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An analytical expression is given to the coherent information of the thermal radiation signal transmitted over the

thermal radiation noise channel, one of the most essential quantum Gaussian channels. Focusing on the single normal

mode of the thermal radiation signal and noise, we resolve the entangled state density operator, which characterizes

quantum information transmission, into a direct product of two parts, with each part being a thermal radiation density

operator. The calculation is aided by the technique known as “integral within ordered product of operators”.
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I. INTRODUCTION

One of the most fundamental results of the com-
munication theory is the noisy channel coding theo-
rem. Half a century ago, Shannon proved the clas-
sical version of the theorem when he first founded a
classical information theory. Recently, accompanying
the fast development of the general theory of quan-

(1.2] the quantum channel (noiseless,

tum information,
noisy) coding theorem has been proven.¥ Because
the quantum channel can be used to transmit classi-
cal information as well as quantum information, the
quantum version of the theorem was divided into two
parts: one for classical information, and the other for
quantum information. In the theorem, the most im-
portant quantity is the channel capacity, which limits
the ultimate transmission rate of the channel. As is
known, the capacity of the additive white Gaussian
channel with an average power-limited input plays an
important role in classical information theory. Sim-
ilarly, the capacity of the quantum Gaussian chan-
nel is very important to the development of quan-
tum information theory. For the classical capacity of
the quantum Gaussian channel, an explicit calcula-
tion has recently been given.!®) While the problem of
how to calculate the quantum capacity of the quan-
tum Gaussian channel remains unsolved. Defined via

the Gaussian form of its quantum characteristic func-

tion, quantum Gaussian noise not only includes ther-
mal radiation noise as a special case, but also in-
cludes a wide class of states such as coherent states
and also squeezed states.!®) However, thermal radia-
tion may consist of many normal modes. To extricate
the main idea of the quantum information transmis-
sion process, we shall restrict ourselves to the case of
the single normal mode of the thermal radiation signal
or noise, since the coherent information can be used to
represent the quantum capacity of the channel without
considering encoding,[®~9 and the thermal radiation
noise channel is one of the most essential quantum
Gaussian channels. The calculation of the coherent
information of a thermal radiation signal transmitted
over the thermal radiation noise channel should be
considered as the first necessary step towards the goal
of obtaining the capacity of a general quantum Gaus-

sian channel.

I. QUANTUM GAUSSIAN CHANNEL

A density operator is termed Gaussian when its
quantum characteristic function has some definite
form.[) Thermal radiation noise is Gaussian. Its
Gaussian character is clearly seen when any of its

modes is expressed in Glauber’s P representation.!”!

p(0) = (WN)_l/exp(*\alz/N)\aﬂalan- (1)
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Here N is the average number of photons in the mode,
|) is the coherent state and is the eigenstate of the
annihilation operator a. The mode we have considered
is described by a,a’ and the canonical commutation
Now we ask what will the final

state be when an initial quantum state is transmit-

relation [a, at]=1.

ted over a channel with quantum noise. The general
description of this question is the superoperator,® a
mapping of the initial operator p to the final operator
p'. The superoperator ¢ has a normalized operator

sum representation, that is

pl=clp) =) AupAl. (2)
o
The operators A, satisfy a normalization condition
Z Af A, = identity operator. (3)
I

The operator sum representation can further be sim-
plified to a channel matrix representation. We can
do this by expanding A, with displacement operators

D(a) = exp(aa™ — a*a), that is
A, =71 /Au(a)D(a)dza. (4)

Let B'(a,3) = ZAH(a)AH(ﬁ), thus we have
m

o =n"2 // B'(a,8)D(a)pDT(B)d%ad?B.  (5)

We consider how to generate a quantum noise of the
type of Eq.(1).

the noise in classical theory is equal to the signal ap-

From the viewpoint of transmission,

pearing at the receiving end when the sender sends
nothing. This is also true for quantum theory. The
difference is that in quantum theory “nothing” means
a vacuum state, and we set

too( = a-or) @

At least, when the

initial density operator is of the thermal noise type,

B'(e, 8) =

for the thermal noise channel.

which contains a vacuum state as a special case of zero
average photon number, it can be proven, by using the
integral technique within ordered product (TIWOP),[°]
that an equivalent expression of Eq.(5) exists for the

thermal noise channel.

o=t [ Blap@ept@da, (1)

1
with B(a) = ﬁexp(f|a|2/N). The main character
of IWOP is that when the operators a,a™ in the inte-

grand are arranged in a normal form, that is, all the

generation operators are on the left side of the anni-
hilation operators, then the integral can be taken as
if the operators are c-numbers. The denotation for
normal form is : : , and a useful formula often en-

countered in IWOP is
|0)(0| =: exp(—ata): . (8)

When p is a thermal noise signal with its average
photon number N,, then p’ will be a thermal noise sig-
nal with its average photon number Ny + N (with the
application of IWOP). Thus, the additive property of
Gaussian signals is reserved in the quantum theory,
and the von Neumann entropy of p is S(p) = g(Ns),
with g(z) = (z + 1)In(z + 1) — zlnz being a mono-

tonically increasing convex function.

