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In this paper, we study the Lie symmetries and the conserved quantities of non-holonomic mechanical systems with

unilateral Vacco constraints. We give the conditions and the form of conserved quantities due to the Lie symmetries

of the systems, and present the inverse problem of the above problem, i.e. finding the corresponding Lie symmetry

transformation according to a given integral of the system. Finally, we give an example to illustrate the application of

the results.
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1. Introduction

In the past twenty years, great progress has been
made in the study of Lie symmetries and conserved
quantities of constrained mechanical systems.[!=17]
Until now, however, all the studies have been lim-
ited to non-holonomic mechanical systems with the
Chetaev-type ideal constraints. In this paper, we
study further the symmetries of non-holonomic me-
chanical systems with the unilateral Vacco-type ideal
constraints. Also, two problems of Lie symmetries for
the systems are put forward and solved, i.e. finding the
conserved quantity from a Lie symmetric transforma-
tion of the system and finding the corresponding Lie

symmetry from an integral of the system.

2.Lie symmetries and conserved

quantities of the systems

We suppose that the configuration of a mechani-
cal system is determined by n generalized coordinates
gs (s=1, 2,---, n). The motion of the system is sub-
jected to the unilateral non-holonomic constraints of
the Vacco-type

@ﬁ(taq,Q)ZO (ﬂ:172aag) (1)

Then, the differential equations of motion of the

system can be expressed in the form
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where L is the Lagrangian function of the system, Q"
is the generalized non-potential force, and Ag are the
constraint multipliers. It is noticeable that the con-
necting conditions along the constraint hypersurface
must be considered in order to make Eqs.(2) closed.
For example, one can assume that the constraint hy-
persurface is absolutely smooth and the collision is
completely elastic.

We consider the infinitesimal transformations of

the one-parameter Lie group of transformations

(s=1,2
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and & and

&, are generators of the infinitesimal transformations.

where ¢ is an infinitesimal parameter,
We introduce the infinitesimal generator vector
0 " 0
=&o— —. 5
606t+;£saqs ( )
The first extended infinitesimal generator is

x = x(0)

+ Z(gs - qSﬁo)ai ’ (6)

S

and the second is

1)+Z

Then, we study an invariance of Egs.(2) under the

(7)

8
- 2qs 0 — quO)

S

infinitesimal transformations (4).
If the system is constrained, i.e. constraints (1)

take the sign of equality, we have

(ﬂ:]-aZa"'ag)' (8)

A can be expressed as explicit functions of ¢ before

wp(t,q,4) =0

integrating the differential equations of motion. Thus,

Egs.(2) can be written as

dor oL
dt d¢s  0gs
J d dps Oy )
_O" _ Y B Y¥B As B
&=~ ) - e
(321727"'571“)' (9)

By constructing the generalized Lagrangian function

of the system!!®!

g
L:L—I—Z/\Igcp,@, (10)
=1

then Eqgs.(9) change into

i oL - oL
dt 9¢s 0qs

=Q" (s=1,2,---,n). (11)

Expanding Egs.(11), we can seek all the generalized

accelerations as

= As(t,q,q) (s=1,2,---,n). (12)

The necessary and sufficient conditions under which

Egs.(12) remain invariant are

és - (jséo - 2éOAAs = X(l) (As)v for B = 0. (13)

Since the system is in the constraints (8), the restric-
tion conditions of the constraints under the vector field
(6) are

XWpg(t,q,¢)] =0, for ¢s=0.  (14)

If the system is separated from the constraints,
that is, the sign of inequality in constraints (1) hold
strictly, we have

@ﬁ(taq,fj) >0 (/6:152579) (15)
Then Egs.(2) become

d 0L 0L
dt g,  Oqs

=QY (s=1,2,---,n). (16)
Expanding Egs.(16), we obtain

(js:Bs(t;%q) 5:1727"'7n)' (17)
The necessary and sufficient conditions under which
Egs.(17) remain invariant under the infinitesimal
transformations (4) are

& — doéo — 26B, = XMW(B,), for ¢ >0. (18)

The result discussed above can be summed up in the

following proposition 1.

Proposition 1. For the Vacco systems (1) and
(2) with unilateral constraints, if the infinitesimal
transformations (4) satisfy the determining Eqs.(13)
and (18 4), then they

are Lie symmetrical transformations. Hence, we have

) and the restriction conditions (1

the following proposition.

Proposition 2. For the Lie symmetrical trans-
formations (4) of the Vacco system with unilateral
constraints, if there is a gauge function G satisfying

the structure equations

L&+ XV(L)+D QU — 4u&o) + G =0,
s=1
for ¢z =0, (19)
Léo+ XW(L)+ ) QY& — dubo) + G =0,
s=1

for g >0, (20)

then the system has the conserved quantity

- £s —4s€) + G = const.  (21)
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Proof: We have

dI ... 0c
———E&+Jxo+§: s = 6o — o) 5o
s=1 s
- d a.c
Z QSé.O dta
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+ z; <ans - a—qs>(5s —G4s&) + G

s=

If the system is in the constraint, then by utilizing
Eqgs.(11) and the structure equation (19), we have

n

dr

3 =L+ X0 (L) + ;Q”(E — gso) +
"~ d oL oL
3 (o or @) it o
a—1 s s

If the system is divorced from the constraint, then by

utilizing Eqgs.(16) and the structure equation (20), we

have
drI . n
a Lo+ XOW)+ 3 QU inko) +
n d aL 6L " . ~
+s§::1 <aa_(1s  9qs QS>(55 —g¢séo0) = 0.

