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We have constructed a new kind of two-mode bosonic realization of SU(1,1) Lie algebra, on the basis of which the

SU(1,1) generalized coherent states in the two-mode Fock space are derived. These two-mode SU(1,1) coherent states,

which are called uncorrelated two-mode SU(1,1) coherent states, include three special cases. For these states, we study

the mean photon number distribution and their non-classical properties, which are photon anti-bunching, violations of

Cauchy—Schwarz inequality and two-mode squeezing.
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I. INTRODUCTION

It is well known that the Lie group of SU(1,1)
is of great interest in many branches of physics as
it plays the role of a spectrum-generating dynami-
cal group for a large number of systems, for example,
the square-well potential, the harmonic oscillator, the
hydrogen atom, the Morse oscillator and the many-
body system of superfluid helium.['~3! In particular,
the Lie algebra of the SU(1,1) group is widely used in

[4=7] For example, many authors have

quantum optics.
examined that the single- and two-mode realizations
of SU(1,1) Lie algebra have immediate relevance to
the non-classical properties of light.[® In these works,
the single-mode SU(1,1) coherent states (CSs) de-
fined by Perelomov have been discussed in connection
with the squeezed states of a single-mode field®9] and
are a special case of the two-photon CSs of Yuen,!?!
namely, the squeezed states.'' Also, this kind of two-
mode bosonic realization of SU(1,1) Lie algebra only
includes one photon process in each mode, and the
corresponding two-mode SU(1,1) generalized CSs in
the two-mode Fock space have been discussed. These
two-mode SU(1,1) CSs are called correlated two-mode
SU(1,1) CSs!'?! which can be obtained from the appli-
cation of the two-mode squeezed operator onto a two-
mode Fock state |¢,0) where ¢ = 0,1,2,--- Among
these, a special case known as the two-mode squeezed
vacuum states(!3~1%! has been much studied and may
be produced by a non-degenerate parametric ampli-
fier acting on two-mode vacuum states,'%17 i.e. |0, 0).
Similarly, we construct another kind of two-mode

bosonic realization of the SU(1,1) Lie algebra in two-

photon processes in each mode. At the same time, we
derive the corresponding two-mode generalized CSs
which are produced from the application of the two-
mode displacement operator onto some special two-
mode Fock state |ni,n2) where ny, ny are 1 or 0. In
contrast to the general cases, we call these two-mode
SU(1,1) CSs the uncorrelated two-mode SU(1,1) CSs,
which have three special cases. Compared with the
quantum properties of correlated two-mode SU(1,1)
CSs, we find that those of these states are interesting
and distinctive.

This paper is organized as follows. In section II
the relevant formalism of the SU(1,1) CSs and the
representation for the case of a single-mode field and
correlated two-mode field are briefly reviewed. In sec-
tion III, the realization and representation for the case
of an uncorrelated two-mode field are introduced. In
section IV, the quantum properties of these states—
mean photon number, photon bunching and anti-
bunching, violations of the Cauchy—Schwarz inequal-
ity and two-mode squeezing—are studied. In sec-

tion V, a brief summary and some remarks are given.
I. REVIEW OF SU(1,1) CSs

The SU(1,1) Lie algebra consists of three gener-
ators, Ko, K, and K_, satisfying the commutation

relations

(Ko, Ki] = £K4, [Ky, K_|=-2K,. (1)

The Casimir operator for this algebra is given by C' =
K2 — (K K_+ K _K,)/2, which has the eigenvalue
k(k—1) for a unitary irreducible representation (UIR).
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The parameter k is the so-called Bargmann index. For
a positive discrete series representation, k > 0. The
basis is denoted as |m, k), where m = 0,1,2,--- and
the action of the SU(1,1) generators on these states is

K0|m7k> = (m+k)|mak>7 (2)

K |m,k) = /(m+1)(m +2k)jm+1,k),  (3)

Vm(m+ 2k - D)jm—1,k).  (4)

It is apparent that K is diagonal in these representa-

K_|m,k) =

tions.
Following Perelomov,['8] the SU(1,1) generalized
CSs |€, k) are defined as

|£,k> :D(a)|0’k>’ K*|0’k> =0,
Ko|0, k) = k|0, k), (5)

where

D(a) =exp(aKy —a*K_)
—exp(€KJexp(rEKo)exp( £ K_),  (6)

—(1/2)fexp(—i¢),§ = —tanh(6/2)exp(—ig),y =
In(1 — [£]?), with 6 € (—o0, 00), ¢ € [0, 27].

