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An exact nonlinear analytical solution of an open V-type inversionless lasing system with two incoherent pump

fields, off-resonant driving and probe fields is given. Through qualitative and quantitative comparison of the gain,

dispersion and population differences of the linear and nonlinear cases, some conclusions concerning the Rabi frequencies

of the driving and the probe fields are drawn and discussed in detail.
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I. INTRODUCTION

Quantum coherence and interference in atomic

systems have a number of important conse-

quences, including lasing without inversion (LWI),[1]

the subrecoil cooling of atoms,[2] potential for

sensitive measurements of magnetic fields,[3] the

electromagnetically-induced transparency[4] and so

on. In particular, LWI has attracted much more

attention,[5,6] because it can bring about laser ac-

tions in the short wavelength (e.g. X-ray, even γ-ray)

regions[6] where lasing is impractical with conventional

pumping schemes. Also, it has interesting statistical

properties, such as narrower intrinsic line widths due

to reduced spontaneous emission noises,[7] which could

be advantageous in, for example, optical communi-

cation networks.[8] Recently a considerable amount

of theoretical work has been directed towards LWI

in open systems.[9−13] Yelin et al.[11] studied the lin-

ear gain without inversion of an open V-type system

with two incoherent pump fields, coherent driving and

probe fields detuned from resonance. However, the lin-

ear approximation contains no saturation terms and

consequently is valid only for a weak probe field. In

this paper, we give for the first time a general exact

nonlinear analytical solution of the system, and dis-

cuss the difference between the linear and nonlinear

solutions.

II. MOTION EQUATIONS AND EXACT

NONLINEAR ANALYTICAL SOLUTION

The semiclassical density matrix equations of mo-

tion for an open three-level V-type system with two

incoherent pump fields, coherent driving and probe

fields detuned from resonance (Fig.1) under the elec-

tric dipole and the rotating wave approximations can

be written as[11]

dρaa/dt = − (ra−b + ra−c + r0)ρaa

+ rρbb + r′ρcc + i(ερba − ε∗ρab), (1a)

dρbb/dt =ra−bρaa − (r + r0)ρbb + rb−cρcc + i(Ω∗ρcb

− Ωρbc) + i(ε∗ρab − ερba) + rb, (1b)

dρcc/dt =ra−cρaa − (rc−b + r′ + r0)ρcc

+ i(Ωρbc − Ω
∗ρcb) + rc, (1c)

dρab/dt = − Γabρab − iε(ρaa − ρbb) − iΩρac, (1d)

dρac/dt = − Γacρac − iΩ∗ρab + iερbc, (1e)

dρcb/dt = − Γcbρcb + iΩ(ρbb − ρcc) − iερab, (1f)

along with the equations of their complex conjugates.

Here ρii denotes the population of level |i〉, ρij the co-

herence between levels |i〉 and |j〉, ri−j the radiative

decay from level |i〉 to |j〉, and r0 the decay out of the

system. The atoms are pumped into the lower levels

|b〉 and |c〉 with rates rb and rc. We also assume that

the number of interacting atoms is constant, which

means that rb +rc = r0. r and r′ are incoherent pump

rates from |b〉 to |a〉 and |c〉 to |a〉, respectively. Ω and

ε are drive and probe Rabi frequencies, respectively.

The Γij ’s are the complex coherence decay rates de-

fined as

Γab = rab − i∆, Γac = rac + i∆0 − i∆,

Γcb = rcb − i∆0, (2)
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Fig.1. V-type LWI system with off-resonant driving

and probe fields.

where rij ’s are the coherence decay rates on the cor-

responding transitions |i〉 → |j〉, ∆ (= ωab − ωp) and

∆0(= ωcb − ωd) are the detunings of the probe field

(frequency ωp) and driving field (frequency ωd), re-

spectively. For the convenience of calculation, Ω and

ε will be chosen to be real, which does not affect the

generality of the following discussion. The response of

the atomic system on the probe field can be expressed

by the complex susceptibility

χ = χ′ + iχ′′ =
µ2Nρab

ε0h̄ε
, (3)

where N is the atomic density, µ is the electric dipole

matrix element of the optical transition |a〉 → |b〉, ρab

is the corresponding element of the density matrix,

and ε0 is the dielectric constant in vacuum. Here

ε = µh̄/E, where E is the amplitude of the probe

field. The real part of the susceptibility shows the en-

hancement of the refractive index whereas the imagi-

nary part gives the gain or loss in lasing without in-

version. In our notation, if Imρab < 0 (χ′′ < 0) the

system exhibits gain for the probe field, that is, las-

ing can be established on the transition |b〉 ↔ |a〉; if

Imρab > 0 (χ′′ > 0), the probe laser field is atten-

uated. Furthermore, the dispersion is determined by

Reρab. Reρab > 0 (χ′ > 0) corresponds to the redshift

of the frequency of the probe field, and Reρab < 0

(χ′ < 0) to the blueshift.[14]

