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The covariant phase technique is used to compute the constraint algebra of the four-dimensional space-times

which are asymptotic to anti-de Sitter (AdS), such as the planar Taub–NUT AdS and Taub–bolt AdS spaces, and

the hyperbolic Taub–bolt AdS space. The standard Virasoro subalgebrae with corresponding central charges for these

objects are constructed and the resulting densities of states yield the expected Bekenstein–Hawking entropies.
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I. INTRODUCTION

By comparing black hole physics and thermody-
namics, and from the discovery of black hole evapora-
tion, Bekenstein and Hawking[1−3] have found that
the black hole entropy is given by AH/4, where
AH is the area of the black hole. However, the
statistical mechanical description of the Bekenstein–
Hawking entropy[1−3] in terms of microscopic states
is still an outstanding open question and much ef-
fort has been concentrated on the problem for some
years.[4−22] A major step toward finding a univer-
sal mechanism was taken by Strominger and Vafa.[23]

By using Brown and Henneaux’s result[24] that the
asymptotic symmetry group of AdS3 is generated by
the Virasoro algebra and, therefore, any consistent
quantum theory of gravity on AdS3 is conformal the-
ory, Strominger[25] calculated the entropy of the three-
dimensional (3D) Bañados–Teitelboim–Zanelli (BTZ)
black hole by counting excitations of AdS3. In the
light of this work, one could statistically re-interpret
the black hole entropy by establishing a relation con-
formal field theory on the boundary of related 3D
BTZ space. In order to overcome the limitations of
Strominger’s method, such as the fact that the ap-
proach can only be used for (2+1) dimensions and
it is based on an algebra of transformations at in-
finity, Carlip[26] derived the central extension of the
constraint algebra of general relativity by using the
manifestly covariant phase space method[27−30] and
a boundary which is a surface that looks locally like

a Killing horizon. A natural set of boundary con-
ditions leads to a Virasoro subalgebra with a calcu-
lable central charge. He then studied the statistical
entropy of the Rindler space, Taub–NUT and Taub–
bolt spaces, and two-dimensional (2D) dilaton gravity.
We have recently extended Carlip’s study to statisti-
cal entropies of the rotating-charged black hole[16] and
the stationary dilaton black hole[17] by the covariant
phase space method. The main purpose of this pa-
per is to study the entropies of the four-dimensional
planar Taub–NUT AdS and Taub–bolt AdS, and the
hyperbolic Taub–bolt AdS spaces since all of these ob-
jects possess some special properties.

The plan of this paper is as follows. In Sec-
tion II, by using the covariant phase techniques,
we extend Carlip’s result[31] for La1a2···an−1 =

1
16πG

εa1a2···an−1R to the case including the cosmo-

logical term, La1a2···an−1 =
1

16πG
εa1a2···an−1(R− 2Λ).

In Section III, the standard Virasoro subalgebrae with
corresponding central charges are constructed for the
planar Taub–NUT AdS and Taub–bolt AdS, and the
hyperbolic Taub–bolt AdS. The statistical entropies
for these objects are then calculated. The last section
is devoted to the summary.

II. CONSTRAINT ALGEBRA AT THE KILL-
ING HORIZON

In Refs.[17–30] the authors showed that the varia-
tion of the Lagrangian defines the equation of motion
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n-form E and the symplectic potential (n−1)-form Θ
via the equation

δL = Eδφ + dΘ, (1)

where L is an n-form, Eδφ = Eab
g δgab + Eψδψ,

φ = (gab, ψ) denotes an arbitrary collection of dynam-
ical fields, and the equations of motion are taken to be
Eab

g = 0, Eψ = 0. Let ξa be any smooth vector field
on the space-time manifold M , i.e. ξa is the infinites-
imal generator of a diffeomorphism, then a Noether
current (n− 1)-form can be defined as[29,30]

J [ξ] = Θ[φ,Lξφ]− ξ ·L, (2)

where the “central dot” denotes the contraction of the
vector field ξa into the first index of the differential
form L. Lee[27] showed that J is closed for all ξa,
i.e. dJ = 0. Then we obtain[29]

J = dQ, (3)

where Q is a Noether charge (n − 2)-form. From
the variation of the Noether current (n − 1)-form,
we know that the symplectic current[27] (n − 1)-form
ω[φ, δ1φ, δ2φ] = δ2Θ[φ, δ1φ] − δ1Θ[φ, δ2φ] can be ex-
pressed as

ω[φ, δφ,Lξφ] = δJ [ξ]− d(ξ ·Θ[φ, δφ]), (4)

and the Hamiltonian equation of motion is

δH[ξ] =
∫

C

ω[φ, δφ,Lξφ]

=
∫

C

[δJ [ξ]− d(ξ ·Θ[φ, δφ])]. (5)

Using Eq.(3) and defining a (n − 1)-form B as δ
∫

∂C

ξ · B[φ] =
∫

∂C
ξ · Θ[φ, δφ], one obtains the Hamil-

tonian[31]

H[ξ] =
∫

∂C

(Q[ξ]− ξ ·B[φ]). (6)

It is well known that the Poisson brack-
et forms the standard “surface deformation al-
gebra”[24,31]

{H[ξ1],H[ξ2]} = H[{ξ1, ξ2}] + K[ξ1, ξ2], (7)

where the central term K[ξ1, ξ2] depends on the dy-
namical fields only through their boundary values.

