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An exact nonlinear analytical solution of an open V-type inversionless lasing system with two incoherent pump

fields, off-resonant driving and probe fields is given. Through qualitative and quantitative comparison of the gain,

dispersion and population differences of the linear and nonlinear cases, some conclusions concerning the Rabi frequencies

of the driving and the probe fields are drawn and discussed in detail.
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I. INTRODUCTION

Quantum coherence and interference in atomic

systems have a number of important conse-
quences, including lasing without inversion (LWI),[”
the subrecoil cooling of atoms,? potential for
sensitive measurements of magnetic fields,® the

4 and so

electromagnetically-induced transparency
on. In particular, LWI has attracted much more
attention,!®6 because it can bring about laser ac-
tions in the short wavelength (e.g. X-ray, even 7-ray)

regions!%!

where lasing is impractical with conventional
pumping schemes. Also, it has interesting statistical
properties, such as narrower intrinsic line widths due
to reduced spontaneous emission noises,!”) which could
be advantageous in, for example, optical communi-
cation networks.!® Recently a considerable amount
of theoretical work has been directed towards LWI
in open systems.["~13] Yelin et al!''! studied the lin-
ear gain without inversion of an open V-type system
with two incoherent pump fields, coherent driving and
probe fields detuned from resonance. However, the lin-
ear approximation contains no saturation terms and
consequently is valid only for a weak probe field. In
this paper, we give for the first time a general exact
nonlinear analytical solution of the system, and dis-
cuss the difference between the linear and nonlinear

solutions.

I. MOTION EQUATIONS AND EXACT
NONLINEAR ANALYTICAL SOLUTION

The semiclassical density matrix equations of mo-

tion for an open three-level V-type system with two
incoherent pump fields, coherent driving and probe
fields detuned from resonance (Fig.1) under the elec-
tric dipole and the rotating wave approximations can

be written asl'!

dpaa/dt == (Ta—p + Ta—c +70)Paa
+ 705 + 1’ pec +1(€ppa — € pab), (1a)
dppy/dt =re—ppaa — (1 +70)psb + To—cPec + (27 pep
— 2pve) + (" pab — €pva) + T, (1b)

dpcc/dt =Ta—cPaa — (chb + TI + TO)pcc

+i(R2ppe — 2% pep) + 7, (1c)
dpap/dt = — Lappab — i€(paa — pob) —12pac,  (1d)
dpac/dt = — Locpac — 192" pap + iepye, (le)
dpey/dt = — Tepper +102(p0b — Pec) — 1€Pab, (1f)

along with the equations of their complex conjugates.
Here p;; denotes the population of level |i), p;; the co-
herence between levels |i) and |j), r;—; the radiative
decay from level |i) to |j), and ro the decay out of the
system. The atoms are pumped into the lower levels
|b) and |c) with rates r, and .. We also assume that
the number of interacting atoms is constant, which
means that r, +7. = rg. 7 and 7’ are incoherent pump
rates from |b) to |a) and |c) to |a), respectively. 2 and
¢ are drive and probe Rabi frequencies, respectively.
The I5;’s are the complex coherence decay rates de-
fined as

Fab:Tab_iA; Fac:Tac+iA0_iAa
Fcb =Tcb — iAO, (2)
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\ ) Repuy = _e(Fpe” + 0)7 (4D)

v

Mye* + Mye? + M,

Ta—c ! Paa — Pbb = = 2 07 (46)

T € l v

e Ruc* + Roc? + R,
Ta=b |c) Pcc — Pbb = 2 ; 0 ) (4d)
/ T \ where

Te 2 T 7o 4 2

VU =1r(Ase” + Ase” + Ap). (5)

Ty T0

Fig.1. V-type LWI system with off-resonant driving
and probe fields.

where 7;;’s are the coherence decay rates on the cor-
responding transitions i) — |j), A4 (= wep — wp) and
Ao(= wep — wq) are the detunings of the probe field
(frequency wy,) and driving field (frequency wy), re-
spectively. For the convenience of calculation, {2 and
€ will be chosen to be real, which does not affect the
generality of the following discussion. The response of
the atomic system on the probe field can be expressed
by the complex susceptibility