We solve Eqs.(1) in the steady state and obtain

the following general exact nonlinear analytical solu-

tions for the polarization ρab and population differ-

ences ρaa − ρbb and ρcc − ρbb corresponding to the

transitions coupled by the probe and driving fields,

respectively:

Imρab = −
ε(D2ε

2 + D0)

Ψ
, (4a)

Reρab = −
ε(F2ε

2 + F0)

Ψ
, (4b)

ρaa − ρbb =
M4ε

4 + M2ε
2 + M0

Ψ
, (4c)

ρcc − ρbb =
R4ε

4 + R2ε
2 + R0

Ψ
, (4d)

where

Ψ = r0(A4ε
4 + A2ε

2 + A0). (5)

The expressions of Di, Fi(i = 0, 2) and Mj, Rj , Aj

(j = 0, 2, 4) in these equations are given in the ap-

pendix. Combining Eq.(3) with Eqs.(4a) and (4b), we

have

χ′ = −
µ2

abN

ε0h̄

(F2ε
2 + F0)

Ψ
, (6a)

χ′′ = −
µ2

abN

ε0h̄

(D2ε
2 + D0)

Ψ
, (6b)

Eqs.(6a) and (6b) give the nonlinear dispersion and

gain (or loss) of the probe field, respectively. When

ρaa − ρbb < 0 and χ′′ < 0 (−Imρab > 0), the probe

field has gain without inversion.

III. DISCUSSION OF THE NONLINEAR AN-

ALYTICAL SOLUTION

Eq.(6b) shows that the numerator and the denom-

inator are second-order and fourth-order functions, re-

spectively, of the Rabi frequency, ε, of the probe field.

So the lasing process would be saturated as the probe

laser intensity increases (in a complicated way).

When dropping all the second-order and fourth-

order terms of ε in the nonlinear solution, Eqs.(4), we

obtain the linear solution of the system:

Imρab = −
εE0

r0A0
, Reρab = −

εF0

r0A0
, (7a)

ρaa − ρbb =
M0

r0A0
, ρcc − ρbb =

R0

r0A0
. (7b)

Similarly, from the nonlinear dispersion and gain,

Eqs.(6a) and (6b), we obtain the linear dispersion and

gain:

χ′ =
µ2

abN

ε0h̄

F0

r0A0
,

χ′′ =
µ2

abN

ε0h̄

D0

r0A0
. (8)

The second equation in (8) corresponds to the

linear gain expression (6) in Ref.[11] and the lat-

ter is obtained by an approximation method. Com-

paring Eqs.(7b) and (8) with Eqs. (4c), (4d) and

(6), considering simultaneously the expressions of Di,

Ei(i = 0, 2) and Mj , Rj , Aj (j = 0, 2, 4), it is easy to

find that there are two important differences between
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the analytical linear and nonlinear solutions of the sys-

tem. Firstly, in the linear solution case, the gain, dis-

persion and population differences depend only on the

even (2,4,6)-order terms of the Rabi frequency of the

driving field (RFDF) and are not related to the probe

field. However, in the nonlinear solution case, these

quantities depend on the even (2,4,6)-order and odd

(1,3)-order terms of RFDF and the even (2,4)-order

terms of the Rabi frequency of the probe field (RFPF).

Moreover, the even (2,4)-order terms of RFPF include

the cross terms of the driving and probe fields. This

means that only the nonlinear solution can simultane-

ously reflect the effect of the driving field, the probe

field and the interaction of the driving and probe fields

on the system. Secondly, the nonlinear solution pre-

dicts that the gain would be saturated as the probe

laser intensity increases, and this will turn out to be

important for the stability of the system.

Now we analyse the conditions of the gain with-

out inversion of the nonlinear solution in two special

cases.

