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We investigate the squeezing properties of a trapped ion in a standing-wave laser. Our results show that the

squeezing of a trapped ion in the standing-wave laser is dependent on its position in the latter, the detuning parameter

and the initial average phonon number.
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I. INTRODUCTION

The squeezing!!! of light and the atom has been
a centre of attraction in many theoretical, as well as
experimental, studies in the quantum optics field for

Owing to its potential applica-
(2]

the past few years.
tions in high-resolution spectroscopy,!“’ high-precision
atomic fountain clocks,® high-precision spin polar-
ization measurements,/* and generation of squeezed
light, % squeezing, in particular that of the atom, has
been extensively studied. Very recently, attention
has been drawn to the squeezing in an ensemble of

atoms illuminated with squeezed light, !

quantum-
controlled few-photon states generated by squeezed
atoms,[” and quantum noise and atomic spin polar-
ization measurements.!®

On the other hand, there has recently been
a great deal of interest in trapped ions inter-
acting with laser beams, due to potential appli-
cations in the preparation of non-classical states
of the vibrational motion of ions,®~'" precision
spectroscopy,'! quantum computation,!'? and quan-
tum state reconstruction.['3:14 Some authors have ex-
tensively investigated many dynamical properties of
the trapped ion system, but less attention has been
paid to the squeezing properties of these ions. In this
paper, we investigate the squeezing properties of the
trapped ions in a standing-wave laser by transforming
the trapped ion system to the Jaynes—Cummings type
system under the Lamb—Dicke limit.

II. THE MODEL

Here, we consider a single two-level ion trapped
in a harmonic potential of frequency v and interacting

with a standing-wave laser. When the trap frequency
v is much greater than the ionic decay rate, the Hamil-

tonian is[1]
A £
H=vaTa+ 502 + 706% COS[n(a + Cﬁ) + ¢]7 (1)

where a, a' are the annihilation and creation op-
erators for the phonons or the vibrational states of
the trap, A = wg — wr, is the detuning between the
transition and laser frequencies, o, = 021 + 012 and
0, = 099—011 are the two-level polarization and inver-
sion operators, respectively, {2y is the Rabi frequency
proportional to the amplitude of the standing-wave
laser, n is the Lamb-Dicke parameter, and ¢ accounts
for the relative position of the ion in the standing-
wave laser. In particular, ¢ = 7/2 corresponds to an
ion centred at a node of the standing-wave laser. We
expand Eq.(1) in powers of the Lamb-Dicke parame-
ter n to obtain

A 2
H =vaa+ 50 + 70 cos(¢)oy

0
— = sin(@)ou(a+a®) +O(F),  (2)
where higher-order terms of n are negligible in the

Lamb—Dicke limit. We have recently shown that by
introducing a unitary transform operator, ¢!

T =x0, + Yoz, (3)
with
o A+ 0 ~ {Xycos(9)
20 20(A+ Q)

2 =/ A2 + 23 cos?(¢), (4)
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the Hamiltonian (2) can be transformed into the stan-  dynamics of the trapped ion in any position of the

dard Jaynes—Cummings model (JCM) form: standing-wave laser. For example, the time evolution

H —THT+ operator of the trapped ion system can be obtained
N by applying the unitary transformation 7" to the JCM
=vata+ 20 +g(o21a + o12a™)

=Hjcm, (5)

evolution operator Ujcn as

Q()A Uion = T+UJCM (t)T, (6)
where g = 7 0 sin(¢). Therefore, we can directly
use the results of the normal JCM in studying the  with
e—iu(aa++l/2)t COS(At) _ Zésm(At) _ige_iu(aa++1/2)taSin(Bt)
2 24
Ujem = 7 (7)
_Z’gefiu(a*afl/Q)taJrM o—iv(ata—1/2)t {cos(Bt) n Zg sm(BBt)]

where A = \/§%2/4 4 g%aat, B = \/§2/4 + g?ata, and
0 = 2—v. Correspondingly, the total density operator
is given by

p(t) = Uson(t) p(0) U5, (1) (8)

For the ion initially in the ground state and the
phonons in a coherent state, p(0) is of the form

0 0
0) = , 9
p(0) 0 p0) (9)
with
pp(0) =Y PuPpIn)(ml, (10)
and

1 o
P - exp( - 5|a|2) - (1)

where a = \/nexp(if3), 7 is the initial average phonon
number, and [ is the phase of the phonon coherent
state. The total density operator after a straightfor-
ward calculation can be expressed in the form:

|D){(D| |D)}E|
t)= , 12
A P (12)
where
|D(t)) = Z PneXp(—ith){exp( — Z%t)

n=0

[zyCaln) — iy naln + 1)]
— exp (l%t) [2yCn—1|n) — iz, —1|n — 1>]},
(13)

B(t)) = i Pnexp(—inut){exp( - %)

n=0

t
+ exp (z%) [22Cno1|n) + izynn—1|n — 1>]}=
(14)
with
Osin At
Cn = cos At — 15 A
gvn+1sin Ayt
L T
52
A, = Z—i—gQ(n—l—l). (15)

Tracing p(t) over the phonon variables gives rise to
the reduced ionic density operator
o _| wwnwpan Eope) "
(D)|E®) (E@)|E®))
In what follows, we shall explore the squeezing prop-
erties of the trapped ion in a standing-wave laser.

