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The torus-doubling bifurcations of a quasi-periodically forced two-dimensional map are investigated numerically.

The scaling law on the terminal points of the torus-doubling bifurcation sequences is obtained by a simple method,

based on hyper-stable period point and phase sensitivity exponent analyses.
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1. Introduction

The concept of the strange non-chaotic attractor
(SNA) was first proposed by Grebogi et al,l'l and
since then the related topic has been extensively stud-
ied numerically?=9 and experimentally.['®-11] An at-
tractor is chaotic if its typical orbits have a positive
Lyapunov exponent. We will use the definition for a
strange attractor as given in Ref.[1]: “A strange at-
tractor is an attractor which is not a finite set of points
and is not piecewise differentiable. We say that it is
piecewise differentiable if it is either a piecewise dif-
ferentiable curve or surface, or a volume bounded by
a piecewise differentiable close surface.” An SNA is,
therefore, an attractor which is geometrically strange,
but for which the typical orbits have non-positive Lya-
punov exponents. Recently, the terminal points of
torus-doubling bifurcation curves, the so-called torus-
doubling terminal (TDT) points, have been analysed
based on the concept of scaling.['?! This critical point
is of crucial importance for understanding the entire
picture of the dynamics because the regimes of quasi-
periodic motion, SNA and chaos meet at this point.
The analysis of the TDT critical point links the prob-
lems of the quasi-periodic transition to chaos and SNA
to the concept of scaling. The phase sensitive expo-
nent (PSE)[®! characterizing the sensitivity of the SNA
to the phase of the external force has been proposed to
identify the SNA objects. In this paper, we present a

new approach, based on the PSE, to obtain the scaling
relation of the driven frequency and amplitude at the
TDT points in a two-dimensional quasi-periodically
driven map. At the same time, the low-frequency
character of the map is revealed in double precision
and high precision for the PSE.

2.PSE method and scaling re-

sults

We consider the following driven map
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w is the

where b is the driving amplitude and
driving frequency. For zero amplitude b, Eq.(1) be-
comes the usual logistic map and exhibits a cascade
of period-doubling bifurcations. For finite but small b,
these bifurcations are transformed into torus-doubling
bifurcations, at which an attractor consisting of 2"
torus branches (called a 2™ torus) splits into an at-
tractor consisting of 2"*! torus branches. The smaller
the amplitude b, the larger the number of the torus
doublings seen; for any constant amplitude this num-
ber is finite. For the system with a certain driving
frequency w, it is not difficult to determine the hyper-

stable point of a certain torus both analytically and
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numerically when the amplitude b is zero. When the
amplitude b is small enough, the torus at the hyper-
stable point can be maintained. As b increases, the
given torus will be kept until it is destroyed due to
the merging of the torus, leading to the SNA, further
to chaos. The point corresponding to the end of torus
doubling with finite n is called the terminal point of
torus doubling. The transition interval from the merg-
ing of different torus branches to the appearance of the
SNA or chaos is very short in the whole process. Con-
sequently, the starting point of the SNA or chaos can

be taken as the terminal point of the initial torus. We

where
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of the two methods are the same.
to use the hyper-stable point of the torus to calcu-

late each PSE curve for the corresponding torus. For

in the tangent space, namely,
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can plot the curve of the PSE versus the amplitude b,
from which various terminal points can be determined.
The scaling relation of torus numbers and the corre-
sponding terminal points can be obtained accordingly.
Figure 1 shows, for w = 0.1, 0.07, 0.05 and 0.03, the
PSE curves of 210,29 ...

b. The sudden jump of each PSE curve is obvious.

,22 torus versus amplitude

The value of amplitude b at the sudden jump is the
extreme value which the corresponding torus can suf-
fer. Two methods have been introduced in Ref.[3] for

computing the PSE. The first method is to compute
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Fig.1. The PSE for (a) w = 0.1, (b) w = 0.07, (c) w = 0.05 and (d) w = 0.03 of 210,29 ..

torus versus amplitude b.
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> denotes an average on the given trajec-
tory. The second method is to calculate the PSE from

the time series.

In our numerical work, the results

Our main idea is
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a 2™ torus, there is an extreme value of amplitude b

merical experiment, the 2" torus at the hyper-stable
point with zero amplitude b is the most stable. From
Fig.1, it can be seen that the PSE curves of different
tori jump to a flat plateau one after another.
reaching the plateau, the system behaviour is changed
into the SNA or chaos. The sudden jump point is the
TDT point. In Fig.2, the TDT points are plotted for
w = 0.1, 0.07, 0.05 and 0.03, respectively. The power-

law scaling relation between logiob and logan (where

(3)

vious.
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below which the 2™ torus can be observed. In our nu-

n is the number of branches of the given torus) is ob-
Figure 3 shows the slopes of the logan—logigb
curves versus driving frequency w. It can be seen that
the scaling relation is not sensitive to the change of the

frequency w. All the slopes are located in [—0.8, —0.6].
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Fig.2. The TDT points in scaling line, i.e. the number of torus n versus amplitude b, for (a)
w = 0.1, (b) w = 0.07, (c) w = 0.05 and (d) w = 0.03.
0.0 high computing precision 107%° (Fig.4(b)). The be-
02l haviour of the system dynamics can be divided into
three regimes: a regime where the torus is sensitively
o -04F dependent on computing precision (0 < w < 0.03);
I . .
2 I the second regime where the torus is not dependent
-0.6 . ..
on computing precision (0.03 < w < 0.08); and the
o8l third regime of the SNA and chaos (w 2 0.08). In
L the first regime, the PSE calculated in double preci-
_1.0 ! !
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Fig.3. The slope of the scaling relation versus driving
frequency w.

3.The PSE behaviour in a low
driving frequency regime

A model similar to Eq.(1) has been studied by
Shuai.l'3! Tt was concluded that different pseudo-
periodic orbits can be obtained for different compu-
We find that it is essentially the

low driving frequency which causes such differences

tation precisions.

(in Ref.[9] the authors used very low frequency). With
small frequency w, Eq.(1) can be regarded as driven
adiabatically; with a = 3.4 and b = 0.1, it is in a range
of two torus states and some segments can manifest
local positive Lyapunov exponents. In Fig.4(a), we
present the PSE versus frequency w in double preci-

sion (i.e. 107! precision) in comparison with that in

sion is larger than that in high precision. When the
driving frequency w < 0.03 with @ = 3.4 and b = 0.1,
the behaviour of the system is seriously affected by
the computing precision. The reason for this peculiar

behaviour is discussed in Ref.[14].
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Fig.4. The PSE versus driving frequency w with
a = 3.4 and b =0.1 (a) in double precision, and (b) in
high computing precision 10759,
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4. Conclusion

In this paper the scaling law of torus-doubling

processes in a quasi-periodically driven system is ob-

tained conveniently by using the PSE method. The

behaviour of the system versus the changing of the fre-

quency can be divided into regimes of tori sensitively

dependent on computing precision, tori not dependent

on computing precision, and the SNA and chaos. This

classification is novel.
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