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In this paper, we study the relation between the form invariance and Lie symmetry of non-holonomic systems.

Firstly, we give the definitions and criteria of the form invariance and Lie symmetry in the systems. Next, their relation

is deduced. We show that the structure equation and conserved quantity of the form invariance and Lie symmetry of

non-holonomic systems have the same form. Finally, we give an example to illustrate the application of the result.
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1. Introduction

The conserved quantity of a mechanical sys-
In 1918,

while carrying out research on the invariance of the

tem reflects its profound physical nature.

Hamilton action under infinitesimal transformations
of groups, Noether disclosed the relation between the
conserved quantity and the symmetry of the mechan-
ical system, and brought forward the famous Noether
theory. Eventually, in 1980, Lutzky,'! and Prince and
Elizer®3! took examples to explain that the symmetry
is not always the Noether form. This prompted people
to refresh recognition of the symmetry, and to put for-
ward a series of novel symmetry ideas, from which the
Lie symmetry rapidly developed.[*=7] Research on the
conserved quantity and symmetry has already become
an important and active field of modern mathematical

and physical science.

Form invariance is one of the equations of mo-
tion under infinitesimal transformations. It is differ-
ent from the Noether symmetry and the Lie symme-
try and can also lead to a conserved quantity under
certain conditions. The form invariance of the La-
grange system,®] the Appell equations,®! the Nielsen
equations!’® and the general holonomic systems!*!
have been studied. In this paper, we will study the
relation between the form invariance and Lie symme-

try of non-holonomic systems.

2.Form invariance of equations

We let the position of a mechanical system be de-
termined by n generalized coordinates ¢s(s = 1,...,n)
and its motion be subjected to g ideal non-holonomic

constraints of the Chetaev type

fﬁ(tvqaq) =0 (/8 = 17"'79)' (1)

Then its motion can be described by the differential

equations as follows

d 0L oL . Afs
— — = Q, by
o5, a0, - VT M,

where L = L(t,q,q) is the Lagrangian, Qs =
Qs(t,q,q) are the non-potential generalized forces,
and Ag are the multipliers. Introducing a Euler op-

erator

_d9 9
* dtdq,  9qs

then Egs.(2) can be written in the form

g9
0
p=1 °

Before integrating the equations of motion, we can

find Ag as functions of ¢,q, q

d
As = Ag <t,q, d-‘j) B=1,..9) (5)
Substituting this into Egs.(4), we obtain

ES(L) = Qs + As

*Project supported by the National Natural Science Foundation of China (Grant No. 19972010).
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g
Ay = At q,9) = Z afﬂ- (7)

Equations (6) are called the equations of motion of the
holonomic system corresponding to the non-holonomic
system expressed by Egs.(1) and (2).

We introduce the infinitesimal transformations of

time and coordinates as

t* =t + At,
a5 (t") = qs(t) + Ags

or their expansion formulae

t* =t + €£0(t, q, q)a
4. (t") = qs(t) + £&4(t, 4, q), (9)

where ¢ is an infinitesimal parameter and g, &, are

Under transformations (9),

d
L, Qs, g, fs and A; become L* = L(t*,q* q >,

T dex
L dgty . ox daT)
7q7F 7)‘ﬁ:)‘,@<tvq7dt*>7fﬁ:

. . dq” . _ . . dq”
fﬂ(t7q7@>’a‘ndAs_As<t7qadt*>'
Definition 1.

If the form of constraint equa-
tions (1) and the differential equations (6) remain in-

infinitesimal generators.

Q: = Qs <t*

variant under transformations (9), i.e.

*

d
=t ) =0 =1 (10

E,(L)

then the invariance is called the form invariance of the

=Qs+4; (s=1,.,n), (11)

equations of motion for the non-holonomic system.
We introduce the differential operator of the in-

finitesimal generator
) ~~, O
={— — 12
5oat+;fkaqk, (12)

and its extensions

XMW= x4 Z K- qkfo) (13)
k=1 .
- 0
X® =xM 4 Z (&k — dxbo) — qkﬁo)—- (14)
k= 94,

Expanding L*, Q}, A and fj, we have

L* = L(t,q,q) + e[ XV (L) + O(e?),  (15)
Q= Qs(t,,9) +e[XV(Q)] +O(?),  (16)

AL = As(t,0,9) + e[ XD (L) + 0%, (17)

S

I = Io(t,q,q) +e[XD (f5)] + O(?). (18)

From Eqgs.(10)—(18), we obtain the following.
Criterion 1. For a non-holonomic system ex-
pressed by Egs.(1) and (2), if the infinitesimal gener-

ators £ and &, satisfy the following relations

E(XD(L)-XD(Q))-XD(4) =0 (5= 1,..,n),

(20)
then it is form invariant under the infinitesimal trans-
formations (9).

Proof: Substituting Eqs.(18) into Eqs.(10), us-
ing Egs.(1), substituting Eqgs.(15)—(17) into Egs.(11),
using Eqgs.(6), and ignoring 2 and the higher infinites-
imal terms, Egs.(19) and (20) will be obtained.

3.Lie symmetry of equations

The basic idea of the Lie theory is to keep the
equations of motion (6) invariant under infinitesimal

transformations (9). Equations (6) are rewritten as

=E,(L)- Qs A4,=0 (s=1,...,n).
(21)

If the constraint equations (1)

FS(t7 q7 Q7 é)

Definition 2.
and the differential equations (21) remain invariant

under infinitesimal transformations (9), i.e. Egs.(10)

hold and

F, <t*, qa

then the invariance is called the Lie symmetry of the

dq* d2q*
,@, dt*2 =0 (S—].,...,TL), (22)

equations of motion for the non-holonomic system.

