.[1].
The result is a contour integral in the complex ¢ plane.
It consists of a mode of radiation and a series of nor-
mal modes. The mode of critical refraction (and re-
flection) is missing in the integral solution. This is the
particular solution at the branch point corresponding
to critical incidence, i.e. ¢ = wnsy, which is a zero of

the double valued function py = (g% — w?n3)/2.

‘We now turn to this solution in the next section.
4. The mode of critical refraction

in linear theory

4.1. The particular solution at ¢ = wns within

the core

According to Ref.[1], the non-vanishing compo-
nents of field strength in the TE mode within the core

are given by

—iq%, E1¢:iw%, (6)

le = H%Qﬁla le = or
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where ¢; is given by Eq.(25) of Ref.[1], i.e.

(151(7“, Zawat)

74 dqKo () + A(g)lo(mm)]ei@=—0,  (7)
C

33

where 7 is a first-order small quantity newly added to
show explicitly that ¢; and the field strength are small
quantities of the first order. The form factor F(q) is
temporarily dropped (equivalent to a point source at
r=0).

For a particular solution, ¢ is given by the inte-

grand of Eq.(7) at ¢ = wno, i.e.

¢1 (Tv Z, W, t)
= DKo (r) + Ao ™™, (8

where fyy = ju1(q = wn) = —iV (V = w|/nd =},
the normalized frequency) for the outgoing solution,

Ty = t —ngz, and Iy and Ky are Bessel and Hankel

functions with an imaginary argument, respectively.

4.2. The corresponding particular solution in
the cladding

At ¢ = wng, pe=0, the linearized equation (5) for
v=2 becomes
Vi E; =0. (9)

In terms of components, we have

9?Es, 19E;;
or? r or

0 0 1 E2r
|5 +- =0. (11)
or\or r Es,
Equation (10) gives E5,=0, and Eq.(11) together
with V - E=0 gives F5,=0 and
nB(q) —lwTo

EQ(,O = Te (12)

=0, (10)

The non-vanishing component of Hs is

HQT = _nQEQLP. (13)

4.3. The resonance

The coefficients A(q) and B(q) in Egs.(8) and (12)
at ¢ = wngy can be determined from the boundary con-
dition (ii) given in section 3. We have

Ko(p12) iw

A(wng) = fm, B(wnsg) = _IO(ng).

(14)

Note that in determining B, the identity

pKo () (i) + Ka(w)lo(p)] = 1 (15)

has been used.
Substituting Eq.(14) into Eq.(8) we obtain

¢1(T7Z7w7t)
n Ko(lul2) —iwT
=—Ko(p15r) — =——To(pyo7)]e 2 (16
Ko (p1zr) = 72 oz (16)
1 wn 1 s
FEyy, = ——Hjy = —1— e T2, 17
T T T T D) "

The singularity at 7=0 in Eq.(16) can be removed
by an integral with respect to w.

Now Ip(py5) = Jo(V) is the Bessel function of V
of the zeroth order, which has a set of zeros at V = «a,,
(m= 1,2,...). When the frequency coincides with one
of the zeros, the field becomes infinity, so the mode
of critical refraction consists of resonance modes. The
mth mode has an eigenfrequency

Ay

2 2
ny —ny

Wiy, = (Wem = —wim). (18)
It is interesting to note that w,, is just the cut-off
frequency of the mth normal mode.!!

The amplitude of resonance depends upon the fre-
quency spectrum f(w) of the source. The fundamen-
tal solution (the Green’s function) is the solution pro-
duced by a transient source §(t) (f(w) = 1). The
solution for the outgoing wave is then given by mul-
tiplying Eqgs.(16) and (17) with dw and integrating
with respect to w along the upper part of the real w

axis. We have for the field inside the core
+oo+tie
dw [Ko(ulzr)
—oo+tie
_ Ko(#42)
Io(p12)

(9) _.n
1 (Taz,t)*ﬁ

10<u12r>]e-m, (19)

where the subscript (§) denotes the é(t) source.

The path of integration can be changed into a
great circular arc enclosing the whole lower half space
including the real w axis.

The first term Kq(4,7) in the square brackets in
Eq.(19) has a singularity at w = 0 like In|w|, but it

does not contribute to the integral because

7{ dwKo(pypr)e @™

w=0
= ?{ dwKo(pyor) o ?{dwln|w| =0. (20)
w=0 w=0
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The second term following Ko(u157) in Eq.(19) has a 3 8E§57)n N Eéfj?)n . o, C2 w2 n’ £ (26)
series of simple poles at w = w,, (m = £1,£2,---). or or r "’ r2 2pm:

Applying the method of residues to the pole integra-
tion, and using the identity, Eq.(15), i.e. Ko(p157) =

at the poles, we obtain qi)g&)(r,z,t) =

7051211(%2)
> ¢\ (r, 2, t)+c.c., with
m=1

Wm T2

indo(amr)e”

T J2 ()

(R) _
lm(r)zat)* n%—n%

The superscript (R) denotes a resonance.
For the field in the cladding, we have
B WAGER)D)

B (vt = - en

iwmnefiwmrz

= L (22)

mrJ1(am)y/n? — nZ

5. The resonance mode in the

weak nonlinear theory

5.1. The difficulty of the linear theory

Equation (22) shows that the Poynting flux out-
so the

beam intensity of the critically refracted wave would

side the core is inversely proportional to 72,

diverge like Inr when r — oco. This difficulty is well
known.[4!

