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In this paper, using the direct method of the (2+1)-dimensional multi-component Burgers system, some types of

similarity reductions are obtained. The corresponding group explanations of the reductions, Virasoro integrability and

soliton solutions of Burgers system are also discussed.
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I. INTRODUCTION

In this paper, we investigate the similarity sol-

utions of the (2+1)-dimensional Burgers equations
wiy = 7¢izm - 2¢zzu )

N
U, = Z¢zz - (2)

i=1

i=1,2---N, (1)

For convenience, we rewrite Egs.(1) and (2) as:

N
H2:u2_21/}iz:0~ (4)
=1

The (241)-dimensional Burgers equation was first
derived by Chen and Loul'! when they used the in-
ner parameter dependent symmetry constraint on the
Lax pairs of the well-known modified Kadovtsev—
Chen and Lou have

given a type of (2+1)-dimensional multi-component

Petviashvilli (mKP) equation.

integrable extension of the Burgers equation, and the
Painlevé property of the (2+1)-dimensional multi-
component Burgers equation was proven by means of
the standard singularity analysis.[!]

The traditional method for finding similarity re-
ductions of a given partial differential equation (PDE)
or a given PDE system is to use the classical Lie ap-
proach. However, the method cannot be used to ob-
tain all the similarity solutions. Recently, Clarkson
et all¥ and Lou et all®! presented a direct and sim-

ple method of finding all the similarity solutions of

the Boussineq equation. It is shown that the direct
method is very useful for finding the exact solutions
of all nonlinear PDEs, no matter whether they are
integrable or not.[6—10]

In section II of this paper, we will use the di-
rect method to reduce the (241)-dimensional Burgers
equation and in section III, we give the group expla-
nation of the reductions. In sections IV and V, we
obtain the Virasoro integrability and the soliton so-
lutions of the Burgers system. The last section is a

short summary and discussion.

I. SIMILARITY REDUCTION OF THE
(241)-DIMENSIONAL BURGERS EQUA-
TION VIA THE DIRECT METHOD

As in the cases studied in Refs.[4-10] it is easy to
prove that all the two-dimensional similarity reduc-
tions of the Burgers equations (1) and (2) in (2+1)-

dimensions can be written in the simple forms
wi zal(x,y,z)—I-ﬂl(w,y,Z)PZ(f,C), (5)

u=a(z,y,z)+b(z,y,2)Q(§, (), (6)
with
§=¢(z,y,2), (=((z,y,2) (7)

instead of the most general forms

'l/)i :Fli(xayazapi(é.aC))? (8)

u=Fy(2,y,2Q(¢ () (9)
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Substituting Eqgs.(5) and (6) into Eqgs.(3) and (4)
yields

oo + 01 P; + 52Pi§ + 53Pi§ + 54Pi§§ + 55Pig< + 56PjCC

+67Q + 03QP; + 69QPi¢ + 610QP;c =0, (10)
N
Z(%i + Y1 P; + v2i Pie + v3:Pi¢
i=0
+74:Q + ¥5:Q¢ + 76:Q¢ = 0, (11)

where §; (i = 0,1,...,10
1,2,...,N) are given by

) and v;; (j = 0,1,2,...6,1 =

50 = Oy + Qg + 2aaiwa

02 = Bi&y + 2Bixe + Bilwa + 2a6:,,

61 = Bi€2, 05 = 203:€:Ca,
86 = BiC2, 67 = 2baa, (14)
ds = 2b0is, 09 =2bB;i&,, 010 = 2b06iC,. (15)

