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In this paper, we discuss the optical geometry of the Kerr solutions, and show the embedding diagram at the

equator 6 = /2 for the optical space of the Kerr solution with a/M = 1. It is noticed that at the equator 6 = 7/2, the

Gaussian curvature K for the ordinary space is negative, and the K for the optical space is positive.
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I. INTRODUCTION

In the study of the properties of a spacetime de-
scribed by a metric g,,, it is often useful to exam-
ine the geometry of a hypersurface in it with embed-
ding diagrams. Furthermore, an optical space con-
struction often proves useful. We choose a metric
gi; on the hypersurface which is not simply the in-
duced metric v;; (projection of g,, onto the hyper-
surface) but rather a metric conformally related to it,
Gij = o 2170
choice of 02 = —g;;. The resulting Riemannian met-

Abramowicz et al.[? suggested the

ric g;; is referred to as the “optical geometry”. In a
stationary or static background spacetime, interesting
properties of particle dynamics are described by the
optical geometry. For example, in the static case the
geodesics of the optical space are “optically straight
” in the sense that they coincide with the trajectories
of light rays.2—¢l

Embedding diagrams have been used extensively
to study the properties of hypersurfaces in curved
spacetimes. In the method of embedding diagrams,
a hypersurface in a higher dimensional spacetime is
represented by a curved surface in a fiducial flat space
having the same intrinsic curvature as the hypersur-
face being studied. However, embedding diagrams of
the optical space have been presented in the litera-
ture only for the Schwarzschild solution and for the
Reissner—Nordstrom solution.[2#! In this paper, we ex-
tend the effort to the study of the optical geometry of

the Kerr solutions.

I.THE OPTICAL GEOMETRY FOR KERR
SOLUTIONS

The Kerr solution in Boyer and Lindquist coordi-

nates (t, 7, 0, ¢) can be written as!]

P
02
+ Zdr2 + p?de* + {(r2 + a?)
2a2Mr sin? 0
P2

4aMrsin® 6
02

} sin? 6d¢?
dtde, (1)

where p? = r2 + a?cos?6 and A = 72 — 2Mr + a2
M and a are constants, M representing the mass and
Ma the angular momentum as measured from infinity.
When a = 0, the solution reduces to the Schwarzschild

solution.

The three-dimensional (3D) space metric 7;; can
be read out from the full four-dimensional metric by

decomposing it in the form
ds? = di? — &(dt + 2a;dz’)?, (2)

di? = ;;dz'da?, (3)
which is equivalent to setting

gdoo = —Qs’ goi = —2Q5al, g” = ’Yz] —4@0{1011, (4)

where & = (1 — 2Mr/p?) and ey = aMrsin® 8/ (p? —
2Mr) for the Kerr solution. So the positive-defined

metric induced from Eq.(1) has the form
di? =v,;dz'da?

2
_P 42 2192, 49 .2 2
—Adr + p°do —+—1 SAL Sin 0do*. (5)
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Let us introduce the optical metric g;; = ¢~ 'v;;, and
obtain the line element of the optical space for the

Kerr solution
di? =g;;dz’da’

2 2
p 2 p 2

= 4 deé

< 2M7~> T

1—— A
p

2Mr
(1_ p? )
A
_l_i
2Mr
1=

> sin® fd¢?. (6)
In accordance with the definition, Eq.(2) is rewritten

as

ds? = &[dI? — (dt + 2a;dz?)?]. (7)

Next, we discuss some geometrical features near

the external horizon r =rg = M + vV M?2 — a?. |

We examine the proper lengths  and Z along ra-

dial directions according to the metrics (5) and (6),

2
dz = \/pzdr, (8)
2
Y LA
dz = @Adr. (9)

We have asymptotically, for the Kerr metric in the

and obtain

region r ~ 1y ,

V/2(r + a2 cos? )

Vi=Th

for a < M,

(M2 = q2)1/4
TR
M\/l—i—cosQOln(%—l) for a = M,
(10)
and

(rf + a® cos? 6) Arth\/2(r —ry) —a?sin? 0//M? — a?

2V M? — g2

81
Q

M(1+COS26)arc sec(TM

sin 6

sin 0

From Eqgs.(10) and (11), we notice that: (i) the proper
lengths = and = along the radial direction are depen-
dent on 0, and for a < M, at the equator are smaller
than in the poles; (ii) for a < M, in the poles (6 = 0, )
the horizon is located at a finite proper distance in the
ordinary space, but is infinitely far away according to
the optical geometry.

At the event horizon r = rg = M + VM2 = a2 ,
the Gaussian curvatures K and K of the two-surface
described by the metrics (5) and (6) are given, respec-
tively, by8-*!

