Vol 10 No 9, September 2001
1009-1963/2001/10(09)/0787-03

© 2001 Chin. Phys. Soc.
and IOP Publishing Ltd

Chinese Physics

STATIC SPHERICALLY SYMMETRIC SOLUTION OF

EINSTEIN GRAVITY COUPLED TO ELECTRO-
MAGNETIC AND SCALAR FIELDS"

CHEN GuanG(B& %)
College of Engineering, Shantou University, Shantou 515063 China;

East China Institute for Theoretical Physics, Shanghai 200237, China

(Received 6 February 2001; revised manuscript received 30 May 2001)

The static spherically symmetric solution of Einstein gravity coupled to electromagnetic and scalar fields is obtained

under the consideration of the self-gravitational interaction of the electromagnetic and scalar fields, which is singularity-

free and stable.
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The static spherically symmetric solutions of Ein-
stein gravity coupled to electromagnetic or scalar
fields have been discussed by many researchers.[!=11
However, most solutions are obtained without consid-
eration of the self-gravitational interaction of electro-
magnetic or scalar fields, and they are singular and
of infinite energy. In this paper, we discuss Einstein
gravity coupled to electromagnetic and scalar fields
and derive the static spherically symmetric solution
under the consideration of the self-gravitational in-
teraction of electromagnetic and scalar fields. The
configuration of the solution is determined by electric
charges and proves to be singularity-free and of mini-
mal energy. As a stable gravitation bound state, it can
be regarded as a special non-topological soliton(!2:1]
with minimal coupling and no self-interaction poten-
tial.

The system of Einstein gravity coupled to electro-

magnetic and scalar fields is

F =0, Fu =Ay,— Apu,, (1)

¢, =0, (2)

R, — %g,“,R = —81GT,,, (3)
Tuw = Tep + Tspu,

1
Tepu = F,uocFau + Zg,uuFaﬁFaﬁa

1
Lo = G ub — Eglqu,a‘b’a-

We consider a coherent configuration of A,,, ¢ and g,
The lowest-energy state will have no electric currents,
and therefore no magnetic field. Furthermore, the
lowest-energy configuration will be spherically sym-

[14]

metric and stationary. For this configuration one

can choose a gauge such that 4g = ¢, 4;=0 (i=1,2,3)

and the spacetime metric is

ds? =g datda”

=Bdt? — Adr? — r? (d92 + sin? 0d LV2). (4)

Then Egs.(1)—(3) will be reduced to

(e . 2/+£ =0 (5)
Pl e\ B T A T

2 1/B A
" 2 B -0 6
¢+¢L+2<B A)] : (6)
BII B/ A/ B/ B/ (Pl2
Ry=—— 4+ (242 ) = — _4rGgZ—
& 2A+4A<A+B> AT T
e _B' B (A B\ A
T 9B 4B\ A B rA
(PIZ
e (¢'2 - ﬁ>, (7)
r A/ BI 1 28012
R991+ﬁ<—Z+E>+Z——4ﬂ'GT 1B

2
Rxpxp :Rgg sin 0,

where the primes denote the derivative with respect

to r.
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The formal solutions of Eqs.(5)—(7)can be written

o = @ exp( — /00 47rGl¢>'2dl>, (8)

4mr2
y %exp</r°° m [A(l) - fgﬂd)(;)

and

as

Ar) =[1—A()] 7

B(r)=[1- A(r)]exp{ - /Too 87rGl¢’2dl}, (10)

A(r) = %/OT 471'G <¢'2 + ;)dl

where @ and C are integral constants. Equations (8)-
(10) show that a self-gravitational interaction exists in
the system of Einstein gravity coupled to electromag-
netic and scalar fields. Moreover, it can be found that
©'? is a non-monotonic function with two minima at
r — 19 and 7 — 00, as well as a maximum at r = rq;
while ¢ is a monotonic function with a maximum at

r — 79 and a minimum at r — oco. From

o'’ =0, for = ry and r=rq,
and
¢" =0, for r — ry,
we can deduce
G 2
rd = 82 , A(rg) =0, (11)
> 2dl GQ?
C?* =@Q? / — A(l 12
Geo( [ % e —40) ) 42
and
GQ2 l GQ?
r? = — A ).
oo [ e s g~ 40

(13)
Also, from Egs.(10) and (11), one can deduce that,
when 7 < 719, ¢’ = ¢’ = 0, i.e. ¢ = ¢=constant.
Hence » = 7y is a discontinuous point of ¢’ and ¢’.
This means that, on the sphere r = rq, a distribu-
tion of charges exists, which constitutes the source of
the static electric field. Therefore, Egs.(8) and (9) are
only the external solutions of Eqs.(5) and (6). As for

the internal solutions, we can let

Z

0=y = pr— for r < ry, (14)
X

¢ =¢o = , for r <. (15)

4mrg

Correspondingly, Eq.(10) becomes

A(r) =1,
B(r) =B(rg) = exp{ — /00 87rGl¢'2dl},
A(r) =0, for r< ro,o (16)

and thereby the spacetime of r» < rq is flat. Integrat-
ing Eqs.(8) and (9), we derive

= — ’d = — 7Q
v /r rar »  AmT?
. exp< - / 47rGl¢>'2dl> dr, for r > g, (17)

and

o0 oo CI
_ "dr = —
/T ¢dr /,, 4772
2
%} dl) dr,

e [ g am 20 - G
for 7> mo. (18)

Comparing Eqs.(14) and (15) with Eqgs.(17) and (18),

when r — 7o, we obtain

Z:—TOQ/ d—gexp<—/ 47er¢'2dz>, (19)
T0 r I

and

*q
Z‘z—TOC’/ <
0 r

([ |40 - 4322}‘”)( 0

We know that the electric charge Z is a conservation

quantity, which determines @, ro, 1, C and X' through

Eqgs.(11)—-(13), as well as Egs.(19) and (20).
Furthermore from

A(r)  4rnGr o
i _ 2 —
A (T)|r:r2 - r 7 A <¢ + B |r:r2 - 07

we can deduce the maximum of A(r)

2
4rGr3| ¢ (ry) + #” (rs)
B(r2)
Amax = @,2(7'2) ) (21)
1 Y Je 2 12
+ 4w T <¢ (TQ) + B(Tz) >
and therefore,
0 < Apax < 1. (22)

Then by Egs.(4) and (10

time is singularity-free.

), this means that the space-
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Finally, the total energy of the electromagnetic =~ By varying E with respect to ¢ and ¢, we have

and scalar fields is

SE =0, §2E > 0. (24)

E :/Tg\/—gdgac
1 1 This means that the solution obtained above is of min-
:/ 71 <¢’2 + E(p'2> V—gd3z. (23)  imal energy and stable.
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