For ~;;, if j is fixed, we can take v;=(vj0,Vj1,Vj2, " -
’YjN). So

Yo =(700, Y01, Y02, - * * , YoN)
:(aza_alwa_a%va"'7_aNZ‘)7 (16)
71 =(710, 711,712, *, VIN)
:(07 _ﬂlza _ﬁ2za Ty _ﬂNz)a (17)
Yo =(Y20, Y215 V22, > V2N )
:£$(077ﬂ177/827'.'77ﬂ1\7)7 (]‘8)
¥3 = (730, V31, Y325 * s V3N)
:Cz(oa _/817_525"'7_51\[)’ (19)
Y4 = ('740774177427 e 7’74N) = bz(la Oa Oa e 70)7 (20)
Y5 = (750775177527 e 775N) = bgz(laoaoa e 70)7
(21)
Y6 = (76077617'7627 e 776N) = bCz(]wOaOa ot 70)
(22)

Eqgs.(10) and (11) are PDEs of P and @ with respect to
& and ¢ only for the ratios of the coefficients of differ-

ent derivatives and with the powers of P and @ being

functions of £ and . That is to say, the constrained

conditions
Ai(f,o, (Z = 0,1,...10), (23)
vii = vjrir i (€, C),
(i=1,2,..,N for j=1,2,..,8) (24)

for some fixed non-zero §; and ;/;; must be satisfied,
where A; and [j; are some functions of £ and ¢ to be
determined later.
To determine the non-fixed functions {«;, G;, P;,
a, b,Q, & ¢, A
simplify the calculations:
Remark 1. If a;(z,y,2) (or a(z,y,z)) has the
form ;= Bi(e,y,2)54(6,C) + owile,9,2) (or @ =
b(z,y, 2 )E(f ¢)+ap(z,y, z)), then we can take Z; = 0
(or 2 = 0) (by substituting Pi(€,C) — Pi(€,C) —
Z.(6,0), or QE.C) = QUE,C) — (6, ).
Remark 2. If 3;(z,y, 2) (or b(z,y, 2)) has the form
Bi = Boi(z,y, 2)E; (€, zeta) (or b = by(z,y,2)E(E, ()),
then we can take E; = C; =constant (or
E = C =constant) (by substituting P;(¢,() —
Pi(6,O)CH/EH(E, ), or Q(E,€) = Q(E,O)C/E(E,0)).
Remark 3. If & = &(éo(w,y,2), ) (or ¢ =
C(&, Co(z,y,2)), then we can take & = & (or ( =
Go) (by substituting {Pi(€(€0,€),0), Q(E(E0,0), )} —
{Pi(£0,¢), Q(&0,¢)} or {Pi(€,C(€,C0)), QE,C(E;C0))}
= {Pi(§,¢0), Q& ¢0)})-
Remark 4. If {(z, vy, 2) (or {(z,vy,2)) has the form
(6) = €o(2,5,2) (or H(C) = Go(&,9, 2)), where 5(€)

(or H(¢)) is any invertible function, then we can take
E(¢) = € (or H(¢) = ¢) (by taking ¢ = Z71(¢) or
(=H _I(C )

o discuss further, three cases should be consid-
ered (1) & #0, (il) o = (2 =0, & # 0 and (iii)
& =( =0, & = (y = 0. Only the first two cases

will be discussed in detail because the last case is quite

I';i}, we can use some remarks to

)

[1]

trivial.
1. & #0.

In this case, we can choose §; = g = 2b3;&,
and ;i = Y0 = b(. as common factors. Using re-

marks 1-4 to fix the freedoms in the determination of
{as, Bi, Piy a, b, Q, & ¢, A;, I'j;}, and analysing
Eqs.(23) and (24) with Egs.(12)—(22) carefully, we can
obtain three possible solutions of Eqs.(23) and (24).

(1) ¢ #0.
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a__(;/Q)yi“}’C?y b_f_z_1<1/2 (26) I'oo =0, Iy;=1(=1,2,---,N),
204/ 2 2 Two=0, T =0. (40)

6 = C;/2$ + CZ(ya Z)7 C = {(ya Z) = C3(ya Z)a (27)

where Cy;(y, 2), C1i(y, z), C2(y, z) and Cs3(y, z) are ar-
bitrary functions of the indicated variables.