In this paper, we focus our attention on n-
dimensional space which are (locally) asymptotic to
anti-de Sitter (AdS) space-time. So we take the La-
grangian n-form as

La1a2···an
=

1
16πG

εa1a2···an
(R− 2Λ), (8)

where εa1a2···an
is a volume element (a continuous non-

vanishing n-form) and Λ is the cosmological constant
(Λ > 0 for de Sitter space, and Λ < 0 for anti-de Sitter
space). By using the infinitesimal generator of a dif-
feomorphism, ξ, the symplectic potential (n− 1)-form
is given by

Θa1a2···an−1 [g,Lξg]

=
1

8πG
εca1a2···an−1(∇e∇[eξc] + Rc

eξ
e). (9)

From Eqs.(2) and (9) we know that the Noether cur-
rent (n− 1)-form can be expressed as

Ja1a2···an−1 =
1

8πG
εca1a2···an−1(∇e∇[eξc]

+ Rc
eξ

e)− ξ ·L

=
1

8πG
εca1a2···an−1

[
∇e∇[eξc]

+ (Rc
e −

1
2
δc
eR + δc

eΛ)ξe
]
.

(10)

Denoting by δξ the variation corresponding to the
diffeomorphism generated by ξ, for the Noether cur-
rent J [ξ] we have

δξ2J [ξ1] = ξ2dJ [ξ1] + d(ξ2 · J [ξ1])

= d[ξ2(Θ[φ,Lξ1φ]− ξ1 ·L)]. (11)

Substituting Eq.(11) into Eq.(5) and using Eq.(10),
we arrive at

δξ2H[ξ1] =
1

16πG

∫

∂C

εbca1···an−2 [ξ
b
2∇e(∇eξc

1

−∇cξe
1)− ξb

1∇e(∇eξc
2 −∇cξe

2)]

+
1

8πG

∫

∂C

εbca1···an−2

·
(

Rc
e −

1
2
δc
eR + δc

eΛ
)

ξe
1ξ

b
2

− 1
8πG

∫

∂C

εbca1···an−2R
c
eξ

e
2ξ

b
1.

(12)

Since the “bulk” part of the generator H[ξ1] on the
left-hand side vanishes on the shell, we can interpret
the left-hand side of Eq.(12) as the variation of the
boundary term J , i.e. δξ2J [ξ1]. On the other hand,
the change in J [ξ1] under a surface deformation gen-
erated by J [ξ2] can be precisely described by the Dirac
bracket {J [ξ1], j[ξ2]}∗, that is,

δξ2J [ξ1] = {J [ξ1], J [ξ2]}∗. (13)
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Then from Eq.(7) we obtain the following relation on
the shell

{J [ξ1], J [ξ2]}∗ = J [{ξ1, ξ2}] + K[ξ1, ξ2], (14)

where J [ξ] is defined by Eq.(10) and the Dirac bracket
is given by

{J [ξ1], J [ξ2]}∗ =
1

16πG

∫

∂C

εbca1···an−2 [ξ
b
2∇e(∇eξc

1

−∇cξe
1)− ξb

1∇e(∇eξc
2 −∇cξe

2)]

+
1

8πG

∫

∂C

εbca1···an−2

·
(

Rc
e −

1
2
δc
eR + δc

eΛ
)

ξe
1ξ

b
2

− 1
8πG

∫

∂C

εbca1···an−2R
c
eξ

e
2ξ

b
1.

(15)

For vacuum general relativity (T c
e = 0), the Einstein

equation shows

Rc
e −

1
2
δc
eR + δc

eΛ = 0. (16)

We should note that Rc
e does not vanish since we have

introduced the cosmological term, which is different
from Carlip’s case.[30] Inserting Eq.(16) into Eq.(10),
we obtain

Ja1a2···an−1 =
1

8πG
εca1a2···an−1∇e∇[eξc]. (17)

From Eqs.(3) and (17) we know that the Noether
charge (n− 2)-form Q can be expressed as

Qa1a2···an−2
= − 1

16πG
εbca1a2···an−2∇bξc, (18)

and the Dirac bracket (15) can now be reduced to

{J [ξ1], J [ξ2]}∗ =
1

16πG

∫

∂C

εbca1···an−2 [ξ
b
2∇e(∇eξc

1

−∇cξe
1)− ξb

1∇e(∇eξc
2 −∇cξe

2)]

− 1
8πG

∫

∂C

εbca1···an−2R
c
eξ

e
2ξ

b
1.