(1) The strong driving field limit: Ω >>

ε, rij , ri−j , r0, rb, rc

In this case, all odd-order terms of RFDF, Ω , are

zero in Eqs.(4)–(6). We find that the gain condition

is

[ra−c(rc−b + r0 − r) + (ra−b + r0)(r
′ + rc−b + r0)

+ 2rac(r + r′ − ra−b − r0 − ra−c)](x + 1)

> r0(r + r′ + 2ra−b + 2r0 + 2ra−c), (9)

where x=rb/rc. The condition without inversion, i.e.,

ρaa − ρbb < 0 is

r + r′ < ra−b + r0 + ra−c. (10)

If condition (9) is satisfied but condition (10) is not,

the system may produce lasing with inversion; if both

conditions (9) and (10) are simultaneously satisfied,

then the system will produce lasing without inversion.

In the strong driving field limit, ρcc−ρbb is always neg-

ative; that is, inversion between levels |b〉 and |c〉 does

not arise.

(2) The strong probe laser field limit: ε ≫ Ω ,

rij , ri−j , r0, rb, rc

In this case, the inversionless lasing conditions are

[(r − s3)(s2 + r′) − ra−cs2](rb + rc)

+ r0(ra−c + 2r′ − r + s3)rc < 0, (11a)

[s2(s3 + ra−c) + r′(r + s3) + r(ra−c + s2)

+ 2rac(ra−c + 2r′ − r + s3)]Ω

+ 2[rac∆0 − rbc(∆ − ∆0)]

· (ra−c + 2s2 + 2r′) > 0, (11b)

and

rac∆0 − rbc(∆ − ∆0) < 0; (11c)

or

[(r − s3)(s2 + r′) − ra−cs2](rb + rc)

+ r0(ra−c + 2r′ − r + s3)rc > 0, (12a)

[s2(s3 + ra−c) + r′(r + s3) + r(ra−c + s2)

+ 2rac(ra−c + 2r′ − r + s3)]Ω

+ 2[rac∆0 − rbc(∆ − ∆0)]

· (ra−c + 2s2 + 2r′) < 0, (12b)

and

rac∆0 − rbc(∆ − ∆0) < 0. (12c)

IV. NUMERICAL ANALYSIS

Eqs.(4)–(8) are the basic equations for the follow-

ing discussion. In order to gain a better insight into

this problem, we use the numerical analysis method.

It has been shown[15] that when both probe and

driving fields are resonant with the corresponding

atomic transitions, in order to have LWI in a closed

V system (let r′, r0, rb, rc, ra−c=0 in Fig.1) the decay

rate along the driving transition should be at least of

the same order or higher as the decay along the lasing

transition, i.e.,

rc−b ≥ ra−b. (13)

The condition will be naturally satisfied when the fre-

quency of the driving field is higher than that of the

lasing field (frequency down-conversion). For the spe-

cific case of frequency up-conversion, i.e. when the fre-

quency of the probe field is much higher than that

of the driving field, condition (13) is difficult to fulfil

since the decay rate grows with the cube of the fre-

quency of the corresponding transition. Yelin et al.[11]

have proven that Eq.(13) is not a fundamental condi-

tion for LWI and that it is possible to get LWI in the

frequency up-conversion regime in the system if

(ra−b + ra−c)
2 − r2 ≤ rra−c, (∆0 = 0) (14a)

or

r > ra−b, (∆0 6= 0). (14b)
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Fig.2. (a) χ′, (b) −χ′′, (c) ρaa−ρbb and (d) ρcc−ρbb as functions of ∆. The parameter values are rab = rac = rbc =

γ, ra−c = γ, rb = 0.1γ, rc = 0.3γ, rc−b = 0.05γ, r′ = 0.2γ, r0 = 0.4γ, ra−b = 0.2γ, Ω = γ, r = γ, ∆0 = 0. The

small figure on the left-hand side in Fig.2(b) is the amplification of the curves −χ′′ in the region from ∆/γ = −4.0

to ∆/γ = −2.4.

Especially, it is much easier to fulfil condition (14b)

than (14a), particularly in the practically interesting

case ra−b < ra−c. However, it is very difficult to give

a simple explicit condition for getting LWI in the fre-

quency up-conversion regime from the analytical non-

linear solution, Eqs.(4). So, now we compare the nu-

merical results obtained from the analytical linear and

nonlinear solutions using parameter values satisfying

conditions (14a) and (14b). We also find the differ-

ence between both solutions; that is, the effects of the

nonlinearities on the gain, dispersion and population

differences.