12N pay
eohe

x=x"+ix"= (3)
where N is the atomic density, i is the electric dipole
matrix element of the optical transition |a) — |b), pab
is the corresponding element of the density matrix,
and gg is the dielectric constant in vacuum. Here
e = ph/E, where E is the amplitude of the probe
field. The real part of the susceptibility shows the en-
hancement of the refractive index whereas the imagi-
nary part gives the gain or loss in lasing without in-
version. In our notation, if Imp,, < 0 (x” < 0) the
system exhibits gain for the probe field, that is, las-
ing can be established on the transition |b) < |a); if
Imp,y, > 0 (x” > 0), the probe laser field is atten-
uated. Furthermore, the dispersion is determined by
Repap- Repap > 0 (X' > 0) corresponds to the redshift
of the frequency of the probe field, and Rep,, < 0
(x’ < 0) to the blueshift.[*4]

We solve Egs.(1) in the steady state and obtain
the following general exact nonlinear analytical solu-
tions for the polarization p,, and population differ-
ences pPga — Pop and pee — ppy corresponding to the
transitions coupled by the probe and driving fields,
respectively:

E(D252 + Do)

= (4a)

Impgp = —

The expressions of D;, F;(i = 0,2) and M;, R;, A;
(j = 0,2,4) in these equations are given in the ap-
pendix. Combining Eq.(3) with Egs.(4a) and (4b), we

have
r_ _Mng (F282 + Fo)

X ooh 7 , (6a)
2 2
. (12, N (Dye? + Dy)
_— 6b
X ooh 7 ; (6b)

Egs.(6a) and (6b) give the nonlinear dispersion and
gain (or loss) of the probe field, respectively. When
Paa — pop < 0 and x” < 0 (=Impy, > 0), the probe
field has gain without inversion.

II. DISCUSSION OF THE NONLINEAR AN-
ALYTICAL SOLUTION

Eq.(6b) shows that the numerator and the denom-
inator are second-order and fourth-order functions, re-
spectively, of the Rabi frequency, ¢, of the probe field.
So the lasing process would be saturated as the probe
laser intensity increases (in a complicated way).

When dropping all the second-order and fourth-
order terms of € in the nonlinear solution, Eqgs.(4), we
obtain the linear solution of the system:

eEy eFy
Impey = ———=, Repey = ——=, (7
Pab rodo CPab roAo (72)
My Ry
aa — = 3 cc — = . 7b
p Pob T()AO p Pob T()AO ( )

Similarly, from the nonlinear dispersion and gain,
Egs.(6a) and (6b), we obtain the linear dispersion and

gain:
r_ /Lsz Fo
th TQAO,
"n_ MibN Do (8)
EQT“L ToAO'

The second equation in (8) corresponds to the
linear gain expression (6) in Ref.[11] and the lat-
ter is obtained by an approximation method. Com-
paring Egs.(7b) and (8) with Eqgs. (4c), (4d) and
(6), considering simultaneously the expressions of D,
E;(i=0,2) and M;, R;, A; (j =0,2,4), it is easy to
find that there are two important differences between
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the analytical linear and nonlinear solutions of the sys-
tem. Firstly, in the linear solution case, the gain, dis-
persion and population differences depend only on the
even (2,4,6)-order terms of the Rabi frequency of the
driving field (RFDF) and are not related to the probe
field. However, in the nonlinear solution case, these
quantities depend on the even (2,4,6)-order and odd
(1,3)-order terms of RFDF and the even (2,4)-order
terms of the Rabi frequency of the probe field (RFPF).
Moreover, the even (2,4)-order terms of RFPF include
the cross terms of the driving and probe fields. This
means that only the nonlinear solution can simultane-
ously reflect the effect of the driving field, the probe
field and the interaction of the driving and probe fields
on the system. Secondly, the nonlinear solution pre-
dicts that the gain would be saturated as the probe
laser intensity increases, and this will turn out to be
important for the stability of the system.