In this section we prove that this difficulty can
be removed by taking into account the weak nonlin-
earity, and an approximate solution for this mode is
obtained.

5.2. The lowest-order correction due to weak

nonlinearity

Let us turn to Eq.(5) for v = 2. The quantities
on the right-hand side of Eq.(5) can be replaced by
their linear approximation obtained in the last sec-
tion, i.e. those for the mth resonance mode.

2 2 CTZn Wm
Uy =T T2 m — )
mJ1(qm)y/n? — n
(w* = B B), (23)
and FEa.., (on the right-hand side) = 0, so Eq.(5) for

v=2 gives

o2 19ER
Zm zZm — 0 24
or? o r Or ’ (24)

9 (OES BN
rm Tm — 0 25
or < or T r ’ (25)

Equations (24) and (25) together with V- D =0
lead to E{F) = ESF) — 0.

Equation (26) reduces to the following form of
Euler’s equation

R
87‘2 +r 8_ -1 + on?w? nz) Esypr =0, (27)

which gives

E{ = —inC,,r-(+3onenniCi) (28)
and
HYP = innyCppr™ (30 w0m3C0) - (29)

The Poynting flux then becomes inversely propor-
tional to r(2+on*win2Cn) Consequently, the beam in-

tensity converges when r — oco.
5.3. The linear approximation with a cut-off

The approximation solution obtained above is not
very useful because the parameters n and o are not
known.

Knowing that the resonance mode of the critical
refraction does converge in the far field, the linear so-
lution obtained in the last section can be used as an
approximate solution of the weakly nonlinear equation
provided a cut-off is made at a certain distance r,,, in
the radial direction for each mode m, i.e. Eq.(21) re-
mains unaltered, while Eq.(22) is multiplied by a unit

step function

1 r<rpy;
h<L> = - (30)
T'm 0 r>rm,.
The cut-off radius 7,, has the meaning of an effective

beam radius of the mth resonance mode, the value of

which will be determined in the next section.
6. The cut-off radius r,, deter-
mined by the law of energy

conservation

6.1. The excitation and maintenance of a res-
onance mode

Before determining the magnitude of r,,, let us
consider the physical mechanism of the resonance

mode more closely.
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A resonance mode m is a steady state of plane
wave motion—the propagation of a radial eigen vi-
bration with eigenfrequency w,, along the fibre.

The eigen vibration is excited by the transient
oo

point source §(t) = / dwe™**/27. Comparing the

phase factor e~i(wmT2=7/2) of gbgi) given by Eq.(21) at
z = 0 with that of the partial vibration e *“=? of the
source §(t), we see that the resonance mode m lags be-
hind the source by a time interval At = 7/2w,,. This
time lag must be the time needed for establishing the
steady state of resonance mode m.

After the mode m is established, the point source,
as a part of the whole system, should vibrate in
tune with the mode, i.e. with the same phase factor
e (wmm2=7/2)  This steady state of source vibration
brings energy into the fibre to maintain the propaga-

tion of the resonance.

6.2. Equation of energy conservation and the

determination of beam width

In a resonant steady state m, the spherical wave
emitted from the point source should have the same
wavenumber and frequency with the resonance. Inside
the core we have R = z when R — oo, hence in the
radiation region (R — c0), the potential of the source
d)g%(R,t) should be given by

(B ) = STemielmalon/2 (3)

The Poynting flux along R is given by (see Fig.2

and Eq.(6))

(0)

z Hi:
S (0)
S Eie
' N 7
‘*\\"'"—s__

(0)
'] "-:;hHl‘y

|
0
, / R g“;[)w:(}ol)l.y cos9—(H')1z sinf
/|

o

i
)
T

Fig.2. Components of field strength for the spherical

wave.

(0) (O) 2w4 n
- E;Lle(;:T] 2m 22
412 R

x sin? @[n2 cos 6 + (n3 —n3)]. (32)

So the intensity emitted upwardly from the source is

/2
(0) A (0) (0)
I,,=21 R? / dfsin6(— Ef Hig )
0

:anfnng(l 9 5n§ )E nzwfnngn%-(?)g)

“n?4 2

27 4 6 8w
Similarly, the beam intensity of the resonance

mode m can be obtained from Egs.(21) and (25) with

a cut-off factor h(r/r,,). We have

2w2 nan?
Ilm == = 9 (34)
mJ3 (am)(nd — n3)

2w2 nan? Inry,
T3 (o) (nf — n3)

(0
Energy conservation requires that I,,= Iy, + Io,,
from which we obtain

2

Inr,, = ?—éa,znﬁ(am) — 1. (36)

7.Properties of resonance modes

and experimental verifications

7.1. Resonance modes are ‘first arrival’ at the

receiving terminal of the fibre

Each resonance mode propagates with the same
light velocity in the cladding (n = ny), which is greater
than the group velocities of all normal modes. So it is
the ‘first arrival’ at the receiving terminal, and should
be detected as the first.

