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In this paper, new explicit and exact travelling wave solutions for a compound KdV—-Burgers equation are obtained

by using the hyperbola function method and the Wu elimination method, which include new solitary wave solutions

and periodic solutions. Particularly important cases of the equation, such as the compound KdV, mKdV-Burgers and

mKdV equations can be solved by this method. The method can also solve other nonlinear partial differential equations.
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I. INTRODUCTION

In this paper we consider the compound KdV-

Burgers equation
ug + puty + quiug + rugy — Stgpe = 0, (1)

where p, g, r and s are constants, which can be
thought of as a composition of the KAV, mKdV and
Burgers equations, involving nonlinear, dispersion and
dissipation effects. Equation (1) contains the follow-
ing particularly important cases:

(a) For p# 0,9 # 0,7 = 0,s # 0: Eq.(1) becomes
the compound KdV equation

ug + puty + quiug — Stz = 0. (2)

(b) For p=0,q9 # 0,7 # 0,s # 0: Eq.(1) becomes

the mKdV-Burgers equation

us + qu2uz + TUgy — SUgze = 0. (3)

(c) In Eq.(3) if » = 0, then we have the mKdV
equation

g + quiu, — Sty = 0. (4)

In a recent paper, Wang et al.l!] found some exact
solutions of Eq.(1) by using the homogeneous balance
method.[? In this paper we gain many new travelling
wave solutions of Eq.(1) by use of a hyperbola func-

tion methodl3l and the Wu elimination method.[4:3]

The exact solutions of Eqs.(2)—(4), as the particular
cases of the solutions for Eq.(1), are also obtained.
The main idea of the algorithm is as follows.
We give a partial differential equation, say, in two

variables
P(U,Um,ut,umm,umt,Uth"') :07 (5)

where P is in general a polynomial function of its ar-
gument, and the subscripts denote the partial deriva-
tives. Egs.(1)—(4) are all of the type of Eq.(5). By
using the travelling wave transformation, Eq.(5) has

the following form of solution

u(xvt) = ¢(§)7

where k and \ are constants to be determined later

&= Xz — kt +co), (6)

and ¢p is an arbitrary constant. Substituting Eq.(6)
into Eq.(5) yields an ordinary differential equation for
¢
P(¢,¢'.4",---) =0, (7)

where “’” denotes d/d€.

According to the hyperbola function method, we
suppose that Eq.(7) has a travelling wave solution of
the following form

o(é) = Zsinhi_1 w(B; sinh w+ A; coshw)+ By, (8)

=1

w .
— =sinhw or

& (31_? = cosh w, (9)

*Project supported by the National Key Basic Research Development project of China (Grant No. 1998030600),the National

Natural

Science Foundation of China (Grant No. 10072013) and Educational Committee of Liaoning Province (Grant No. 990421093).

694



No. 8

New explicit and exact traveling wave solutions for a ... 695

where A; and B; (i=0,1,2,---n) are constants to be
determined later, and the value of n is obtained by
equating the highest nonlinear terms and the highest-
order partial derivative term in Eq.(5) (see Ref.[2] for
details).

Step 1 Equating the highest-order nonlinear
term and highest-order linear partial derivative term
in Eq.(5) yields the value of n.

Step 2 Substituting Egs.(8) and (9) into Eq.(7)
yields a polynomial equation about coshwsinhiw,
sinh”w(i = 0,1,2,---). This step can be carried out
by computer.

Step 3 Setting the constant term and coeffi-
cients of sinhw, coshw, sinhw coshw, sinh®w, - - - in
the equations obtained in step 2 to zero, yields a sys-
tem of algebraic equations about the unknown num-
bers k,\, By, A;, Bi(i =1,---,n).

Step 4 Using the Wu elimination method, the
algebraic equations in step 3 are solved by computer.
Then combining Egs.(6)—(9) yields the solitary wave
solutions and periodic solutions for the system (5).

Using the algorithm, we find that the form of so-
lution not only includes the terms csch £ or coth & (csc
¢ or cot), but also has their combination term. This
characteristic is different from that of other methods,

such as the homogeneous balance method, etc.

I. NEW EXPLICIT AND EXACT TRAVEL-
LING WAVE SOLUTION FOR EQ.(1)

We set

u(xvt) = @(f)v §= )\(CE —kt + co)v (10)

where A and k are constants to be determined later
and c¢p is an arbitrary constant.
Substituting Eq.(10) into Eq.(1) yields

ko' — ppd’ — g’ — Arg” + A% =0,  (11)

where “’” denotes d/d€.

According to step 1 in the introduction, we sup-

pose that Eq.(2) has the following form of solution
#(€) = Bo + Aj coshw + By sinhw, (12)

and the target equation

i—lg = sinhw. (13)

With the aid of Mathematica or Maple, from Egs.(12)

and (13), we obtain

ko' — pod’ — g’ — Arg" + sA>o"”
=(—A1Bip — 2A1B1Bog — BirA)sinhw

+ (Bik — B1Bop — A3Bigq

— B1Boq + BiAs?) cosh wsinh w

+ (A1k — Ay Bop — Alq — 24, Biq

— A1 B2q + 4A,5\?) sinh”® w

+ (—A%p — Bip — 2A2Byq — 2B? Byq

— 2A,7)) cosh wsinh® w

+ (=24, B1p — 4A, B; Byq — 2By7)) sinh® w

+ (—3A%B,q — B3q + 6B;s\?) coshwsinh® w

+ (=A3¢g —34,B3q +6A,5)%)sinh* w = 0.