Substituting Egs.(12)—-(22) into Egs.(10) and
(11), we obtain

Ag = Ag = Ag = Ay = Ag = Ay =0, (28)
Agm Ay= Ay =1, Ay = Div pp = Qv (99
’ ﬂiCy, /Bsz’
2a,
I’o:(_lg ,0,0,"',0),
Gy' "¢
F]_:(0,0,0,"',O), (30)
2
F2:_C_(07ﬁ17ﬂ2a"'7ﬁ1\7)7
F3:(0>0>0>"'a0)7 (31)
Cyz >
ry= 50505"'>0 )
! <2<y<z
F5:<§_iaoaoa"'ao)7
FGZ(]-:O:O:"'?O)' (32)

Substituting Egs.(23) and (24) together with
Eqs.(28)—(32) into Egs.(10) and (11), we obtain
the first type of similarity reduction of the (2+41)-

dimensional Burgers equations (1) and (2):

Ao(€) + A1(Q)Pi + Pic + Pige + QPig =0, (33)

N
Foo+2 I () Pig 4+ T'io()Q+ I'50Qe + Q¢ = 0. (34)
i=1

From ,
Q; )
Ap = 25 ==, 35
’ ﬂz(y ! IBZCy ( )
we can obtain
¢
ﬁi = 041(2)6.[ Al(Cl)dCI’ (36)

¢ 2
a; = Cui(2) / Ao(Ga)el @ ge, 1 ey,

(37)

Using remarks 1 and 2 with Eqgs.(36) and (37) yields
a; = aio(2), Bi = Bio(2),

AO = 0, Al =0. (38)

For I';; and I, using remarks 1 and 2 we have

fi= G = —30s  C=G()+ G,

2
G = Clo(y)7 a= a(mv y)v (39)

From the analysis above, the first type of similarity

reduction is simplified to:

Pi¢ + Pige + QP = 0, (41)
N
> Pie+Qc=0. (42)
=1

with
E=ClP2+Ci(y),  (=Cal2) + Caly), (43)

The corresponding solution of the system (1) and
(2) reads:

1
Y; = Co; — §C2zpia (44)
1 2C3yy + Oy, CL/?
u= 05 - yng UHQ. (45)
Yy

where Cy;(z), Ci(y), Ca(z) and Cs(y) are arbitrary
functions of the indicated variables. P;(£,() and
Q(&,¢) can be solved from Egs.(41) and (42). In Sec-
tion V, we will discuss the solution in detail.

From Eq.(30), we know that to get the first type
of similarity solution, we need to use the assumption
(, #0. If {, = 0, we may obtain the second type of
similarity reduction:

(2) (- =0, & #0.
In this case, the corresponding solution of the

(241)-dimensional Burgers equation has the form
1
i = Coi(z) — §C1zpi7 (46)

1

where Cy;(z) and Cy(z) are arbitrary functions of z.

The reduction equations for the reduction fields P; and

Q then read

Pi¢ + Pige + QP = 0, (48)
N
Y Pe+Qe=0, (49)
=1
with
{=z+0Ci(2), (=u. (50)
(3) Cz = 07 £z =0.
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In this simple case, the related reduction solution
for the (2+1)-dimensional Burgers system (3) and (4)

has the form
Y = Coi(2) + C1i(2) P;, (51)

1 1
u = *§C2y+ §Q> (52)

while P; and @ are determined by

Pi¢ + Pige + QP = 0, (53)
N
Y CiPie =0. (54)
im1
with
& =xz+ Cy(y), =1y, (55)

where Cy;(z), C1;(z) and Csy(y) are arbitrary func-

k3
— = const.
1

tions of the indicated variables and C; =

In this case, we can choose §; = §; = 3;§, and
vjrir = Yeéo = b(,. Now, using remarks 1-4, we ob-
tain the only two possible independent solutions of
Eqgs.(23) and (24) with &, =0, {, =0 and &, # O:
(1) @iy =0, Biz # 0.