The single-mode bosonic realization of the
SU(1,1) Lie algebra is given byl!219,20]

2 2

%, K_= %, Koy = %(aa*‘ +ata). (7)
In this case the Casimir operator is evaluated to
be C =
k =1/4 or k = 3/4. The corresponding single-mode
SU(1,1) CSs 21 are derived:

—3/16, which implies representation with

1
3 Z>s =D()l0
— e o, ©

2]

3 §> =D(a)f)
- leP 3/42 VD enion 4 1),

27
(9)

f§> is

For a type of two-mode bosonic realization, the
SU(1,1) Lie algebra is defined as [12:20:22]

where

1
£, Z> is the squeezed vacuum and

S
the squeezed ‘one-photon’ state.

K :ai‘a;, K_ =ajas,

1
K, zi(aral + a;'az +1), (10)

1
with the Casimir operator C' = Z[(afal —agas)?—1]

whose eigenvalue is just the difference between the
numbers of photons in modes 1 and 2, i.e. ny — no.
Denoting the eigenvalue of a1+a1 — G,2+U.2 as q (without
loss of generality, q is assumed to be a positive inte-
ger), we obtain the Bargmann index as k = (1 +¢q)/2.

This type of two-mode SU(1,1) CSs can be derived:
€,q) =D()|0, k) = D(a)lq,0)
1+ )/2 (n+q)! .,
SRR ST )

(11)
and is called the correlated two-mode SU(1,1) CSs.

. UNCORRELATED TWO-MODE SU(1,1)
CSs
We now turn to another type of two-mode case.

If a; is the annihilation operator for one mode and as

for the other, the SU(1,1) Lie algebra may be realized
a5(23:24]

1
Ky :_(a'_li_2 + a;Z)’

2
1.y 2
K- —2(a1 + a3),
1
Ky zi(aj'al + a;'az +1). (12)

In the usual number representation the basis states
are |n1) and |ns), so that the full Hilbert space of the
two-mode field is simply the direct product

[n1,n2) = [n1) @ nz2). (13)

However, it is desirable to map these direct product
states, or rather subspaces, of these states onto DT (k)
UIRs of SU(1,1). To do this, we first need to find the
Bargmann index k. From the realization of Eq.(12),
the Casimir operator can be shown to be

1
C :Z[afal +afay +2afajafa; — 1

— (af?a3 + afag?)]. (14)

We operate the Casimir operator onto the basis states

|n1,m2) and obtain:

C\nl,n2>

1
:Z[(nl + o + 2TL1’I’L2 — 1)\n1,n2>

- \/(nl + 1)(711 + 2)TL2(TL2 - 1)|’I’L1 + 2,712 - 2>
- \/nl(nl - ].)(’I’LQ + 1)(”2 + 2)|’I’L1 - 2,712 + 2>]
(15)
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From this equation we know that |nj,ny) are not the
eigenvectors of C for arbitrary n; and ny,. However,
given ny and ny are limited to 1 or 0, the Eq.(15) be-
comes the eigenvalue equation of C. Furthermore, C

satisfies

Cim, k) = k(k — 1)|m, k). (16)
Comparing Eq.(16) with Eq.(15) where n; and ny are
1 or 0, we will obtain the following equations which

the Bargmann index k satisfies:
k(k—1)=-1/4,0,3/4. (17)

Solving the equations and making k positive, the
Bargmann index k is equal to 1/2, 1 or 3/2.
Now from Eq.(12) we have

1
Ky|ni,ne) = §(n1 + ng + 1)|n1, n2). (18)

Comparing Eq.(18) with K;|0, k) = k[0, k) , one may

derive the following relations:

|0, 0) k=1/2,
0,k) =< 10,1) or |1,0) k=1, (19)
[1,1) k=3/2.