Therefore, the system has the conserved quantity (21).
3.Inverse problem of Lie symme-

tries of the systems

For a Vacco system with unilateral constraints,
the inverse problem of Lie symmetries is to discover
the corresponding Lie symmetries according to the
known conserved quantity.

We suppose that the system has a known integral
I=1(t,q,4) = const. (22)

Differentiating it with respect to t, we have

n

ar 3[
s s — 0 23
T T * Z q (23)
Multiplying Egs.(2) by
€. = & — dso, (24)

and taking the summation for s, we obtain

Z” _(doc oL
_—— — — = U. 2
s_1€s<dt 9¢s  9gs QS) ’ 2)

Adding the formulae (23) and (25

terms containing ¢, and taking their coefficients as

), separating the

zeros, we obtain

- 82£ =
k=1,2,--- 26
aqk SZ: a ( » = 7n) ( )
Letting
0%L
det| ———| # 0, 27
BQSan ( )
from Eqgs.(26), we can obtain
s=1,2,---,n), 28
E=D tugr L)
where 92p
~s r = 551‘7 r = B - 29
DskWk “kr = 5494, (29)

We let the integral (22
quantity (21), i.e

) be equal to the conserved

" 0L -
ﬁfo-ﬁ-Z%fs—i—G:I. (30)
=1 s

Hence, the solution of the inverse problem of Lie
symmetries for the Vacco system with unilateral con-
straints (1) and (2) may be summed up by the follow-
ing proposition.

If the integral (22) of the Vacco

system with unilateral constraints (1) and (2) is given,

Proposition 3.

then the infinitesimal group transformations deter-
mined by Eqs.(28) and (30) must be the Lie symmetri-
cal transformations, once they satisfy the determining

equations (13) and (18) and the restriction condition

(14).
4. Example

We suppose that the Lagrangian function of a ma-

terial point with unit mass is

L= 2(‘11 + ‘I2 + Q3) (31)

and the motion of the material point is subjected to
the unilateral Vacco constraint
1. . .
=541 +d+d3) —c>0. (32)
We study the Lie symmetries and the conserved quan-
tities of this system.

Firstly, we study the direct problem. The differ-
ential equations of motion of the system can be ex-
pressed as follows:

(1+ N1+ Ad =0,
(14 A)dz + Az = 0,
(1+A)dz +Ads =0,
for A>0, Ap=0. (33)



4 Zhang Hong-Bin Vol. 11
If the system is in the constraint, i.e. for ¢ =0. (42)
1 .2 .2 .2 We 1 . . . .
_ —c=0, 34 e let the infinitesimal transformation be
2 2(q1+q2+q3) c (34)
by differentiating Eq.(34) with respect to ¢, we have §o=0, &=q, &=4q, &=qds. (43)

q1G1 + 422 + g3gs = 0. (35)
Substituting Egs.(33) into Eq.(35), we obtain
A = Ag(const). (36)
Then Egs.(33) become
(14 A0)d1 =0,

(1+X)g2=0, (14 Xy)gs=0.

(37)

If the system is separated from the constraint, i.e.
wz%@?+£+49fc>0, (38)

we obtain A=0, and Egs.(33) become
Gz = 0. (39)

dlZOa d2:07

Secondly, we study the Lie symmetries and the
conserved quantities of the system. The determining

equations (13) and (18) give

E—qifo=0, &—dbo=0, & —dséo=0,
for ¢ =0, (40)

G-d0iéo=0, &—dbo=0, & —dséo=0,
for ¢ >0, (41)

and the restriction conditions (14) give

(&1 — G1€0)d1 + (€2 — Gabo)da + (€3 — da€o)ds = 0,

Obviously, formulae (40), (41) and (42) can all be
satisfied, therefore, formula (43) corresponds to the
Lie symmetrical transformation. Substituting Eq.(43)
into the structure equations (19) and (20), we obtain

the gauge function

14 X
2

G =

(45 +d5 + d3)- (44)
Substituting Eqgs.(43) and (44) into Eq.(21), we obtain
the conserved quantity of the system

14X
)

I (4i + 43 +4d3) = const.  (45)

Finally, we study the inverse problem of the Lie
symmetries. Supposing that the integral (45) is given,
then using formulae (28) and (30) we obtain

§o=0, & =d1, &=4q2, &=¢s. (46)

The generators &y, &1, &2 and &3 correspond to
Noether’s symmetrical transformation of the system
(31) and (32). It is easy to verify that for the gauge
function G given by Eq.(44), the generators given by
Eq.(46) satisfy the determining equations (13) and
(18) and the restriction condition (14). Therefore,
the generators (46) correspond to the Lie symmetri-
cal transformation of the unilateral constraint Vacco

system under study.
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