The reduction equations in this case have the

forms:
P +QP; =0, (56)
N
Y Pi+Qc=0. (57)
i=1
with
=y, (== (58)

The corresponding special solution of Eqgs.(1) and
(2) reads:

i = Cile) + [ = a7+ Culwe = 263, P2,

(59)
u= {4011-(.1;)—9: + 4Cuy] + [ix - Cu(y)] Q(y,j)g-
(60)

where Cp;(z), C1i(y) and Cy;(z,y) are the arbitrary
functions of the indicated variables, and P;(y, z) and
Q(y, z) can be solved from Egs.(56) and (57).
(2) Biz = 0.

The reduction equations in this case have the

forms:

Qc = 0. (62)

with
{=y, (== (63)
The reduction equations (61) and (62) can be

solved easily. The results read:

n:—fbmmm+m4 Q) = Bw). (64)

where B(y) and D(z) are the arbitrary functions of y
and z, respectively.

The corresponding special solution of Egs.(1) and
(2) reads:

i = Coi(y)z + Cri(y) + P; (65)

u = —=[Coiy(y)z + Criy] + Q(y)- (66)
where Cy;(y) and Cj;(y) are arbitrary functions of y.

II. GROUP EXPLANATION OF THE RE-
DUCTIONS

Usually, one obtains the similarity solutions by
using the standard Lie group approach. Actually, one
can easily prove that the first type of symmetry reduc-
tion 2.1 (Egs.(1) and (2)) can also be used by means
of the classical Lie approach.!2]

Using the standard Lie approach, one can easily
prove that the (2+41)-dimensional Burgers equations

(1) and (2) are invariant under the transformation:

y—y+eY, Y =Y (y)=arbitrary function of y,
(67)

1
z—x+eX, X = 5Y’(y)m + Xo(y), (68)

z—>z+e€Z, Z=Z(z)= arbitrary function of z,

’(/)i — ’l)[JZ + eV, v, = —Z/(Z)’lpi — V;(Z), (70)

u—=u+el, U= f%uY'(y) + iY”(y)x + %X{J(y),

(71)

where Y (y), Xo(y), Z(2) and V;(z) are the arbitrary

functions of the indicated variables, and the super-

script primes of Y and Z are the derivatives with re-
spect to the corresponding arguments.

Now according to the standard Lie approach, we

should solve the following characteristic equations

de _dy _dz_du_ dvs
X Y z U

(72)

to obtain the related similarity reductions.
To solve the above characteristic equations, we

consider some special cases:

(3-1) the first case &, #0, (, # 0.
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In this case, we use the solutions in 2.1(1) to ob-

tain the results:

1 _ _3
X(z,y) = 53:03?}203% + C1,Cy,°

3y
Y(y) = _03_;a
Z(z) = szfla
1 . 1 —3 2 -2
U 25033; Csyyu + Zm[ZC?,y C3yy - CBy Cayyyl

1 -3 3 -3
+ E[Clyycsy - iclyc?,y CSyy]v

Wi = C;22C2zz1/)i - 052[C0ic2zz - COizC2z]-

z

By comparison with Eqgs.(67)—(71), it is easy to see
that the result is totally the same as Egs.(41)—(45)

with the relations:

Y(y) = 703._1117
Z(z) = G5},

XO (y) = Clyc3y§ )

‘/Z(Z) = C{ZQ[CO'L'CZZZ - COiZCQZ]' (73)

(3-2) the second case &, = (, = 0,&, # 0.
In this case, we use the solutions in 2.2(1) to ob-

tain the results:

X(l‘,y) = (33 - 40172(?/))27

U= (z—4C1(y))u+ 4C1;(y)(z — 4C14(y)) + 2,
Wi = —4(1,‘ — 2C1z(y))¢z + 4(1‘ - 2C11(y))CQZ(Z)

By comparison with Egs.(41) and (42) which are
obtained by the classical Lie approach, we reach the
conclusion that the solutions of the second case can-
not be obtained by the classical Lie approach; that is
to say, they can only be obtained by the non-classical

Lie approach.

