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Equations are obtained for the surface tilt angle and the twist angle of the director in a twisted nematic liquid

crystal cell under a high magnetic field. Under a zero pretilt angle, the two equations reduce to those obtained by

Sugimura et al.12:3] This fact has also been demonstrated numerically. With finite field strength and nonzero pretilt

angle, no saturation transition exists.
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I. INTRODUCTION

For nematic liquid crystal (NLC) cells, surface
forces are practically not strong enough to impose a
well-defined orientation of the directors along the sur-
face of the cell. For an untwisted NLC sample with
weak anchoring surfaces, Rapini and Papoular!!] (R~
P) proposed a phenomenological expression for a one-
dimensional deformation of the interfacial energy per

unit area:
Fs = (1/2)W sin® (60 — 6,), (1)

in which 8, is the pretilt angle, i.e. the tilt angle of the
easy direction e, 6y is the orientation of the director
along the wall and the anchoring strength parameter
W measures the ability of the director to deviate from
the easy direction. For a twisted NLC sample, Eq.(1)
may be extended to the general form:

Fs = —(1/2)W(n-e)>. (2)

With Eq.(2) Sugimura et al.?>? have discussed the
threshold and the saturation fields for field-controlled
chiral nematic layers with weak boundary coupling
and Breddels et al.l¥) have obtained an analytical ex-
pression for the optical threshold in highly twisted
NLC with nonzero pretilt. In the following we will
study the saturation behaviour for field-controlled
twisted NLC with nonzero 0.

II. CELLS UNDER HIGH MAGNETIC
FIELD

Consider a nematic cell with its two plates at z=0

and z=d respectively and with mirror symmetry with
respect to z=d/2. The tilt angle of the director on
either plate is 6y. The easy direction on z=0 is given
by

e = (cosfp,0,sinby), (3)

and the director n on plane z is given by
n = [cos 0(z) cos ¢(z),cosO(z) sin P(z),sin0(z)], (4)

where ¢(z) is the angle of twist of the director on plane
z. According to Eq.(2), the surface energy density on
2z=0 is given by

Fs(0) = —(1/2)W (cos 8, cos O cos ¢ + sin 8, sin 0 )?.

()
Under an applied magnetic field H = (0,0, H), the
free energy density of the bulk is given by

Fb :(1/2)[k11(V . n)2 + kgg(n -V x ’I’I,)Q
+ks3(n x V xn)? — xo(n- H)?
=(1/2)[f(0)(d0/d=)* + h(6)(d¢/dz)?

— XaH?sin’ 0], (6)

where
f(0) = k11 cos® 0 + kss sin® 6, (7)
h(0) = cos® O(kaa cos® 0 + kg3 sin® 6), (8)

and ki1, koo, k33, Xo are the splay, twist and bend
elastic constants and the anisotropy of diamagnetic
susceptibility, respectively.

The total free energy per unit area of the cell is

now given by
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For any given field, the free energy of those cells with

a stable director configuration are at their minimum.

(5]

The variational calculation'® of the total free energy

gives the following equations for the equilibrium con-
figuration of the director in the cell:

B(O)ds/dz = Ci, (10)

£(0)(d0/dz)? + h(6)(d¢/dz)* + xoH?sin? § = Cs,
(11)

£(6)d0/dz| =0 =W (cos 0, cos 8 cos ¢ + sin 0, sin )

- (cos 8y sin 6 cos ¢ — sin B, cos b),

(12)

h(0)d¢/dz| =0 =W (cos 8, cos b cos ¢ + sin 0, sin 6)
- cos B, cos @ sin ¢, (13)
where C7 and C3 are two constants of integration.

Equations (12) and (13) describe the balance of torque
of tilt and twist at z=0, respectively.

A. Tilt angle 0 in the bulk

In case of
0(d/2) = Om, (dO/dz).—q/2 =0,
(do/dz).=as2 = P, (14)
Eqs.(10) and (11) lead to
h(Om) o = C1
and
h(Om) P + xa H? sin? 0y = Cs, (15)

respectively. With Eq.(15), the integration of Eq.(11)

gives
Onm

/ NY2(0)d0 = (d/2) — =, (16)
0(z)

where

N(0) =f(O) {1 (Oa) o5 [(Or) ™" = h(0) 7]
+ XoH?(sin? y; — sin? 0)} 1. (17)

In the range of w/2 > 0y > 6, let us introduce a new
variable 8 defined by

cos 0 = cos Oy / cos S. (18)

In terms of 3, Eq.(16) becomes
B(z)
JUHO/68B(6) + xaH)(1 - cos? 1/ cos? 9)
0

(cosB) 1B = (d/2) — (19)
where with Eqs.(7) and (8)
B(0) =k33(1 + ycos? Oyp)
- [cos? B 4 cos® O (1 + cos? B)]
- [1 4 vy cos? O/ cos? 8] 71,
and
v = (ka2 — ka3)/kss.

