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The finite motion of a massive scalar particle in the gravitational field of a microcosmic black hole with weak

relativistic approximation is discussed. In the Schwarzschild field, using the condition for balance 0=0, we obtain the

relation between the produced and captured amplitudes for particles. In the Kerr field we show that the attenuation

depends on the moment of the black hole and the attenuation process becomes an exciting one when w < mdy,.
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I. INTRODUCTION

The motion of the massive classical particle in
the gravitational field has been discussed in many
papers.[!l But near the microcosmic black hole, the
gravitational radius is comparable with the de Broglie
wavelength and the quantum character appears in the
In Ref.[2] the motion of the particle situ-
ated on a deeper quantum energy level (case a = 0
and a # 0 in the Kerr field) is studied. When

Tg ~ ACompton, Near the horizon particles can come

motion.

into being.®!
In this paper we discuss the weak relativistic mo-
tion of a scalar particle, using the generalized Klein—

Gordon equation
1 9
\/—g OzH

where p is the mass of the particle.
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Ve g pte =0 )

I. SCHWARZSCHILD MICROCOSMIC
BLACK HOLE
We now introduce the Eddington—Finkelstein

transformation of coordinates

t=ts+re—1, T=71s, 0=0,, ©=,,

where tg, r,, 0, and ¢, are Schwarzschild coordinates.
The nonvanishing transformed component of metric

gM” is then given by

g°°=1+r7g, gl =g ="2 g”=< Tg>,

Substituting metric (2) into Eq.(1) and then separat-

ing the variables, we obtain
2(t,1,6.0) = [ R (Y6, 00D, (3)

where @ = w/ry, and

E1—-OR"+1-2(1 —iw)éR
— W2 (E+1) — @22 —iw — U1+ 1R =0, (4)

where £ =7/ry, and {,w are dimensionless variables.
It is convenient to use the Eddington—Finkelstein

coordinates, because one still can discuss the motion

of the particle in both regions r > r;, and r < rg.
Near the horizon of the microcosmic black hole

we havell
W (€ +1) — p*€?| < (1 +1). (5)
Thus, Eq.(4) becomes
EE-1)R"+[1-2(1—iw)¢]R' +[I(I+1)+iw]R = 0. (6)

We obtain the linearly independent solutions of Eq.(6)

as follows:
Ry =F(-l—iw, 14+1—iw; ; &),

Ry=RyIn¢+ Y Cit"; when ¢ <1 (7)
k=1

Ry zﬁ’(—l—iw,l+l—iw; 1—2iw; 1-¢),

Ry=(1-&MF(~l+iw,l +1+iw, 1+ 2iw;1 —¢€),

when £ —1| < 1. (8)
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For the particle with an arbitrary moment moving in
the gravitational field of the microcosmic black hole,
the existence of the logarithmic singular (¢ — 0) is a
characteristic behaviour of the wave function. The
characteristic behaviour is independent of the long
wave approximation, and it will appear even if A < rg.
The reason for this process is that the particle cap-
tured by the microcosmic black hole and falling into
the centre singularity is independent of the moment
of the particle.

In the region far from the microcosmic black hole,
where w262 > [(I + 1), we can use the weak relativity

approximation
d? = p? — w? < p. (9)

Then the asymptotic solution of Eq.(4) can be de-

scribed by a degenerative super-geometric series

Ry (§) = e dogitiv g <1 +1- ;’—;, 2+ 2I; 2d§> . (10)
Using the solution and boundary conditions (in the
centre and at the boundary), we can obtain the en-
ergy spectrum of the weak relativistic particle in the
Schwarzschild field.

The Schwarzschild surface 74 is a unidirectional
membrane for classical particles. If the property is still
true for the quantum particle, we can choose R; which
corresponds to the particle captured by the black hole
on the surface r4. In the region £ > 1, the solution

possesses the following asymptotic behaviour

N o T(1+10)

~ 1+iw
Bir~¢ r(1+1-iw)

i 1—l—iw F(l + l + lLU)

— . (11
ot Terar——wp W

When d¢ < 1, the solution R, takes a similar form.
Neglecting the logarithmic term, the function R, can

be expressed as

. w2
R, ~ gl+1wy7<1 +1- ﬁ>

fles)

Comparing the coefficients for terms ¢ and ¢~'~! in

(11) and (12) respectively, we obtain the equation for

determining the characteristic energy spectrum in the

Schwarzschild field:

(1--2)r(1+i-2)
(-5

=iw[I'(1+ 20)I'(2 + 21)?
APl —iw)PIT(L+ L —iw)| 2 (13)

The complex value of energy satisfies Eq.(13), that
is to say, the energy levels are not stationary. When
a particle falls into the microcosmic black hole, the
separation of quasi-stationary levels is decided by the
energy and moment of the particle in nature. In
flat space, the characteristic spectrum of the quasi-
hydrogen atom is determined by the condition that the
wave function is equal to zero at the boundary. In the
above case, the difference between the Schwarzschild
and Coulomb fields is very small in the local space.
The contact energy is

d= " 4 Nd—io (14)

2n ’
with
12

|Ad], |o| <« oy = do;

then we obtain

11— st o2 o (15)
- — —-—m(l— — —i—).
2d do do

In the long wave approximation, the attenuation re-

duces quickly with the increase of the particle moment

! 2 2
o _ w?\ (20 +1)
- —w(d) 2 I I 14+ = (7
<do>n,l “() i < - 52) n22-1

(n+1+1)

@+ 1)!!]—4FF(n - (16)

Here we have assumed that the particle is classical
near the black hole, but when ry ~ Acompton the pro-
duction of particles is possible (Hawking process). In
the Hawking process, produced particles may hold the
quasi-stationary energy level. Produced anti-particles
fall into the central singularity after finite time in com-
moving coordinates. According to Ref.[3], applying
the analytical extensive method to the solution on the
horizon, we now discuss the process in which the par-
ticle is produced.