Expanding F, we have

. q d2 *
E, <t T dt*2>
_F(t qaqa )+€X2)( 8 ( )

(s =1,..,n). (23)

Criterion 2. For the non-holonomic systems

(1) and (2), if the infinitesimal generators & and &
satisfy Egs.(19) and the following relations

X(Z) (ES(L)) - X(l)(Qs)

(s=1,..,n), (24)

_ X(l)(/ls) -0

then the invariance is the Lie symmetry of the non-
holonomic system.

Proof: Substituting Egs.(21
Eqgs.(22), we can obtain Egs.(24).

) and (23) into
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4.Relation between form invari-

ance and Lie symmetry
From the deduction of Eqs.(11) and (22

be seen that the form invariance is generally differ-

), it can

ent from the Lie symmetry. According to the cri-
teria 1 and 2, the relation between the form invari-

ance and the Lie symmetry is actually that between

E,(XM(L)) and X (E,(L)). We have

E((l)( )
oot -fe s
s s<>+ Z?:(%—f)'
()

caa o o )'}
+ R (2
S 5e00, 9, aqk

+ Z [ ( — qkfo) + (& — dr0)E < 6qL>

k
82 8 : BL

=X C)(B,(1) + Y“><L> v Zj (‘Z—f)

"9, (OL. = [0 . 0&)\ [ OL\.
+ 25, (8@) t2 <aqs q’“%) <6_qk>

k=1

+ (gk - quo)

(s=1,..,n), (25)

where
AL & oL
(1) — - E =
Y (L) Es(fo) ot +k=1 ES(gk)aqk

- : . 0L
T2 Btk dko)ge (26)
k=1

The relation between the form invariance and the Lie

symmetry is given by Egs.(25), and then we have the

following.
Proposition 1. If the equations of motion are

form invariant under infinitesimal transformations (9),

and the following relations hold
0 (OL.
i <Bt>
- (06 . aéo> <aL>.
— — - -— | =0
kz <8qk > kz::l < 9qs o 9gs 9qy,

(s=1,..,n), (27)

y(l)(L)

then the equations are also Lie symmetrical.

If the infinitesimal generators & and &, do not

explicitly contain q, i.e.

t* = t+ 5£O(t)q)7

(") =qs(t) + &5(t,q) (s=1,..,n), (28)

then Egs.(25) become

E,(Xx"(L))
0& OL 0&, OL
X®(E,(L)) - 8(;: o Z aq’: oe.
- q &
; < kg, * 99,%) 93,
“~ (0¢, . 9 oL
2 (5 —%aq)(E 0+ 5)
0. ~ OL
—XOEL) - gL - o
" [0 9
+> <8§k - k8£0>(Qk + A)
=1 s s
(s=1,..,n). (29)

Corollary 1. If the equations of motion are
form invariant under infinitesimal transformations

(28), and the following relations hold
8 . - OL
o ;

then the equations are also Lie symmetrical.

Corollary 2. If the equations of motion are

form invariant under the infinitesimal transformations

t* =t +e(at +b),
q;(t*) = QS(t) + sfs(th) (3 =1, "'7n)7 (31)

and the following relations hold

ia&c(Qk‘i‘Ak) =0 (s=1,..,n), (32)

= 9gs
then the equations are also Lie symmetrical.
5. Conserved quantity of form in-

variance and Lie symmetry

For the non-holonomic systems, the form invari-
ance and the Lie symmetry do not always lead to a

conserved quantity. The conditions in which these can
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lead to a conserved quantity are given by following
propositions.

Proposition 2. If the non-holonomic system
given by Egs.(1) and (2) is form invariant under in-
finitesimal transformations (9), and there is a gauge
function Gr = Gr(t,q,q) satisfying the structure
equation

L& + X +Z§k—Qkfo N(Qr + Ar) + G =0,
k=1

(33)

then it will have the following conserved quantity

I=L&+ Z (& — qkfo) —I— Gy = const.  (34)

k=1

Proposition 3. If the non-holonomic system
given by Egs.(1) and (2) is Lie symmetrical under in-
finitesimal transformations (9), and there is a gauge
function Gy, = GL(t,q,q) satisfying the structure
equation

L& + XMW +ka—qk€o (Qr + A) + G =0,
=1

(35)

then it will have the following conserved quantity

3L

I=1Lé+ Z qkfo —|— Gy, = const.  (36)
From propositions 2 and 3, we know that the
structure equation and the conserved quantity of the
form invariance and Lie symmetry of non-holonomic

systems have the same form.

6. Illustrated example

Let us study the form invariance and Lie symme-
try of the Appell-Hamel example. The Lagrangian of

the system is

1 . . .
L= om(di + & + 3) — mgas,

and the non-holonomic constraint is
f=@+i-d@=o.

The non-potential generalized forces are
Qi =Q2=0Q3=0.

Equations (2) give

mgy = 2Mq1, Mmds = 2Xg2, Mg+ mg = —2Aqs.
We obtain
__mg
4q3’
1 1
A].:__ &7 AZ___ q_2’ A3:_mg
2 qs 2 qs
Taking

So=1, & =86=§=0,

formulae (19) and (20) can be seen to hold up, which
corresponds to a form invariance of the system. From
corollary 2, we know it is also Lie symmetrical. Tak-
ing Gn = GL = 0, the structure equations (33) and
(35) hold, so the system has a conserved quantity

1 o .
I'=om(di + ¢ + i) + mggs = const.
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