II. ENTANGLED STATE OPERATOR

Coherent information is definedl® as I, =
S(p?) — S(pfQ) = S(p?') — S., where the index Q
denotes the quantum system to be transmitted and R
is a “reference” system. Initially, the joint system RQ
is prepared in a pure entangled state | W #®@), The sys-
tem R is dynamically isolated and has a zero internal
Hamiltonian, while the system ) undergoes an inter-
action with the channel noise. The final state of RQ is
possibly mixed and described by the density operator
pRQI. An initial pure entangled state can be written,

using the Schmit decomposition,[©!

|779) = VD @ [AD), (9)
k

where A\j, and |/\g> are eigenvalues and eigenstates of
p®. With no loss of generality, we set system R to have
the same initial state as @, that is, [A\F) = |)\g> = |Ag)-
Such a choice of R will not affect the coherent informa-
tion of @, for R is not intrinsic to @ in the transmis-
sion of quantum information, as mentioned in Ref.[6].
Then the final state is

P =37 VA (M AE)

kE'

® (/B(a)D(a)Mgmg|D+(a)d2a/7r). (10)

When @ is a single-mode thermal radiation system,
if we set |A\y) = |k), where |k) is a number state
of k-photons, then A\, = (1 — v,)v*, where v, =
N,/(N, + 1).18] We now express Eq.(10) in the gen-

eration and annihilation operators in order to obtain
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eigenvalues of pRQ', and the values of S, I.. To reach
this purpose we expand the states |k) in a coher-
ent state basis |y). By making use of the definition
|v) = D(%)|0) and Eq.(8), we obtain

*\k Sk’
£} 1 :/ (7\/12!:'!

+vat +8*a—ata):

sexp(—|y[* — |8
d2~d?$

2

(11)

The summation on k and k' of Eq.(10) can be taken
before the integral. With the help of denotations of
a3 = a®1,a2 = 1® a, the direct product in Eq.(10)
will be easily dealt with, and al,af commute with

as, a;'. By using IWOP, we have finally
PP =w : exp|(vsr — afa;
+ (v —1)afas + 7(af af + ara2)] :, (12)
where 7 = /v,(1 —

IV.EIGENVALUES OF ENTANGLED STATE
OPERATOR

v),w=(1-v)(1-uvy).

To obtain the eigenvalues of pRQ', we must first

remove the normal order in Eq.(12). By using the

formula : exp[(v — 1)a*ta] := v’ a [10] the result reads
pRQI = wexp(Tai’”a;)(uus)“;ralua;“ZeXp(Talag).

(13)
We rewrite the eigenvalue equation pBQ'|¥) = X @)

in a double-coherent-state representation
7T72/<a1062|PRQIW1ﬂ2><5152\'p>d2ﬂ1d2/@2
=MNaaz2|¥), (14)

where |8102) are common eigenstates of a; and ag

with eigenvalues 81 and (35 respectively. We suppose
1 1
(B1B2|¥) = exp {KTﬁikﬂ; - §|ﬂ1|2 - §|52|2} f(B1,83),
then Eq.(14) becomes
72w [ 155,000 5ud?8s = M (o a), (15)

with 2 = (K785 +B182)7 — | B1|* —|B2|* +vsvai fr +
vasfs + (1 — K)Tajas. We integrate with respect to
B2 with the help of the following integration formula

w1 /d2oz<,0(cz*)exp(—|oz|2 + ao) = ¢(0). (16)
The eigenvalue equation is reduced to

w*lw/dQﬂlf(ﬂf,Tﬂl + vaj)expfy = Af(aj,a3),
(17)

with

0 =— 01— K| + vevalB
+ Krvaif] + (1 — K)Tajas.

Apparently, f(87,085) = Bi™ are the solutions of
Eq.(17), in which K satisfies v,v2K/(1 — K72) =
K — 1. Letting w = 1 — K72, then we have

u? — (1 — vy + 2vv,)u + vy, = 0. (18)

Equation (18) has two roots. We take the root with
the plus sign for further use, and drop the root with
the minus sign, because it will lead to probabilities
larger than one or less than zero. Then the eigenval-
ues of Eq.(17) are

NI CETA (e <>m 19

u u

Similarly, f(87,05) = (5™ are also the solutions of
Eq.(17), with the eigenvalues

N, = Lv)d oY) <z>" (20)

u u
o0

We suppose f(85,03) = Z DBt Bsm with I being
n=0

a positive integer, then each term of the f function on
the left-hand side of Eq.(17) can be rewritten as

w/ﬂ'_ldQ,Bl,B;‘"H(Tﬂl + val)"expfh

=3 M aimHagm, (21)
m=0

Thus Eq.(17) can be written as Z MO D = D
n=0

with M,(,lb)n:O for m < n, and M® are the upper tri-

angle matrices. Their eigenvalues are their diagonal

elements, which can be easily obtained. The general

form of eigenvalues of pRQI is

A, == va)l=v) <usu>m<z)"
(=) (-0 () () e

due to Eq.(18), and

The second

m,n=0

equality is
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V. COHERENT INFORMATION

The ex-

VgV
Let Ny = ———— and N, =
U — VgV u—v

change information of the transmission, i.e. the en-
tropy of the density operator pRQ', is expressed as

Se = —Trp"¥ Inpf9" = g(N1) + g(N2).  (23)

From Eq.(5) we know that the final state is a thermal
noise state of the same mode with its average photon
number being N,+ N. Hence the coherent information

is given by

I = S(p?) = Se = g(N, + N) = g(N1) — g(N>). (24)

VI. CONCLUSION

We have analysed the quantum transmission of a
thermal radiation signal over a thermal noise quantum
channel. The input, a thermal radiation field of single
mode, is purified to an entangled state. In the purifica-
tion process the auxiliary “reference” system is chosen
to be exactly the same as the input. The final state
of the entangled state is critical in calculating the co-
herent information of the quantum transmission. We
find that after interaction with the channel, the entan-
gled state can be resolved to a direct product of two
parts. Each part is a thermal radiation field of a sin-
gle mode, which is characterized by an average photon
number. Then the exchange information of the trans-
mission can be expressed in terms of these average

photon numbers, as can the coherent information.
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