For the high field, in the limit of 6y — /2, B(#) —
k33 cos® B, f(0) — ksz and Eq.(19) becomes

/B(Z){k%/[k%(bﬁ cos® 3 + xa H?|}'/?
. (()cosﬁ)*ldﬁ = (d/2) — z. (20)
Evaluation of the integrall® gives
Vkss/xaH? tanh ™ {[xo H?/ (k332 cos® 3
+ XaH?)]Y? sin 8} = (d/2) — 2.
After rearrangement it becomes
sin? § = (1+&2¢32) tanh? /(1 + 242 tanh® ), (21)
where £ ' = \/XoH?/ksz and = = (d/2 — z)/¢. With
Eq.(18), Eq.(21) becomes

cos? 0 = cos? Oy (1 + £2¢)2 tanh? z) /(1 — tanh? ).
(22)
Equation (22) gives the tilt angle 8 as a function of z
under high fields.

B. Relationship between ¢}; and ¢y under high
field

Equations (10), (11) and (15) lead to
[R(On) S0 /POIN2(0)d0 = do. (23)

On account of the symmetry with respect to z=d/2,
the angle of twist ¢(d/2) at the central plane of the
cell is just half of the total angle of twist ¢; from z=0
to z = d. Integration of Eq.(23) leads to

O
/ h(6a)h ™" (6) 4 N1 /2(6)d6
0o
#(d/2)
- / do = (¢¢/2) — do. (24)

%o
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In the limit of Oy — 7/2, Eq.(24) leads to
sin”" [v/Esadh sin o
JVXaH? + ks 63 | = (@1/2) = 60, (25)
At 2=0, Eq.(21) becomes
sin? By =(1 + £2¢7%) tanh?(d/2€)
/[1+&2¢q; tanh®(d/2¢)].  (26)

The elimination of 3y in Egs.(25) and (26) gives a re-
lationship between ¢}, and ¢y in the case of a high
field:

;= tan(gy /2 — ¢o) /€ tanh(d/2€). (27)

C. Surface tilt angle 6, and twist angle ¢

With Egs.(6) and (11), the total free energy
Eq.(9) becomes

F =(Cy — 2xaH?)(d/2)
d/2
+ 2x H? / cos® fdz + 2F5(0). (28)
0

With Eq.(22), Eq.(28) becomes

F =(Cqy — 2xaH?)(d/2) + (1/2)xa H? cos® O

([6(1 + €2657) sinh(d/€) + d(1 — €265)] + 2F5(0).

(29)
At 2=0, Eq.(22) becomes
cos? Oy = cos? fp[1 — tanh?(d/2¢)]
J[L+ €2 ¢pi tanh®(d/26)].  (30)

With Egs.(15), (27) and (30), the total free energy
Eq.(29) as a function of 8y and ¢ is given by
F =—(1/2)dx H? + &xo H? tanh(d/2¢) cos? 6
+ 26 H? sin’ (¢ /2 — ¢o) cos? O/ sinh(d/€)
+ dxo H?y sin*(¢1 — 2¢0)
-cos? By /2 sinh?(d/€) + 2F,(0). (31)
In the case of 6y — 7/2, with Eq.(5), up to the
second order, the expansion of F' in terms of 7/2 — 6,
is given by
F =~ (1/2)dx,H? — Wsin? 0,
— Wsin(26,) cos ¢o(m/2 — o)
+ [€xaH? tanh(d/2€)
260 H2 5in2(61/2 — o)/ sinh(d/¢)
— W (cos® 6, cos® ¢ — sin” 6,,)] (/2 — 0p)*.(32)

Minimization of F' requires that
0F/06p =0 and OF/d¢o = 0. (33)
Therefore the equilibrium conditions are

W sin(26,) cos ¢o — 2[Exa H? tanh(d/2€)
+26xa H? sin(¢1/2 — ¢o)/ sinh(d/€)
— W (cos? 0, cos® g — sin® 0,)](7/2 — 6p) = 0, (34)

and

W sin(26,) sin ¢g + [W cos? 8, sin(2¢0) — 2&x, H?
-sin(¢r — 2¢p)/ sinh(d/&)] (/2 — 6y) = 0. (35)
Equations (34) and (35) together determine the
tilt angle 6y and the twist angle ¢y on the surface for
a high field. In the case of §,=0, no linear term of 6y

appears in Eq.(32) and the anchoring energy has its
extreme value at 6y = 7/2.