Setting the coefficients of sinh? w cosh® w (=0,1,

7=0,1,2,3,4) to zero, we have
AlBlp + 2A1B1B0q + BlTA = 0, (14)

Bik — ByByp — A2B1q — B1Bog + Bi\s*> =0, (15)
Alk—AlBop—Ai’q—2A1B%q—A1B3q+4A13)\2 = 0,

A2p+ B?p + 2A2Byq + 2B2Byq + 2A17\ = 0,

)

(17)

(72A, Blp - 4AlBlBoq - 2317“/\) =0 (18)
3AIB1q + Bjq— 6B1sA* =0, (19)
A3q+3A,Biq—6A;5\* = 0. (20)

Using the Wu algebraic elimination method to
solve the system of the over-determined equations
(14)—(19) with respect to Ay, By, Bo, A, k, yields

Case 1: qs >0,

6
Bi=By=0, A ==2\/—, k=2s)2
q

Case 2:
3
P A =B =42/,
6gs 2q 2q

1 2 2
k=24 )
2 3s  2q

We take the target equation as
dw
d¢

Using the same method as above and solving the cor-

2qr? = 3p?s,

qgs >0, By=-—

= coshw. (21)

responding over-determined equations, we obtain
Case 3: 2qr? = 3sp?, ks <0,

o [~k “k
Bo=A; =0, By=+—4/=, A=/,
p 2s 2s
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Case 4: 2r2q = 3sp?, kq <0, (v) qs >0,
-3k p [—3k /3s p r
By=0 A =B=+4,/— X=4+%,/ u(z,t) = 4/ —A(csc€ —coté) + — + ,
0 ) 1 q ) r q ( ’ ) 2q ( 6 é.) 2q /—Gqs
Case 5: where

[—3s p r
>0, Aj=By=4+/—)\ Byo=— ,
qs 1 1 2 0 2 Bgs

2 2 _9.2)2
b — 3p° n 2pr n ré —3s°A -
4q \/6gs 6s

d
For the equation d—lg = sinw, by integrating it

(taking the integration constant to be zero), we have
sinhw = —csché, (22)

coshw = — coth&. (23)

Also from Eq.(21), we can obtain
sinhw = — cot &, (24)

cosh w = csc€. (25)

According to Egs.(12), (22)—(25) and cases 1-5, we
can obtain the following solitary wave solutions (i)—
(ii) and periodic solutions (iii)—(v) for Eq.(1).

(i) gs>0,

u(x,t) = £, / 2% coth Az — 28t + ¢o).
q

for t — +o00, u(z,t) — oo. This implies that the wave

2qr? = 3p?s,

may have the blow-up phenomenon.
(i) gs >0,

r p
u(z,t) = :b\ﬁ(cschf—l—cothﬁ) Tos 20"

where
sAZ + ﬁ — p_2
3s 2q)°

(iii) 2qr? = 3sp?, ks < 0,

u(z,t) ::I:%U;—fcot <:I:H;f(a:kt+co)),

(iv) 2r2q = 3sp?,kq < 0,

u(z,t) = +4/ _sk (csc€ — cot &),

-3k
= ig — (@~ kt+co).

E=XNz—kt+co), k=

N =

where

3p? 2pr r? — 352)\2
= Mz — kt k=|— .
E= Mokt = (L4 2 T2
. SPECIAL CASES OF EQ.(1) AND THEIR
TRAVELLING SOLUTIONS
We omit the steps of solving Eq.(2)—(4).
1. Equation (2) has solitary and periodic solu-

tions of the following form. These solutions differ from
1,6,7]

_E + )\\/t](cschf + coth &),

1 p?
&= Az — kt+ co), k:4<25/\2>.
q

other solutions,!
Uy (xa t)

where

—3(p? + 4kq) cot A(z — kt + ¢q),

. p°+4kqg <0,

1 1 [4k
u;;(.’r,t):ia g(4k‘q—p2)05c(i§ %

-(x—kt+co)),8q>0,4kq_P2 > 0.

sq > 0.

1
ug(z,t) = :i:z—q —(3p? + 12kq)(csc€ — cot &) — 2%1,
where
—(p? + 4k
§=+=+ %(x—kt+co)m2+4kq < 0,95 > 0.

2. Equation (3) has solitary and periodic solu-

tions of the following form

ui(z,t) = iAﬁ(cothf—i—cschf)

V6sq’
where
1 [2ks —1r2 9
E=x—/———(x —kt+co),sq > 0,2ks —r* > 0.
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2 h
—6 k whnere
ug(z,t) ==+ T 0% ot 1 5
2sq E=A m—is)\t—i—co ,qs > 0.
1 [r?—6sk
e e — ke 6
< 2s 3 (= + cO)) ’ =4\ —Scsch(A(m + As?t + ¢p)), sqg > 0.
q

2 _6sk > 0,sq > 0.

r2 — 6sk r

(csc€ — cot &) + Nk

us(z,t) =+

where

1 [r? —6sk
E=+- %(xfkt+co),sq>0,7“2763k‘>0.
s

3. Equation (4) has following solitary and peri-
odic solutions

uy(z,t) = iA\/:(CSCh£+coth§)

6
us(z,t) = £/ ?scoth()\(x + 2Xs%t 4+ ¢g)), 8¢ > 0.

ug(z,t) = :i:)\\/:(cscf—cotf)

1
§:A<:p+§s)\2t+co>,sq>0.

:I:/\H csc)\a:—)\s t+co),qs > 0.

::i:)w/ 2% coth (z + 2Xs%t 4 ¢p), g5 > 0.

where
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