Using Egs.(5), (6) and (19), we obtained

1 2\1/2
6 3) ~D@I0.0) = (1 ¢
io: \/ 2711 27?,2

2"11 +"2 ni |n2 !
ny,n2=0

SEMT2 (20, 2ny), (20)
€,1) =D()|0,1) = (1 — [¢]*)
i V(2ng + 1)!(2ny)!

2”1 +n2 ni |n2 |

ny,n2=0

SEMTT22m) 4+ 1, 2n,), (21)
&3 ) =D = (- |¢)*"
i V(2ny +1)!(2ng + 1)!

2m1tn2n, In,!

ny,n2=0

SEMT22n) 4+ 1,20, + 1), (22)

where we have already considered |0,1) and |1,0) as
the same state. These generalized SU(1,1) CSs are
called uncorrelated two-mode SU(1,1) CSs.

Moreover, comparing Egs.(8) and (9) with
1 1
Eqgs.(20) and (21), we find that §,§> = £’Z> ®
1 1 3 3\
eq), 160 = leg) oleq), md feg) -

3
£, Z> . From the bosonic realization of the

3
£3),©

single-mode and this type of two-mode SU(1,1) Lie
algebra, i.e. Egs.(7) and (12), it is obvious that these

results are self-consistent.
IV.PROPERTIES OF UNCORRELATED
TWO-MODE SU(1,1) CSs

A. The mean photon number

Let Ny = <ai"a1> and Ny = <a;'a2> be the mean

photon number in modes 1 and 2, respectively.

1
For |, §> one gets
Ny =Ny = € 5 (23)
1—¢]
For |€,1) one gets
142/
Ny = =25 24
PP 24
€%
Ny = . 25
T (25)
3
For (£, §> one gets
N, = N, — LT2KF (26)
1— ¢
. 1
From these relations, we know that, for |£, §> and

£, 2/ the mean photon number in modes 1 and 2

the mean photon num-
When [¢] in-

creases, the mean photon in each case increases mono-

are equal, while for |&,1),

ber in modes 1 and 2 are different.

tonically. Furthermore, the mean photon number
N; —» oo(i =1,2) as |§] — 1.

The correlation coefficient of modes 1 and 2 is
Ciy = <a1+a1a2+a2> — <a;a2><a1+a1>. (27)

We can calculate C;32 = 0 for each of the above three
states, which proves that modes 1 and 2 are uncor-
related. This result is distinguished apparently from
the correlated two-mode SU(1,1) CSs.'?!

B. Bunching and anti-bunching

To test for photon bunching and anti-bunching,
we consider the second-order zero-time coherence
functions for modes 1 and 2, which are defined as:

(af?a?) _ ((afa1)?) — (af ar)

@)y _ _
O T e
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+2,2 + 0 \2 + 3
(2) (a;7a3) _ ((a3a2)®) — (az az) F 2
0) = = . 29 or |€,
2 0= ey (oFa)? 29) 2)
3|€12(3 + 2[¢]*)?
62(0) = g (0) = LB +21E) (33)

Bunching is present whenever g(®(0) > 1, and
g@(0) < 1 is called photon anti-bunching.

9(2)(0)

(1+2[¢[?)?
For ¢, %> ¢'2(0) = g{?(0) > 1 for all |¢] in the

range 0 < |£| < 1, which indicates that SU(1,1) CSs

1
£, 5> are bunching in each mode. However, for |, 1),

g§2)(0) may be smaller than unity, which shows that
SU(1,1) CSs |£,1) in mode 1 will be anti-bunching for
some values of |£]. On the other hand, géQ) (0) > 1 for
all |£], which shows that SU(1,1) CSs |£,1) in mode

gg> SU(1,1) CSs §;>

in modes 1 and 2 may be anti-bunching. In Fig.1, we
plot gEz)(O) versus |£].