D. The case of 6,=0
In the case of 6,=0, Eqgs.(34) and (35) reduce to

&XaH? tanh(d/2€) + 2¢x, H*
-sin?(¢y /2 — ¢o)/ sinh(d/€) = W cos® ¢, (36)

and

ExaH? sin(¢; — 2¢)/ sinh(d/€) = W sin ¢ cos ¢,
(37)
respectively. Elimination of x,H? between Eqs.(36)
and (37) gives

tan ¢o = sin ¢, /2[sinh?(d/2¢) + cos?(¢¢/2)].  (38)

With careful manipulation, the elimination of ¢y be-
tween Eqs.(36) and (37) gives

ExaH?/W =tanh(d/2¢)
+ 2cos?(¢/2) sinh(d/€).  (39)

For an untwisted nematic slab (¢ = 0), let us

introduce a dimensionless coupling parameter
A= 7T/€11/Wd. (40)

Then Egs.(38) and (39) are simply Eqs.(57) and (56)
obtained by Sugimura et al. in Ref.[3] respectively
in the case of ko=0 and py — o0, i.e. in the case of
twisted nematic cells.

. NUMERICAL DEMONSTRATION
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In the case of 6, # 0 and in terms of A, Eqgs.(34)
and (35) take the following forms respectively: 401 D
(1/X)sin(26,) cos ¢o 30 -
—2[h\/k33/1€11 tanh (7Th\/ kll/k33/2) . B
+ 2h/k3s k11 sin® (¢ /2 — o)/ sinh (7hy/k11 /ks3) E 20
— (1/X)(cos? B, cos? gg — sin” 6,,)](7/2 — ) = 0, A
(41) 10 1
(1/X)sin(26,,) sin ¢g + [(1/A) cos® 0, sin(2¢y) o
— 2h/Ea3 [ sin(é — 260) o 1 2 3 4 5 6
/sinh (7Th\/ kll/k33)](7T/2 — 6‘0) = O, (42) h

where the reduced magnetic field strength A is defined
by

h=H/H., H. = \/ki11/Xa (7/d). (43)

The surface tilt angle 6y and the twist angle ¢y are
now taken as functions of h.

For ks3/k11=1.5, ¢ = m/2 and 0, = 5°, numeri-
cal calculations show that with the increasing applied
field strength, ¢ approaches zero and 6y approaches
m/2 but is not equal to 7/2, as shown in Figs.1 and 2
respectively. In Figs.1 and 2, 6y and ¢ are the surface
tilt angle and the surface twist angle respectively and
h is the reduced magnetic field strength. The curves
A, B, C and D represent the parameters A=0.5, 1.0,
2.0 and 5.0, respectively. The fact that the tilt an-
gle Oy will not reach 7/2 implies that the saturation
transition cannot be defined sharply.
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Fig.1. Surface tilt angle 6p as a function of reduced
magnetic field strength h, predicted by the analytical
result. k33/ki11=1.5, ¢:=1.5, ¢+ = w/2 and O, = 5°.
Curves A, B, C and D represent the coupling param-
eters A=0.5, 1.0, 2.0 and 5.0, respectively.

Fig.2. Surface twist angle ¢¢ as a function of reduced
magnetic field strength h, predicted by the analytical
result. k33/k11=1.5, ¢ = 7/2 and O, = 5°. Curves A,
B, C and D represent the coupling parameters A=0.5,
1.0, 2.0 and 5.0, respectively.
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Fig.3. Surface tilt angle 6y as a function of reduced
magnetic field strength h, predicted by the pure nu-
merical method. kgg/k11:0.6 kgg/k11=1.5, bt = 7'('/2
and 0, = 5°. Curves A, B, C and D represent the
coupling parameters A=0.5, 1.0, 2.0 and 5.0, respec-
tively.

Numerical calculations with the relaxation me-
thod (™8] for Eqs.(10)—(13) have also been carried out
under kgg/k11:0.6, k33/k11=1.5, (bt = 7T/2 and Hp =
5°. These are shown in Figs.3 and 4. As in Figs.1
and 2, the curves A, B, C' and D represent the pa-
rameters A\=0.5, 1.0, 2.0 and 5.0, respectively. These
confirm the conclusion that no saturation transition
exists for 0, # 0 and demonstrate even quantitatively
the results of Eqgs.(40) and (41) for high fields.
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Fig.4. Surface twist angle ¢ as a function of reduced
magnetic field strength h, predictgﬂ by the pure numerical
method. k33/k11=0.6 k33/k11=1.5, ¢+ = 7/2 and 0, = 5°.
Curves A, B, C and D represent the coupling parameters
A=0.5, 1.0, 2.0 and 5.0, respectively.

In conclusion, we have studied the saturation
behaviour for field-controlled twisted NLC with a
nonzero pretilt angle. Two equations are derived to
determine the surface tilt angle and the twist angle of
the director for high fields. These two equations can
recover the saturation field obtained by Sugimura et
al. when the pretilt angle is zero and they have been
demonstrated by the direct numerical method. It has
been found that there is no saturation transition at a
finite field when the pretilt angle is nonzero.
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