Now we analyse the conditions of the gain with-
out inversion of the nonlinear solution in two special
cases.

(1) The strong driving field limit: £ >>
€,Tij, Timj,T0sTbs Te

In this case, all odd-order terms of RFDF, (2, are
zero in Egs.(4)—(6). We find that the gain condition
is

[Fa—c(Te—p + 10 —7) + (Ta—p +70) (1" + rep +10)
+ 2rac(r + 7" = Tap — 10 — Ta—c)|(x + 1)
> ro(r+1" + 2re_p + 210 + 2r0—c), 9)

where x=rp,/r.. The condition without inversion, i.e.,

Paa — Pob < 018
r+1 < re_p+ro+ro_e. (10)

If condition (9) is satisfied but condition (10) is not,
the system may produce lasing with inversion; if both
conditions (9) and (10) are simultaneously satisfied,
then the system will produce lasing without inversion.
In the strong driving field limit, p.. — ppp is always neg-
ative; that is, inversion between levels |b) and |c) does
not arise.

(2) The strong probe laser field limit: e > 2,
TijsTiejs 70, T, Te

In this case, the inversionless lasing conditions are

[(r—s3)(s2 +7") — ra_c52] (1% +7¢)

+70(Fa—e +2r" — 7+ s3)1c <0, (11a)

[s2(83 + Ta—e) + 7' (r + 83) + 7(ra—c + 52)
+ 2Tac(7ﬂa7c + 27"/ —7r—+ 83)]9
+ 2[T'QCA0 — Tbc(A — Ao)]

“(ra—e + 2524+ 2r") >0, (11b)
and
Taclo — Tbc(A — Ao) < 0; (11(3)
or
[(r — s3)(s2 +1") = Ta—es2](ry + 1¢)
+10(Ta—e +2r" — 1+ s3)rc > 0, (12a)
[s2(83 + Ta—e) + 7' (1 + 83) + 7(ra—c + 52)
+2r4e(Ta—c + 21" — 1+ 83)|02
+ 2[racAO - Tbc(A — Ao)]
(Pa—e + 252+ 21") <0, (12b)
and
Taco — Toc(A — Ap) < 0. (12¢)

IV. NUMERICAL ANALYSIS

Eqgs.(4)—(8) are the basic equations for the follow-
ing discussion. In order to gain a better insight into
this problem, we use the numerical analysis method.

It has been shown['®) that when both probe and
driving fields are resonant with the corresponding
atomic transitions, in order to have LWI in a closed
V system (let v/, 1o, 7p, 7e, Ta—=0 in Fig.1) the decay
rate along the driving transition should be at least of
the same order or higher as the decay along the lasing
transition, i.e.,

Teb > Ta—b- (13)

The condition will be naturally satisfied when the fre-
quency of the driving field is higher than that of the
lasing field (frequency down-conversion). For the spe-
cific case of frequency up-conversion, i.e. when the fre-
quency of the probe field is much higher than that
of the driving field, condition (13) is difficult to fulfil
since the decay rate grows with the cube of the fre-
quency of the corresponding transition. Yelin et al.'"
have proven that Eq.(13) is not a fundamental condi-
tion for LWI and that it is possible to get LWI in the

frequency up-conversion regime in the system if

(ra—b + Ta—c)2 - T2 < TTa—c, (AO = 0) (148“)

or

r>rep, (Ao #D0). (14b)
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Fig.2. (a) X/, (b) —x", (c) paa — pvp and (d) pec — ppy as functions of A. The parameter values are rqp = rac = Tpe =

Yy Ta—e =7, Ty = 0.1, 7 = 0.3, re_p = 0.05y, ¥’ = 0.2y, 70 = 0.4y, rq_p = 0.2y, 2 =, r =, Ap = 0. The

small figure on the left-hand side in Fig.2(b) is the amplification of the curves —yx

to A/y = —24.