IV. VIRASORO INTEGRABILITY OF THE
BURGERS SYSTEM

In Ref.[1], Chen and Lou have proven the Burg-
ers integrability of the system. It is known that an
integrable model may possess many other interest-
ing properties. For instance, an integrable model

may possess infinitely many symmetries and conserved

quantities.?! Especially, for all the known (2+1)-
dimensional integrable models, there exists a common

infinite dimensional Virasoro algebra

[0(f1),0(f2)] = o(fif2 — f2£1),

where f; and fy are the arbitrary functions of one of

(74)

the independent variables {z,y, z}['°! and a dot over
the functions represents the derivative with respect to
its independent argument. According to this property,
Lou et al. have defined that if a model possesses the
symmetry algebra (74), then the model is Virasoro
integrable.

From the discussions in Section III, it is easy to
see that the model (1) is also Virasoro integrable. For
instance, from Egs.(67) and (68), we know that

oz =2 | U |4 7

U, 0

(75)

is a symmetry of (1) and 0(Z(z)) satisfies the symme-
try algebra (74).

V. SOLITON SOLUTIONS OF THE BURG-
ERS SYSTEM

In Section II, we have given many similarity re-
ductions. After solving these lower dimensional reduc-
tion equations, we may obtain many significant exact
solutions. Here we give only a simple but important
soliton solution for the first type of reduction equa-
tions (41) and (42). It is easy to verify that

_ kCiexp(k€ — k*()
"1+ exp(ké — k2¢)’

_ 2kexp(ké — k%)
@= 1+ exp(k€ — k2¢)

(76)

N
where k and Y C; = 2k are arbitrary constants, is a

i=1
solution of Egs.(41) and (42). Returning to the orig-
inal field variables ; and u shown by Egs.(51) and
(52), we obtain the related soliton-like solutions; that

is, for 1;, we have

k
p; =Co; — ECiC2z

- e[k(C5 e + O1(v)) ~ K(Ca(2) + Cow))]
1+ explk(Cy) o + Ci(y)) — k2(Ca(2) + Cs(y))]
(77)

If we take y as “time” and select Cs, as constant and
Co; = 0, then Eq.(77) denotes the straight line soli-
ton. If we select Cp; = 0 and Cs, as some multi-

ple straight-line solitons parallel to the x-axis, then
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iz with Eq.(77) denotes the so-called dromion soli-

ton which decays exponentially in all directions.[*2!
VI. SUMMARY AND DISCUSSION

In this paper, we apply the direct method to the
(241)-dimensional Burgers system. Many types of
(24+1)-dimensional similarity reductions are obtained.
Ouly the first case (3-1) of these can also be obtained
by means of the classical Lie approach while all other
types of similarity reductions can only be obtained by
means of the non-classical Lie approach.

In various cases, as shown in Refs.[4-10], the di-
rect method can be used to discover all the possi-
ble similarity reductions. For the (2+1)-dimensional
Burgers system (1) and (2), using a similar discussion
as in Ref.[4], we can prove that the form (5) and (6)

is sufficient to discover all possible similarity reduc-
tions in the form (8) and (9). But we only find the
two cases of (, # 0 and (, = 0. &, # 0 under the
&; # 0 circumstance can be obtained by the classical
Lie approach under the £, # 0 circumstance, so other
cases surely can be obtained by the non-classical Lie
approach. The (2+1)-dimensional multi-component
Burgers system is not only Painlevé integrable but also
Virasoro integrable. The (2+1)-dimensional Burgers
system also possesses many types of localized excita-
tions including dromion solitons. The other kinds of
integrable properties of the (241)-dimensional Burg-
ers system are worth further study.

The authors wish to express their thanks to Pro-
fessor Lou Sen-yue for many stimulating discussions

on this work.
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