We first examine the effect of nonlinearities on

the gain, dispersion and population differences of the

system when the probe field is weaker.

When the driving field is resonant (∆0=0), the

real and imaginary parts, χ′ and χ′′, of the resulting

susceptibility and the population differences, ρaa−ρbb

and ρcc − ρbb, as functions of the probe field detun-

ing, ∆, are illustrated in Fig.2. In Fig.2 and later

related figures, χ′ and χ′′ are plotted in normalized

units of µ2
abN/(ε0h̄γ). In order to express more di-

rectly the gain and absorption of the probe field, we

mark the vertical axis by −χ′′ in Fig.2(b) and later

relative figures. From Fig.2 (a) we find that: the pos-

itive (redshift) maxima of the dispersion, χ′, increase

with increasing ε and the linear analysis corresponds

to the smallest gain; the negative (blueshift) maxima

of χ′ decrease with increasing ε, and the linear anal-

ysis corresponds to the biggest gain; the detuning of

the zero dispersion shifts with ε; the high index of re-

fraction does not correspond to the zero absorption

(compared with Fig.2(b)). Some of these characters

are very different from those in the Λ system with
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a coherent resonant driving field and a coherent off-

resonant probe field.[16] In the latter case, both the

positive and negative maxima of χ′ decrease with in-

creasing ε, the linear analysis gives the biggest gain,

and there is a high index of refraction without ab-

sorption. Fig.2(b) shows that both the inversionless

(ρaa − ρbb < 0) gain and absorption decrease with ε

increasing, the linear analysis gives the biggest gain,

i.e. the nonlinearity does lead to the gain saturation

(even though it is not evident here, when the probe

field is stronger, e.g. in Fig.4(b), this phenomenon is

considerable). We see that the effect of the nonlin-

earity on the maxima of absorption and dispersion is

bigger than on the gain. Figs.2(a) and (b) tell us that

the probe field detuning is a key parameter determin-

ing gain (absorption) and dispersion behaviour in both

linear and nonlinear cases. Figs.2(c) and (d) indicate

that the nonlinearity has a much larger effect on pop-

ulation differences, ρaa − ρbb and ρcc − ρbb than on

dispersion and gain, χ′ and χ′′. In the case of linear

solution, ρaa − ρbb and ρcc − ρbb keep, respectively, a

constant value with ∆ increasing although the linear

expression, (7b), of ρaa−ρbb and ρcc−ρbb does include

parameter ∆. Numerical calculations show that this

conclusion is always correct for any parameter value

of the system. The reason for this is that when ∆ in-

creases, the numerator and denominator of the expres-

sion of ρaa−ρbb(ρcc−ρbb) vary, respectively, but their

ratio is invariable. Because the population differences

are not related to the Rabi frequency of the probe field

in the linear case (refer to Eq.(7b)), so now we can say

that the probe field (including its amplitude and fre-

quency) has no effect on the population distribution

between levels coupled by it in the linear case. In the

nonlinear case, the values of ρaa−ρbb (ρcc −ρbb) oscil-

late obviously around the constant value of the linear

solution with increasing ∆. Moreover, the amplitudes

of the oscillation increase with increasing ε.

Fig.3. (a) χ′, (b) −χ′′, (c) ρaa − ρbb and (d) ρcc − ρbb as functions of ∆ with the

same parameter values as those in Fig.2 except ∆0 = −2.



618 Fan Xi-jun et al. Vol. 10

Fig.4. (a) χ′ and ρaa − ρbb, (b) −χ′′, (c) ρcc − ρbb as functions of ε with the same parameter values

as those in Fig.2 except ∆ = −0.8 and ∆0 = 0.2. The subscripts ‘l’ and ‘n’ represent ‘linear’ and

‘nonlinear’, respectively.

Figure 3 illustrates the gain, dispersion and pop-

ulation differences (ρaa−ρbb) as functions of the probe

field detuning ∆ when the driving field detuning exists

(∆0 = −2), other parameter values being the same as

those in Fig.2. Different from that in the case ∆0=0,

the redshift maxima also decrease with increasing ε

(see Fig.3(a)). The variation rules of maxima of the

blueshift, χ′′ and population differences are similar to

those in the case of ∆0=0, but the curves of the χ′,

χ′′ and population differences are very different; the

largest value of ε remaining inversionless is evidently

smaller than that in the case of ∆0=0. This indicates

that the effect of the driving field detuning on gain

(absorption), dispersion and population distribution

is considerable. In contrast to the case of ∆0=0, the

nonlinearity has a larger effect on the maxima of gain

than on the maxima of absorption and dispersion.