Especially, it is much easier to fulfil condition (14b)
than (14a), particularly in the practically interesting
case rq—p < rq—c. However, it is very difficult to give
a simple explicit condition for getting LWI in the fre-
quency up-conversion regime from the analytical non-
linear solution, Eqgs.(4). So, now we compare the nu-
merical results obtained from the analytical linear and
nonlinear solutions using parameter values satisfying
conditions (14a) and (14b). We also find the differ-
ence between both solutions; that is, the effects of the
nonlinearities on the gain, dispersion and population
differences.

We first examine the effect of nonlinearities on
the gain, dispersion and population differences of the
system when the probe field is weaker.

When the driving field is resonant (Ao=0), the
real and imaginary parts, ¥’ and x”, of the resulting

1"

in the region from A/y = —4.0

susceptibility and the population differences, paq — Pp
and p.. — pwy, as functions of the probe field detun-
ing, A, are illustrated in Fig.2. In Fig.2 and later
related figures, ¥’ and x” are plotted in normalized
units of p2,N/(gohy). In order to express more di-
rectly the gain and absorption of the probe field, we
mark the vertical axis by —x” in Fig.2(b) and later
relative figures. From Fig.2 (a) we find that: the pos-
itive (redshift) maxima of the dispersion, x’, increase
with increasing € and the linear analysis corresponds
to the smallest gain; the negative (blueshift) maxima
of ¥ decrease with increasing ¢, and the linear anal-
ysis corresponds to the biggest gain; the detuning of
the zero dispersion shifts with ¢; the high index of re-
fraction does not correspond to the zero absorption
(compared with Fig.2(b)).
are very different from those in the A system with

Some of these characters
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a coherent resonant driving field and a coherent off-
resonant probe field.['8! In the latter case, both the
positive and negative maxima of x’ decrease with in-
creasing €, the linear analysis gives the biggest gain,
and there is a high index of refraction without ab-
sorption. Fig.2(b) shows that both the inversionless
(Paa — pop < 0) gain and absorption decrease with &
increasing, the linear analysis gives the biggest gain,
i.e. the nonlinearity does lead to the gain saturation
(even though it is not evident here, when the probe
field is stronger, e.g. in Fig.4(b), this phenomenon is
considerable). We see that the effect of the nonlin-
earity on the maxima of absorption and dispersion is
bigger than on the gain. Figs.2(a) and (b) tell us that
the probe field detuning is a key parameter determin-
ing gain (absorption) and dispersion behaviour in both
linear and nonlinear cases. Figs.2(c) and (d) indicate
that the nonlinearity has a much larger effect on pop-
ulation differences, poqe — pvp and pe. — ppp than on

0.04
(a) —— Linear

o024 /o
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dispersion and gain, X’ and x”. In the case of linear
solution, pqq — pry and pe. — ppy keep, respectively, a
constant value with A increasing although the linear
expression, (7b), of paq — pey and pec — ppy does include
parameter A. Numerical calculations show that this
conclusion is always correct for any parameter value
of the system. The reason for this is that when A in-
creases, the numerator and denominator of the expres-
sion of paq — prv(pec — Pob) vary, respectively, but their
ratio is invariable. Because the population differences
are not related to the Rabi frequency of the probe field
in the linear case (refer to Eq.(7b)), so now we can say
that the probe field (including its amplitude and fre-
quency) has no effect on the population distribution
between levels coupled by it in the linear case. In the
nonlinear case, the values of paq — pob (Pec — pob) Oscil-
late obviously around the constant value of the linear
solution with increasing A. Moreover, the amplitudes
of the oscillation increase with increasing e.
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Fig.3. (a) X/, (b) —x", (¢) paa — pob and (d) pcc — ppp as functions of A with the
same parameter values as those in Fig.2 except Ag = —2.
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Figure 3 illustrates the gain, dispersion and pop-
ulation differences (pqq — ppy) as functions of the probe
field detuning A when the driving field detuning exists
(Ag = —2), other parameter values being the same as
those in Fig.2. Different from that in the case Ay=0,
the redshift maxima also decrease with increasing e
(see Fig.3(a)).
blueshift, x” and population differences are similar to