In the region & > 1, the solution R, becomes
Ry ~ g ra —20)[r(1+1—iw) !
- :j—g—l—lin“’F(l + 1+ iw)
Sr2 4207 (—1 - iw))?, (17)
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which is different from R; only by the symbol in front
of 7. This leads to a different symbol of the attenuation
0. Thus, the Hawking effect makes particles near the
black hole collect to the quasi-stationary level. The
process of the collection of particles and the process
of capture by the black hole are independent of each
other. Therefore, a dynamic balance can be expected
in the physical system. In the balance state, using
the condition for balance 0=0, we can obtain the re-
lation between the produced and captured amplitudes
for the particles.

A complete solution corresponding to the produc-
tion of the particle—anti-particle pair in the region

|€ — 1] < 1 can be written as

@~ {0(6 = 1)Ry(¢ 1)
+e¥™h(1 — ) Ry(1 — &) “V™(0,0). (18)

In this case, the solution near £ = 0 is very interesting.
It is obtained by the analytical extending method and

can be shown byl
® ~ Ry In¢ + Bje". (19)

The solution has a singular term, which is different
from the stationary solution in the Coulomb field of

flat space.
. KERR MICROCOSMIC BLACK HOLE

In the Boyer—Lindquist coordinates, the Kerr

metric is given by
2M
d32 :<1 — T”‘)dtQ —4MaryY
.2 % 2 2
- sin® Odtdyp — Zdr —Xde
—sin? 0(r? 4 a? — 2Mar sin® 6/)dp?; (20)
A=7r2—2Mr+ad®= (r+ry)(r—r_),
Y =12+ a?cos? 6.

Substituting the metric into the Klein—Gordon

equation and separating the variables, we obtain!®!
&(t,r,0,p) = /ei“’R‘ld,m(r) o (0)e*™?dw.  (21)

The radial equation is
d dR —17,2 | 2y, 2 2
I <A dr> + {AT(r® + a®)w® — daMmwr + am?]

— 3 (r* +a*) - C}R =0, (22)

where C=const. The function ©(a+/pu? — w?,cosf)

satisfies the equation

L d(_ .46
sin6do \ " g

+ [aQ(u2 — w?)sin? 6 —

m2

}@ =0. (23)

sin” §

We now discuss the long wave approximation
rq < A as we did in section I. The solution of Eq.(23)
satisfying the boundary condition on the horizon of
the Kerr black hole near r; is obtained in Ref.[6],

which can be expressed as
¢ iN
R = —=>—) F(=l,1+1,14+2iN;¢6+1), (24
() e+, ()

where

N = (w—mdp)rgry/(ry —7r-), &=

r—r

)
’I‘+—’f'_

and dj, is angular velocity of the black hole. In order

to obtain the solution one has to assume:

a(p? —wHV? <1, Cw~I(l+1).

In the region far from the black hole the asymptotic
behaviour of the solution is as follows:
. 21)! I'(1+42iN)
R ~ (-1 l( l
(=1) I' I'(14+1+2iN)
+(_1)1+l l! F(1+2iN)
(1+2D)! I (—1+ 2iN)

When r — oo the solution of Eq.(22) tends to

¢l (25)

Roo = e W (1 41— b,2 + 21;2ad§), (26)
where

d= VM2_U‘)2T+7

w? a
b_7<1§>.

For ¢ — 0 we have

a=(ry —r_)/rs,

Roo =U(1+1—b)[[(—1 —b)] ! (2ad)* T2!¢!
+r(1420)r2+2)[r(1+1-b) et
(27)
Connecting the solutions (24) and (26) in the public
region we obtain the following equation that can de-

termine the characteristic energy spectrum in the Kerr

field:
(1+1=b)I'(1+1—b)[I'(~1—b)] " (2ab)"**
_ [M} I(=1+ 2N)[[(1 + 1+ 2iN)]~ .

(28)
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Using the result and relations

d = dy +io, 1+lbz1+ln<1;—0>, (29)
0

we obtain

l
(di) =N(ado)' ™ T (1 + 4N?/5?)
0/ n,l,m

s=1
I'n+1+1) (1+210)2 (30)
I'(n—0n 22120+ 1)NE°
which describes the attenuation of the quasi-

stationary energy level in the Kerr field.

Obviously, the attenuation depends on the mo-
ment of the black hole. When w < md), [in Eq.(24)],
we know from (30) that the sign of the attenuation can
be changed, that is, the attenuation process becomes
an exciting one. This condition strengthens the mul-
tipole wave being scattered by the microcosmic black
hole.!”]

The results obtained with the methods of general
relativity and quantum mechanics in this paper are
possibly useful for revealing the gravitational proper-
ties of the microcosmic black hole (a kind of special

celestial body) in astrophysics.
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