With the Rabi frequency (or amplitude) of the

probe field increasing, the quantitative difference be-

tween the linear and nonlinear gain, dispersion and

population differences will more obviously be seen.

Fig.4 plots χ′, χ′′, ρaa−ρbb and ρcc−ρbb as functions of

ε. It shows that in the nonlinear case, with ε increas-

ing, the gain, ρaa − ρbb and ρcc − ρbb decrease while

dispersion (redshift) increases. However, in the linear

case, the gain, dispersion, ρaa − ρbb and ρcc − ρbb re-

main unvaried when ε increases. Moreover, the linear

analysis gives minimum of dispersion, maxima of gain

and population differences. So when the probe laser

field is stronger, to obtain a precise result of gain, dis-

persion and population differences of the system, we

must use the nonlinear solution instead of the linear

solution.

V. CONCLUSION

To summarize, we give a general exact analytical
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nonlinear solution of an open V-type system with two

incoherent pump fields, coherent off-resonant driving

and probe fields, and present the conditions of the

gain without inversion in both the strong driving field

limit and the strong probe field limit cases. We make

a qualitative and quantitative comparison of the gain,

dispersion and population differences in both the lin-

ear and nonlinear cases. We find that: (1) the nonlin-

ear gain, dispersion and population differences depend

on the even (2,4,6)-order and odd (1,3)-order terms of

RFDF and the even (2,4)-order terms of RFPF. More-

over, the even (2,4)-order terms of RFPF include the

cross terms of the driving and probe fields, but the lin-

ear ones depend only on the even (2,4,6)-order terms

of RFDF and are not related to the probe field. This

means that only the nonlinear solution can simultane-

ously reflect the effect of the driving field, the probe

field and the interaction of the driving and probe fields

on the system. (2) With RFPF increasing, the nonlin-

ear maxima of the inversionless gain, absorption and

blueshift decrease always, the linear analysis corre-

sponding to the biggest ones; the nonlinear redshift

maxima increase or decrease depending on the driving

field detuning and the corresponding linear analysis

gives the smallest or biggest one. (3) When the probe

field is weaker, if the driving field is resonant, nonlin-

earity has a bigger effect on maxima of absorption and

dispersion than gain, and the case is reversed if the

driving field is off-resonant. (4) With the probe field

detuning increasing, the linear population difference

remains constant but the nonlinear population differ-

ence shows an obvious oscillation around the linear

value. (5) The higher Rabi frequency (or amplitude)

of the probe field, the more obvious the quantitative

difference between the linear and nonlinear gain, dis-

persion and population differences.

Thus from the physical viewpoint, we must use

the nonlinear solution to obtain the gain, dispersion

and population differences of the system regardless

of the probe field being weaker or stronger. Al-

though from the mathematical viewpoint, only when

the probe field is stronger and for obtaining precise re-

sults, do we need to use the nonlinear solution instead

of the linear.

APPENDIX A

The expressions of Di, Fi(i = 0, 2) and Mj , Rj Aj (j = 0, 2, 4) in Eqs.(4) and (5) are given in the following:

D2 = (e12rb + d12rc)Ω ,

D0 = (e4rb + d4rc)Ω
4 + (e2rb + d24rc)Ω

2 + (e0rb + d0rc);

F2 = (f32rb + h32rc)Ω
3 + (f22rb + h22rc)Ω

2 + (f12rb + h12rc)Ω ,

F0 = (f4rb + h4rc)Ω
4 + (f20rb + h20rc)Ω

2 + (f0rb + h0rc);

M4 = (k24rb + m24rc)Ω
2,

M2 = (k42rb + m42rc)Ω
4 + (k32rb + m32rc)Ω

3 + (k22rb + m22rc)Ω
2,

M0 = (k40rb + m40rc)Ω
4 + (k20rb + m20rc)Ω

2 + (k0rb + m0rc);

R4 = (l24rb + n24rc)Ω
2 + (l14rb + n14rc)Ω ,

R2 = (l32rb + n32rc)Ω
3 + (l22rb + n22rc)Ω

2 + (l12rb + n12rc)Ω + (l02rb + n02rc),

R0 = (l4rb + n4rc)Ω
4 + (l20rb + n20rc)Ω

2 + (l00rb + n00rc);