The variation rules of maxima of the

those in the case of Ag=0, but the curves of the Y/,
x” and population differences are very different; the
largest value of £ remaining inversionless is evidently
smaller than that in the case of Ap=0. This indicates
that the effect of the driving field detuning on gain
(absorption), dispersion and population distribution
is considerable. In contrast to the case of Ag=0, the
nonlinearity has a larger effect on the maxima of gain
than on the maxima of absorption and dispersion.
With the Rabi frequency (or amplitude) of the
probe field increasing, the quantitative difference be-
tween the linear and nonlinear gain, dispersion and

population differences will more obviously be seen.
Fig.4 plots X', X", paa—pob and pe.— ppy as functions of
€. It shows that in the nonlinear case, with ¢ increas-
ing, the gain, psq — ppy and pe. — ppy decrease while
dispersion (redshift) increases. However, in the linear
case, the gain, dispersion, psq — ppp and peec — pPyp re-
main unvaried when ¢ increases. Moreover, the linear
analysis gives minimum of dispersion, maxima of gain
and population differences. So when the probe laser
field is stronger, to obtain a precise result of gain, dis-
persion and population differences of the system, we
must use the nonlinear solution instead of the linear

solution.

V. CONCLUSION

To summarize, we give a general exact analytical
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nonlinear solution of an open V-type system with two
incoherent pump fields, coherent off-resonant driving
and probe fields, and present the conditions of the
gain without inversion in both the strong driving field
limit and the strong probe field limit cases. We make
a qualitative and quantitative comparison of the gain,
dispersion and population differences in both the lin-
ear and nonlinear cases. We find that: (1) the nonlin-
ear gain, dispersion and population differences depend
on the even (2,4,6)-order and odd (1,3)-order terms of
RFDF and the even (2,4)-order terms of RFPF. More-
over, the even (2,4)-order terms of RFPF include the
cross terms of the driving and probe fields, but the lin-
ear ones depend only on the even (2,4,6)-order terms
of RFDF and are not related to the probe field. This
means that only the nonlinear solution can simultane-
ously reflect the effect of the driving field, the probe
field and the interaction of the driving and probe fields
on the system. (2) With RFPF increasing, the nonlin-
ear maxima of the inversionless gain, absorption and
blueshift decrease always, the linear analysis corre-
sponding to the biggest ones; the nonlinear redshift

APPENDIX A

maxima increase or decrease depending on the driving
field detuning and the corresponding linear analysis
gives the smallest or biggest one. (3) When the probe
field is weaker, if the driving field is resonant, nonlin-
earity has a bigger effect on maxima of absorption and
dispersion than gain, and the case is reversed if the
driving field is off-resonant. (4) With the probe field
detuning increasing, the linear population difference
remains constant but the nonlinear population differ-
ence shows an obvious oscillation around the linear
value. (5) The higher Rabi frequency (or amplitude)
of the probe field, the more obvious the quantitative
difference between the linear and nonlinear gain, dis-
persion and population differences.

Thus from the physical viewpoint, we must use
the nonlinear solution to obtain the gain, dispersion
and population differences of the system regardless
of the probe field being weaker or stronger. Al-
though from the mathematical viewpoint, only when
the probe field is stronger and for obtaining precise re-
sults, do we need to use the nonlinear solution instead
of the linear.

The expressions of D;, F;(i = 0,2) and Mj, R; A; (j =0,2,4) in Egs.(4) and (5) are given in the following:

Dy = (e127y + di127¢) 12,

Do = (eary + dare) 2 4 (eary + doare) 2% 4 (eory + dore);
Fy = (faarp + haore) 23 + (faary + hoare) 22 4 (fizry + hi2re) 2,
Fo = (fary + hare) 2% + (f20rp + h2ore) 22 + (fors + hore);

My = (kaary, 4+ mogre) 22,

My = (kaory + maare) 2% + (kaary, + maare) 23 + (kaary + maore) 22,

Mo = (kaory, +maore) 2% + (kaory, +maore) 22 + (kory + more);