7.2. The resonance modes, not the normal
modes, are responsible for signal transmission

in long optical fibres

The fibre has no intrinsic dispersion and is not dis-
sipative by assumption. The normal modes are disper-
sive due to the waveguide effect, while the resonance
modes are not. The former propagates in the form
of a wave packet which will gradually diffuse away in
a long fibre. The latter, however, dose not attenuate
and change shape along with propagation. Further-
more, the amplitude of a wave packet consists of a
group of normal modes within the frequency range
wo — Aw/2 — wy + Aw/2 and is proportional to Aw.
Hence it is much smaller than the amplitude of a reso-

nance mode. Consequently, it is the resonance modes,
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not the normal modes that are responsible for carrying

signals in optical fibres.

7.3. The frequency range of the resonance

modes in the case of axial symmetry

According to Eq.(36), the resonance mode could
only be exited at high frequencies, since r,, should be

greater than unity, i.e.,
a2 I3 (o) > 16/1.5% = 7.11

(ny = 1.5) or a,, > 11.5. (37)

Thus we obtain a minimum value of the normalized

frequency V for the resonance modes

Vinin = 11.5. (38)

7.4. Experimental verifications

The above results are given for the case of ax-
ial symmetry, i.e. the angular wavenumber [ is equal
to zero. In this case, the field inside the core is pro-
portional to Jo(a,r). For I > 0, the amplitude is
proportional to J;(V'), which is much smaller than
Jo(amr) inside the core in the high-frequency range
(say V > 10). Hence, in the high-frequency range,
only the axisymmetrical modes could exist.

According to Snyder and Love,/! the multimode
fibre is used in the high-frequency range. Figure 3
(taken from Ref.[5]) shows the configuration of the
multimode optical fibre. From the data listed in the

figure, we obtain the experimental lowest working fre-

quency
Vmin :27ramin ni 2Amin
)‘max
2w x 12.5
:WT x 1.5 x 1/0.02 = 10.4,  (39)

Al 12.5pum< o <100pm

0.8um< A <1.6um
n1=1.5 0.01< A <0.03
n2
!
0 a r

Fig.3. Configuration of a multimode optical fibre.

which agrees with the theoretical prediction, Eq.(38),
fairly well.

Furthermore, there are three available sets of ex-
perimental data:

(i) @ = 25um, A = 1.3um, A=0.005%;

(i) @ = 25pum, A = 0.8um, A=0.005"];

(iii) @ = 25um, A = 0.85um, ny=1.475[°].

Taking n;=1.5, we obtain V(1)=18.1, V (ii)=29.4,
V(iii)=50.4. On the other hand, we have ag=18.1,
a10=30.6, a16=49.5. The coincidence of V'(i), V(ii)
and V (iii) respectively with the theoretical predictions
ag, a1g and aqg is satisfactory.

These three sets of data can serve as a strong veri-
fication of the theory, because the resonance frequency
is equal to the cut-off frequency of a normal mode, at
which the normal mode vanishes. Hence the observed

modes must be resonance modes.
8.Summary and discussion

The most important contribution of this paper to
the theory of fibre optics can be summarized as fol-
lows.

(i) In the conventional theory of wave guides,
the solution is given by a contour integration in the
wavenumber plane; the branch point corresponding to
the critical reflection is indented from the integration
path.[!! So in that theory, the critical reflected mode
is missing, and the observed critical refraction is de-
scribed as a nearly axial radiation mode (or the leaky
mode) which is given by a complex root of the security
equation.®! It is well known that such modes do not
vanish when (r,z) — oo along arbitrary directions,
hence they are non-physical.

In the present theory, the critical refraction mode
is given by the particular solution at the branch point,
and it is proven that the well-known difficulty of the
divergence of power flow, when r — oo, can be re-
moved by taking into account the weak nonlinearity
of the dielectric.

(ii) It is proven that the critical refraction is a
resonance, because the amplitude becomes infinitely
large at the eigenfrequency before an integration with
respect to w.

The resonance modes of wave propagation have
been predicted earlier in the theory of elastic wave
guides.®11 Tt is now clear that such modes also exist
in electromagnetic wave guides.

The most interesting and remarkable result,
which is unexpected in the conventional theory, is that
the modes responsible for the signal transmission in a
long fibre are the resonance modes rather than the

normal modes. The experimental data seem to con-
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firm the theoretical predictions satisfactorily.

isymmetrical case is treated in this paper.

Finally, we should point out that only the ax-

For the

non-axisymmetrical cases, it is proven in our recent

paper!'?! that the guided modes are all modes of crit-

ical refraction. Whether the conclusions obtained in

this paper are valid for the latter cases will be clarified

in another work.
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