M. SQUEEZING PROPERTIES OF A TRAP-
PED ION
To analyse the squeezing properties of a trapped
ion, we define the two Hermitian quadrature operators

1
S1=5(S¢ +5-),

S, = %(5; _5). (17)

In fact, S; and Sy correspond to the in-phase and out-
of-phase components of the amplitude of the ionic po-
larization, respectively. They obey the commutation
relation

[S1,S2] = iSs. (18)



722 Fang Mao-fa et al.

Vol. 10

Correspondingly, the Heisenberg uncertainty relation
is

(A81)2(A82)° 2 71(Sa)P, (19)

where (AS;)? = (S?) — (S))? is the variance in the
component S;(I = 1 or 2) of the ionic dipole.

The fluctuations in the component S; (I =1 or 2)
of the ionic dipole are said to be squeezed if S; satisfies
the condition

V(S)) = (AS)? — %|s3| <0, (I=1lor2). (20)

By using the reduced ionic density operator given by
Eq.(16), the expectation values of the ionic operators
S; (I =1, 2 and 3) are given by

(S2) = ~Im(D|E),
(S5) = 5((DID) - (E|B)). (21)

Substituting Eq.(21) into Eq.(20) gives

1 1
V(81) = ; — (Re(D|E))* = Z|(DID) — (E|B)],
1 1
V(Sh) = 7 — (m(D|E))* = 2(DID) — (E|E)|.(22)
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We will discuss the squeezing properties of the
trapped ion in the two cases of § = 2 — v = —{2 and
6 = 0 for the ion located at different positions in the
standing-wave laser.

Figure 1 presents the time dependence of V' (Ss),
indicating the squeezing in S, for 2y = 6w x 10%s~ 1,17
A = (/20,7 = 0.01. Here, the case when the trapped
ion is located at the node of the standing-wave laser
(¢ = m/2) is considered. Figures 1(a) and 1(b) show
the time evolution of V(S2) under the “resonant” con-
dition § = 0, for the initial average phonon number
n = 1 and n = 25, respectively. It can be seen that
at the early stage of the time evolution, the quantum
fluctuation in Ss of the trapped ion can be squeezed,
but the time of squeezing is decreased with an increase
in the initial average phonon number 7. In Figs.1(c)
and 1(d), the off-resonant cases 6 = —§2 are considered
for the initial average phonon number 7 = 1 and 25,
respectively. It is observed that, for the off-resonant
case, the squeezing time of the trapped ion is long,
compared to that under the resonant condition.
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Fig.1. Time evolution of the squeezing factor V(S2) of a trapped ion located at the node of the standing-wave

laser(¢ = 7/2). The ion is initially in the ground state |—) and the phonons in the coherent state. 29 = 67 X
105571, A = /20, and n =0.05. (a) § =0,a=1; (b) § =0,7=25; (¢) § = -2, a=1; (d) 6§ = —0,7 = 25.
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Figure 2 shows the time evolution of V' (S3) corre-
sponding to the squeezing of S5 for the case that the
trapped ion deviates from the node of the standing-
wave laser (¢ = 7w/4) and the other parameters are
same as in Fig.1. Under the resonant condition, for
the small average phonon numbers (2 = 1), the time
dependence of V(S3) shows a chaotic behaviour, and
the trapped ion exhibits irregular squeezing in So, as
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in Fig.2(a); while for large average phonon numbers
(7 = 25), the squeezing in Sy cannot occur, except
In Figs.2(c)
and 2(d), the off-resonant case § = — 2 is considered.

for the initial moment, as in Fig.2(b).

It is obvious that the trapped ion shows the periodi-
cal squeezing effects in Sy, and the squeezing time is
also decreased with an increase in the average phonon

number 7.
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Fig.2. Time evolution of the squeezing factor V(S2) of a trapped ion deviating from the node of the standing-

wave laser (¢ = mw/4). The ion is initially in the ground state |—) and the phonons in the coherent state. 2o =
6m x10°s~1, A= (2/20, andn=10.05. (a) =0,A=1;(b) § =0,A=25;(c) §=—-2,A=1;(d) § = —2,7 = 25.

In conclusion, we have investigated the squeezing
properties of a trapped ion in a standing-wave laser.
Our results show that the squeezing of a trapped ion
in the standing-wave laser depends on its position in
the laser, the detuning parameter § and the initial
average phonon number 7. We can come to the fol-
lowing conclusions. Firstly, when the trapped ion is
located at the node of the standing-wave laser, the

trapped ion shows the squeezing effects only in the
short-time range(10~%s). Secondly, as the trapped ion
deviates from the node of the laser, the squeezing ef-
fects can occur in the long-time range, and the trapped
ion exhibits periodical squeezing effects under the off-
resonant condition. Finally, the squeezing time is de-
creased with an increase in the initial average phonon
numbers.
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