(19)

Comparing Eq.(19) with Eq.(3.6) in Ref.[30], we

know that we have a surplus term − 1
8πG

∫
∂C

εbca1···an−2R
c
eξ

e
2ξ

b
1.

We now introduce Carlip’s boundary condi-
tions[31]

δχ2 = 0, χatbδgab = 0,

δρa = − 1
2κ
∇a(δχ2) = 0, at χ2 = 0,

(20)

where χ2 = gabχ
aχb, χa is a Killing vector, ρa is a

vector orthogonal to the orbits of χa, ρa → χa at
the horizon, and ta is a unit space-like vector tangent
to the boundary ∂M of the space-time M . The sur-
face deformation vector is suggested as in the following
form

ξa = Rρa + T χa, (21)

where functions R and T satisfy[30]

R =
1
κ

χ2

ρ2
χa∇aT ,

ρa∇aT = 0, (at the horizon). (22)

For a one-parameter group of diffeomorphism such
that DTα = λαT α, ( D ≡ χa∂a ), Carlip introduced
an orthogonality relation[31]

∫

∂C

ε̂ TαTβ ∼ δα+β . (23)

The technical role of the condition (23) is to guarantee
the existence of generators H[ξ]. By using the other
future-directed null normal vector Na = ka−αχa−ta,

with ka = − 1
χ2

(
χa − |χ|

ρ
ρa

)
and a normalization

Naχa = −1, the volume element can be expressed as

εbca1···an−2 = ε̂a1···an−2(χbNc − χcNb) + · · · · · · , (24)

where the omitted terms do not contribute to the in-
tegral.

By making use of the conditions listed above, we
now calculate the last term on the right-hand side of
Eq.(19)

− 1
8πG

∫

∂C

εbca1a2···an−2R
c
eξ

e
2ξ

b
1

=− 1
8πG

∫

∂C

εbca1a2···an−2

(
1
2
R− Λ

)
δc
eξ

e
2ξ

b
1

=− 1
8πG

∫

∂C

ε̂a1a2···an−2

(
1
2
R− Λ

)

· (χbNc − χcNb)(T1χ
b +R1ρ

b)(T2χ
c +R2ρ

c)

=− 1
8πG

∫

∂C

ε̂a1a2···an−2

(
1
2
R− Λ

)

· (ρ|χ|T1R2) + O(χ2)

=− 1
8πG

∫

∂C

ε̂a1a2···an−2

(
1
2
R− Λ

)

· |χ|
ρ

χ2

κ
T1DT2 + O(χ2)

=0. (25)

In the calculation we have used Eqs.(16), (21), (22)
and (24). By using the result and Eqs.(21), (22) and
(24), after Carlip’s discussion we can show that the
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second term of Eq.(6) has no contribution to H[ξ],
and Eq.(19) can be cast into

{J [ξ1], J [ξ2]}∗

=
1

16πG

∫

∂C

εbca1···an−2 [ξ
b
2∇e(∇eξc

1

−∇cξe
1)− ξb

1∇e(∇eξc
2 −∇cξe

2)]

=− 1
16πG

∫

∂C

ε̂a1···an−2

[
1
κ

(T1D
3T2

− T2D
3T1)− 2κ(T1DT2 − T2DT1)

]
.

(26)

It is also easy to show that

{ξ1, ξ2}a =(T1DT2 − T2DT1)χa

+
1
κ

χ2

ρ2
D(T1DT2 − T2DT1)ρa.

(27)

By making use of Eqs.(3) and (18) and replacing ξa

in Eq.(18) by {ξ1, ξ2}a, we have

J [{ξ1, ξ2}] =
1

16πG

∫

∂C

ε̂a1a2···an−2

[
2κ(T1DT2 − T2DT1)

− 1
κ

D(T1D
2T2 − T2D

2T1)
]
. (28)

The central term can then be obtained from Eqs.(14),
(26) and (28), which is explicitly given by

K[ξ1, ξ2] =
1

16πG

∫

∂C

ε̂a1a2···an−2

· 1
κ

(DT 1D
2T2 −DT2D

2T1).
(29)

In the next section we will study the statistical
entropy for some well-known AdS solutions by using
the constraint algebra described by Eqs.(7), (26), (28)
and (29).