2 will be bunching. For

10 .
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Fig.1l. The parameter g(z)

uncorrelated two-mode SU(1,1) CSs: (a)

C. Violations of the Cauchy—Schwarz inequal-
ity

The Cauchy-Schwarz inequality is given as [2°!

2
(af?af)(az?a3) > (af araz az)". (34)

-1 N N N N N 1 N 1 N
0.0 0102 03 04 05 06 0.7 0.8 0.91.0

€l

. 7(0) (i = 1,2) which measures bunching and anti-bunching versus || for different

1
&3)i () I ©

%

Violations of this inequality indicate strong quantum

properties. As a measure of this violation we consider

the quantity I.[2

({af*at)(az *a3))"/?

+

IO =
[(af a1a] az)|

- ]-a (35)
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which becomes negative if inequality (34) is violated. seem to violate the inequality in some range of |£|.

In Fig.2, it is shown that only SU(1,1) CSs ‘57 ;> For these states, when |{| — 0 there is the greatest
violation and the violation decreases as || increases.

8 D. Squeezing
7r \
ol \ Finally, we examine the squeezing properties of
51 N\ these states. The two-mode quadrature operators are
\‘\(l
4t . defined as

2 3t — 1
2f - S Xlzm(al—l—af—&—az—l—a;‘), (36)

1t T __ .

= ! + +
0 X = 5372 (a1 —al +az —ad), (37)
1 e

which satisfy the commutation relation [Xi,Xs] =

,2 1 1 1 1 1 1 1 1 1
0.0 0.1 0203 0.4 05 06 0.7 0.8 0.9 1.0 ) ) ) .
1/2, leading to the uncertainty relation

€]
(AX1)*){(AX2)?) > 1/16. (38)

Squeezing exists whenever the variance of either
Fig.2. The violation of the Cauchy—Schwarz inequal- .
ity measured by parameter I for three uncorrelated quadrature component is less than 1/4. We therefore

two-mode SU(1,1) CSs as a function of |¢|: curve a, characterize the degree of squeezing by the parameters
1 3
‘§,§>;curve b, |&,1); curve c, §,§>
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Fig.3. Two-mode squeezing q; for different uncorrelated two-mode SU(1,1) CSs and three

¢ %> (b) I€,1); (<) [, g>

values of the angle ¢: (a)
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¢ =4(AX)3 -1, i=1,2, (39)

where squeezing exists for —1 < g; < 0. A maximum
(100%) SU(1,1) squeezing is obtained for g, = —1.

In Fig.3 we plot ¢; for three SU(1,1) CSs, re-
spectively. We find that in each case, the degree of
squeezing in the X; quadrature depends on the phase
¢ of the complex parameter ¢ defined under Eq.(6) as
¢ = —tanh(6/2)exp(—i¢). In Fig.3 the phase ¢ was
set to 0,7/4,7/2. When ¢ = 0 there is maximum
SU(1,1) squeezing in X for three cases. In the range
of m/2 < ¢ < 0 and tanh(6/2) > 0, the greater ¢ is,
the smaller is the squeezing in X;. At the same time,
for a fixed &, the degree of squeezing in X; decreases

with the increases of the Bargmann index k.
V. CONCLUSIONS

In this paper, we have constructed the uncor-

related two-mode bosonic realization of the SU(1,1)
Lie algebra, on the basis of which three SU(1,1) gen-
eralized coherent states in two-mode Fock space are
derived. For these states the mean photon num-
ber and the non-classical properties of photon anti-
bunching, violations of the Cauchy—Schwarz inequal-
ity and two-mode squeezing are studied. It is shown
that the uncorrelated two-mode SU(1,1) CSs may ex-
hibit the non-classical properties which only depend
on the value of £&. These properties are different from
those of correlated two-mode SU(1,1) CSs. For ex-
ample, the non-classical properties of correlated two-
mode SU(1,1) CSs not only rely on the value of ¢,
but also depend on the value of ¢ (the eigenvalue of
|ny —na|). For different values of ¢ and a fixed &, they
perhaps may exhibit different quantum properties.*?
As for the practical applications of uncorrelated two-

mode SU(1,1) CSs, further detailed study is needed.
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