K= _ [7&3/\/722733]l7

(12)
2\/722733

and

[43/v/22G33]
2VG22933

where the prime denotes differentiation with respect

to the polar angle §. The calculated K and K have

quite complex expressions. We discuss some cases of

K=-— (13)

particular interest instead of giving the full expres-
sions. (i) For the extreme Kerr black hole (a = M),

the curvatures of the event horizon (rg = M) are

(2 — 3sin”6)

= IO T 14
M2(1 + cos? 6)3’ (14)

fi <M,
2(r — rn) ora

for a = M.

land
- (7sin40—8sin29+4)
K = . 15
M2(1 + cos? 6)* (15)

One sees that the curvatures of the event horizon are

dependent on §. When # =0, K = K = . When

402

¢ =m/2, K = ——, and K = ek Analysing
Egs.(14) and (15) , we obtain that the curvature of
the two-surface for the ordinary space becomes nega-
tive for 54.7° < 0 < w — 54.7°, and the curvatures of
the two-surface for the optical space is always positive.

(ii) At the equator € = /2, the curvatures are

r2(r —2M) + 2Ma?

K= 16
r4(r — 2M) ’ (16)
and
- r*(r—2M)+4Ma?
iy 5)+ @ (17)
r
At the horizon 7y, the curvatures reduce to
K= o (18)
T T MR =)
and
~ 2(3M — /M2 — a2
P (3 v a?) (19)

(M VA — a2y
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One notices that, at the horizon, the curvature K for
the ordinary space is always negative, and the curva-
ture K for the optical space is always positive. Qual-
itative analysis shows that the larger the angular mo-
mentum of the black hole, the more curved is the equa-
tor surface. For the extreme Kerr black hole (a = M),
K= f% and K = % . For a = 0 (Schwarzschild
solution), K =0 and K = 0.

. EMBEDDING DIAGRAMS

For visualization of the intrinsic geometry of the
optical space, we attempt to embed Egs.(5) and (6)
in the Euclidean space. Of course, this is not always
possible. We consider only the embedding diagrams
of the section corresponding to # = 7/2. In the Eu-

clidean 3D space with a metric
ds? = dF? + 72dg + dz=2, (20)

we find a surface z = z(¥) which is isometric to the
section @ = /2. This is easily accomplished by writ-
ing the metric on the surface as['%

14 dz\ >
dr
and then identifying it with either di2 or diZ.
Comparing Eq.(21) with Eq.(5), one finds ¢ = ¢,

ds® = dr? +72dg’, (21)

e\t (22)
dr ) A(dr/dr)2 7
and A
= (23)
1— ==
.

It is evident from Eq.(22) that to embed Eq.(5) in the
Euclidean 3D space, the following condition must be
satisfied:

2r(r —2M)*A — Ma* > 0. (24)

The embedding condition does indeed restrict the
portion of the space that can be embedded in the

Euclidean 3D space. When a = 0 (Schwarzschild

solution), the embedding condition (24) reduces to
r > 1o =rg = 2M. For the extreme Kerr black
hole (a = M), Eq.(24) becomes r > 1o ~ 2.35M.
The behaviour of 7o /M as a function of a/M is shown
in Fig.1 (dashed curve). From Eq.(22), we can write
straightforwardly

(7) 1
) =+ 1
2(7) /TO Vr—2M

M?a*
“A[2M — —————d t., (25
\/ " — 202 r + const., (25)

which, together with Eq.(23), specifies completely the

dependence of z on 7.
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Fig.1. The behaviour of 7o/M (solid curve), and

ro/M (dashed curve) as functions of a/M. rq and 7g

are the limit of embeddability for the ordinary space

and the optical space, respectively.

Now, we turn our attention to the more dy-
namically informative optical metric (6). Comparing
Eq.(21) with Eq.(6), we have

dr

<%>2 = <1 - zfﬂw’"; <d7>2A -1, (26

and A
P (27)

(-2

Integrating Eq.(26) gives

with the embedding condition

2M
1- 22

> (rsM)m

2Ma?
a dr + const., (28)

r

2Ma?

1- 2=

r2<1—¥> @«3M)m > 0. (29)

r
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When a = 0, the embedding condition reduces to r >
9
7o = ZM For the extreme Kerr black hole (a = M),

the embedding condition becomes r > 7o ~ 2.7M.
Figure 1 (solid curve) shows the behaviour of 7y/M.
It is evident that the embedded space for the opti-
cal space is restricted, as compared with the ordinary

space (see Fig.1).
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Fig.2.
(dashed curve) and the optical space (solid curve) of
the Kerr solution with a/M = 1.

The function z(7) for the ordinary space

For comparison, the behaviours of z(7)/M with
respect to 7/M for the ordinary space and the optical

space of the Kerr solution with a/M = 1 are shown on

the same diagram in Fig.2. The embedding diagram
for the optical space at = /2 is shown in Fig.3. It is
noted that this embedding of the optical metric (6) for
the section 8 = 7/2 shares with the ordinary metric
(5) the property that dz/d7 tends to zero at infin-
ity, with the conformal factor going to one asymptot-
ically. The equatorial sections for both the ordinary
space and the optical space cannot be globally em-
bedded in 3D Euclidean flat space all the way into the
horizon at g = M + v/ M? — a2. From Eqs.(16) and
(17), examining their curvatures in the limit of em-
beddability (i.e. at ro &~ 2.35M, and 7o = 2.7M) gives
K ~0.368/M? and K ~ 0.063/M?.

15000

5000

—15000

Fig.3. The embedding diagram for the optical space
of the Kerr solution with a = M at the equator
0 =m/2.
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