Ry = (l2arp + n2are) 22 + (liarp + n1are) 2,

Ro = (I327p + n327c) 2% + (laary + noare) 22 + (lizry + ni2re) 2 + (loary + no2re),
Ro = (lary + nare) 2% + (Iaorp + n20me) 2% + (loos + noore);

Ay = a242% + @140,

Az = a4 2% + 322 + 2220% + 0122 + a0,

Ap = ag 2% + as0 2* + a202? + ago;
where
ag = 2rpcto,

aq0 = 4rpetoco + caty,

a2 = 2[ractres — (s2 + 1" 4+ 2ra—c)(rpeco + Aoca) + 6rapTpeCs],

g0 = 2t1cocq + 2rpctocscs,
Qo2 = Qoo = 2¢4C5Tqbt7,

eq = 1rpc(ts + 2ractz2),

e12 = —tzcy,
dy = rpe(2ract2 — Toto + t5),
di2 = —tycy,

fa = Aots + 21y Dta,
f20 = Dcat3z — rpec2 (t5 + 2Tact2) + 27y Deota + Apcots,

g2 = 2(t801 — tocz)7

aig = —2city,

42 = 2rpe[6Tac — 2ra—c — (r' + 10 + Tc—p)],

Q24 = —t1 + 27qcls,

ai2 = 2tgcscs,

Qoo = €4C5C6t1;

e2 = t5(Aoc2 + rpcco) + 2rqpTpeCsta + raccats,
€0 = TabC5C4L3;

dg = 2rpcTapcsta + Taccats — (Theco + Aoc2)(roto — ts),
do = Tqpcscata;
faz2 =t5 + 2racta,

fa2 = —2cite,
fiz2 = t3(rperac + Ao D),
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fo = —Acacsts;
ha = Aots + 2rp.Dte — Aoroto,

h3z = t5 + 2rpct2 — roto,

h2o = —2rycAcsta + (rycca — Aoco)(roto — ts) + Deata,

ho = —Acycsta;
ke = 27pct2,
k32 = —2taca,

koo = 2cacots + 2rpctacscs,

me = ke,

m32 = k32,

maz = 2(3r0 + %) (rpeco + Aoca),
ly = —cqyts,

l22 = 2raceats,

l12 = —cscsta,

ng = ca(roto — t5),

n2g = 2racca(3ro + te),

niz = —2cscsta,

In the above expressions, D, s2, s3, ¢; (¢ =0,1,...

D =A-— A,
co = TapTac — AD,
c3 = Tpe A + 1ap A0,

ce = A% + rib,

ka2 = 2rpcte,
kog = —t3,
ko = cacscets;

mys = 27"bc(37"0 + tg),

mag = —t4,

l32 = —2ci1t2,
l20 = —2c4cots,
loo = —c4cscets;
ngz = l32,

n20 = 2caco(toro — ts),

no2 = 274530 + t6),

—2c1 (37‘0 =+ tﬁ),
(rperac + AoD)ta,

ha2
hi2

kao = tzca + 4ryctaco,
koo = Q(A()cz —+ T’bcCO)tG

mqo = c4tq + 4rpccote,

maoo = 2cqcots + 2rpcCrc6t2,
mo = c4acsC6t4a;

loga = t5 + 2rqcto,

l14 = —2c1ts,

ng4 = —toro + 2racts + s,
nia = —2¢1(3ro + t6),

noo = C5C4CG(T0t() — ts).

,5) and t; (j =0,1,...,8) are defined as follows:

83 =Tq—p + T0,
c1 = Taclo — Ty D,
C4 = A% + Tgc’

to=7r+1"+ 283+ 2rg—c,

s2 =Tc—p + 70,
c2 = Arge + rap D,

cs = D? + T’EC,

t1 =s2(s3+7Ta—c) + 7' (r+53) +7(Ta—c + 52),

to=r+7r" —83—Ta—c,

tr =Ta—c + 252 + 21/,
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