A4 = α24Ω
2 + α14Ω ,

A2 = α42Ω
4 + α32Ω

3 + α22Ω
2 + α12Ω + α0,

A0 = α6Ω
6 + α40Ω

4 + α20Ω
2 + α00;

where

α6 = 2rbct0, α42 = 2rbc[6rac − 2ra−c − (r′ + r0 + rc−b)],

α40 = 4rbct0c0 + c4t1, α32 = 2(t8c1 − t0c2), α24 = −t1 + 2ract8,

α22 = 2[ract7c4 − (s2 + r′ + 2ra−c)(rbcc0 + ∆0c2) + 6rabrbcc5],

α20 = 2t1c0c4 + 2rbct0c5c6, α14 = −2c1t7, α12 = 2t8c3c5,

α02 = α00 = 2c4c5rabt7, α00 = c4c5c6t1;

e4 = rbc(t5 + 2ract2), e2 = t5(∆0c2 + rbcc0) + 2rabrbcc5t2 + racc4t3,

e12 = −t3c1, e0 = rabc5c4t3;

d4 = rbc(2ract2 − r0t0 + t5), d2 = 2rbcrabc5t2 + racc4t4 − (rbcc0 + ∆0c2)(r0t0 − t5),

d12 = −t4c1, d0 = rabc5c4t4;

f4 = ∆0t5 + 2rbcDt2, f32 = t5 + 2ract2, f22 = −2c1t6,

f20 = Dc4t3 − rbcc2(t5 + 2ract2) + 2rbcDc0t2 + ∆0c0t5, f12 = t3(rbcrac + ∆0D),
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f0 = −∆c4c5t3;

h4 = ∆0t5 + 2rbcDt2 − ∆0r0t0, h32 = t5 + 2rbct2 − r0t0, h22 = −2c1(3r0 + t6),

h20 = −2rbc∆c5t2 + (rbcc2 − ∆0c0)(r0t0 − t5) + Dc4t4, h12 = (rbcrac + ∆0D)t4,

h0 = −∆c4c5t4;

k6 = 2rbct2, k42 = 2rbct6, k40 = t3c4 + 4rbct2c0,

k32 = −2t2c2, k24 = −t3, k22 = 2(∆0c2 + rbcc0)t6

k20 = 2c4c0t3 + 2rbct2c5c6, k0 = c4c5c6t3;

m6 = k6, m42 = 2rbc(3r0 + t6), m40 = c4t4 + 4rbcc0t2,

m32 = k32, m24 = −t4, m20 = 2c4c0t4 + 2rbcc5c6t2,

m22 = 2(3r0 + t6)(rbcc0 + ∆0c2), m0 = c4c5c6t4;

l4 = −c4t5, l32 = −2c1t2, l24 = t5 + 2ract2,

l22 = 2racc4t6, l20 = −2c4c0t5, l14 = −2c1t6,

l12 = −c3c5t2, l00 = −c4c5c6t5;

n4 = c4(r0t0 − t5), n32 = l32, n24 = −t0r0 + 2ract2 + t5,

n22 = 2racc4(3r0 + t6), n20 = 2c4c0(t0r0 − t5), n14 = −2c1(3r0 + t6),

n12 = −2c5c3t2, n02 = 2rab(3r0 + t6), n00 = c5c4c6(r0t0 − t5).

In the above expressions, D, s2, s3, ci (i = 0, 1, ...,5) and tj (j = 0, 1, ..., 8) are defined as follows:

D = ∆ − ∆0, s3 = ra−b + r0, s2 = rc−b + r0,

c0 = rabrac − ∆D, c1 = rac∆0 − rbcD, c2 = ∆rac + rabD,

c3 = rbc∆ + rab∆0, c4 = ∆2
0 + r2

bc
, c5 = D2 + r2

ac,

c6 = ∆2 + r2
ab

, t0 = r + r′ + 2s3 + 2ra−c,

t1 = s2(s3 + ra−c) + r′(r + s3) + r(ra−c + s2), t2 = r + r′ − s3 − ra−c,

t3 = (r − s3)(s2 + r′) − ra−cs2, t4 = r′(2r0 + r − s3) + (r − s3 − ra−c)(s2 − r0),

t5 = ra−c(s2 − r) + s3(r′ + s2), t6 = ra−c − r′ − s2, t7 = ra−c + 2s2 + 2r′,

t8 = ra−c + 2r′ − r + s3.

———————————————————————————
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