III. STATISTICAL ENTROPY

A. Planar Taub–NUT AdS and Taub–bolt AdS

Both the four-dimensional planar Taub–NUT
AdS and Taub–bolt AdS are described by the line
element[30,31]

dS2 =V (r)
[
dτ +

n

l2
(xdy − ydx)

]2

+
dr2

V (r)
+

r2 − n2

l2
(dx2 + dy2),

(30)

where

V (r) =
−2mr + l−2(r4 − 6n2r2 − 3n4)

r2 − n2
, (31)

and l2 = −Λ/3 ( Λ < 0 ).
The Taub–NUT AdS will appear as fixed-point

sets at r = n. From Eq.(31) one knows that the mass
parameter must take the value

mpn = −4n3

l2
. (32)

Then Eq.(31) can be rewritten as

Vpn =
(r − n)2(r + 3n)

l2(r + n)
. (33)

For the Taub–bolt AdS solutions, where ∂τ has a
fixed point set at r = rpb > n. Then one finds that
the mass is

mpb =
1

2l2

(
r3
pb − 6n2rpb − 3n4

rpb

)
. (34)

Both the Taub–NUT AdS and Taub–bolt AdS
have a time-like Killing vector χa ∂

∂xa
= ∂τ . Thus, a

one-parameter group of diffeomorphism can be taken
as

Tn =
1
κ

exp [in(κτ)] . (35)

Substituting Eq.(35) into Eq.(29), we obtain

K[Tm, Tn] = − iAbolt

8πG
m3δm+n,0, (36)

where Abolt is the area of the event horizon. Thus,
Eq.(14) takes a standard form of a Virasoro subalge-
bra

i{J [Tm], J [Tn]} = (m− n)J [Tm+n] +
c

12
m3δm+n,0,

(37)
with a central charge

c

12
=

1
8πG

L2(r2
pb − n2)
l2

=
Abolt

8πG
, (38)

where L2 accounts for the area of the (x, y) plane,
−L/2 ≤ x, y ≤ L/2. The boundary term J [T0] can
easily be obtained by Eqs.(3) and (18), which is given

by J [T0] =
Abolt

8πG
. It is well known that a confor-

mal field theory is characterized by a pair of Virasoro
algebras, one for left-moving modes and one for right-
moving modes. Then, the corresponding densities of
the quantum states with a given eigenvalue 4 of J [T0]
grow asymptotically for large 4

ρ(4) ∼ exp
{

2π

√
c

6

(
4− c

24

)}
= exp

[
Abolt

4G

]
.

(39)
The statistical entropy is thus given by

SSE =
1

4G

L2(r2
pb − n2)
l2

=
Abolt

4G
, (40)
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which is equal to the Bekenstein–Hawking entropy.[32]

B. Hyperbolic Taub–bolt AdS

There is also the possibility of having the hyper-
bolic, instead of planar, fixed-point sets of ∂τ . The
metric to be used is[32]

dS2 =V (r) [dτ + 2n(cosh θ − 1)dϕ]2

+
dr2

V (r)
+ (r2 − n2)(dθ2 + sinh2 θdϕ2),

(41)

where

V (r) =
−(r2 + n2)− 2mr + l−2(r4 − 6n2r2 − 3n4)

r2 − n2
.

(42)
It was found in Ref.[32] that there is no hyperbolic
Taub–NUT AdS. Nevertheless, hyperbolic Taub–bolt
AdS solutions can be constructed by setting the mass
as

mhb =
1
2

[
1
l2

(
r3
hb − 6n2rpb − 3n4

rpb

)

−
(

rh +
n2

rhb

)]
, (43)

where rhb is the radial position of the fixed point set.
Noting that the Taub–bolt AdS has a Killing vector

χa ∂

∂xa
= ∂τ we obtain

Tn =
1
κ

exp [in(κτ)] . (44)

The Virasoro subalgebra also takes the same form as
Eq.(37) with the central charge

c

12
=

1
8πG

σ(r2
hb − n2)
l2

=
Abolt

8πG
, (45)

where σ is the area of the hyperbolic space.[31] Then,
the corresponding statistical entropy is shown explic-
itly by

SSE =
1

4G

σ(r2
hb − n2)
l2

=
Abolt

4G
, (46)

which is equal to the Bekenstein–Hawking entropy of
the hyperbolic Taub–bolt AdS.[31]

IV. SUMMARY

By using the covariant phase techniques and Car-
lip’s boundary constraint conditions,[30] the central
extension of the constraint algebra has been worked
out and the standard Virasoro subalgebrae with the
corresponding central charge are constructed for the
planar Taub–NUT AdS and Taub–bolt AdS spaces
and the hyperbolic Taub–bolt AdS space. The den-
sities of states calculated by using the Cardy formula
yield the statistical entropies for these objects, which
agree with their Bekenstein–Hawking entropies. The
results support Carlip’s supposition: regardless of the
details of a quantum theory of gravity, symmetries in-
herited from the classical theory may be sufficient to
determine the asymptotic behaviour of the density of
states.

———————————————————————————
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