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A new synchronization theorem for a class of chaotic systems is presented based on nonlinear observer theory. We

take the first state variable of the drive system as the driving scalar signal. Its linear feedback gain is a function of a

free parameter. It is proven that global synchronization can be attained through simple linear output error feedback.

This approach is illustrated by the WGY hyperchaotic system and Chua’s oscillator.
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I. INTRODUCTION

Since chaos synchronization was presented for the
first time in 1990, due to its promising applications
in secure communication, information and biotic sci-
ence, there has been considerable interest in it and its
practical applications.

In most synchronization schemes, the driving sig-
nal can be taken as one of the state variables of the
drive system.(?l The driving scalar signal is used to
synchronize the response system in the sense that the
trajectory of the response system tracks the trajectory
of the drive system. The synchronization stability is
proven by numerically computing the conditional Lya-
punov exponents of the response system!®! or finding
a Lyapunov function.

Because the chaotic system is a nonlinear system
and synchronization means that the response system
tracks the drive system, we can use the observer theory
of nonlinear systems to synchronize chaotic systems. [®!

Our main result is that, under certain technical
assumptions (such as Lipschitz functions and observ-
ability), an exponential synchronization rule can be
built by linear output error feedback for a class of
chaotic systems, based upon nonlinear observer the-
ory. The synchronization error can be made to have
arbitrary exponential decay and to be particularly
simple.

Our work is organized as follows. Section II de-
scribes the problem to be discussed and gives a linear
output feedback synchronization controller. The sta-
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bility of synchronization is proven in section III. Some
simulation results are given in section IV, and the con-
clusion is given in section V.

I. DESCRIPTION OF THE PROBLEM AND
CONTROLLER DESIGN

We consider the drive system described by the
following state equations:

z=Az+ F(x), y=Cux, (1)

xn)T € R™ is the state vector,

y € R is the output, A is a constant matrix. Thus we

where @ = (21, 22, ..

have
i a1 a2 0 .- 0 1
a21 G2 Q23
A= 0 e R,
an—1,n
| Q1 an2 o Gpn
fi(x1)
F(z) = falo,2) ceR"  (2)
fn(x17«r27"'7xn)

C=(10---0)eR" (3)

In our synchronization scheme, we use a linear
output error feedback approach to synchronize the
drive and response systems. We take the first state
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variable x; as the driving scalar signal. The state

equation of the response system is
b= Ad+F@) +Ky—7), §=Cx, ()

where & € R" is the state variable , § € R is the out-
put of the response system and K = (ky, ko, ..., k)T €
R™ is the feedback gain.

In the system equations (1) and (4), we make
some assumptions as follows:

A1l: For matrix A, a; ;41 #00 =1,...,n—1), and
a;; =007 >1+1).

A2: Denote ; for the vector (z;...7;;,0...0)7 € R",
and require every element f;(x;) = fi(2,...,zn)({ =
1,...,n) in F(x) satisfies the Lipschitz condition.

Assumption Al guarantees the observability of
(C,A) and is more general than that of Ref.[6]. In
Ref.[6], the form of matrix A is more strict. Assump-
tion A2 is a general condition in most nonlinear sys-
tems. If f;(x;) is not global, it should be at least sat-
isfied locally almost everywhere. For nonlinear Lur’e
systems, the form of F'(x) and the Lipschitz condition
are satisfied. Also assumption A2 is not strict for most
chaotic systems.

The design procedure of K is stated as follows:

(1) Construct a constant lower-triangular matrix
T = (t;;) € R™*™, where

k—1
t11 =1, tu= g th—1,5Q50,
j=i—1

k=2,3,..n, 1=1,2 ..k (5)

and denote t;0 = ag; = 0(1 =1,2,...,n).
(2) For a given positive constant 6, calculate the
feedback gain

K=T"'P 19)CT, (6)
where

P(0) = (pi;(0)) € R™™",
(_1)i+jc_j—1

i+j—2
and Dij (9) = 9i+j_1+J )
.. i n!
léla Jjs<n, On: (n—i)'i" (7)

Remark: (1) Since t11 = 1 # 0, t; = ti—1,4-1
a;—1,; # 0 (1=2,3,...,n), T is a nonsingular matrix, so
T has inverse matrix . T is a lower-triangular ma-

trix, as is T~1.

11 1
(2) It is clear that P(0) = H-diag(g, 7z ,9—n>
11

1
-P(1)-diag <§, g2 9—n>, and if P(#) is nonsingular,

its inverse matrix is P~1(f) = 6~! - diag(9, 62, ..., ™)
-P71(1) - diag(0, 62, ..., 0™).

II. PROOF OF THE MAIN THEOREM

Now, we give our main theorem as follows.
Firstly, we give two lemmas.

Lemma 1 For matrices Ag and C, there exists a
symmetric positive definite matrix P(0) = (p;;(0)) €
R™ ™ which satisfies the equation

OP + AT P+ PAy - CTC =0 (8)
where
[0 1 0 0
00 1

A=100 o0 0| €RrR™" 9)

Moreover, p;;(0) satisfies Eq.(7).

A direct computation leads to the following
Lemma 2, which is useful for the proof of theorem
1.

Lemma 2 For matrix A in Eq.(2), and T in
Eq.(5), there exist constants ai,as,...,a, € R that
satisfy the following equation

[0 1 0 0
0 0 1 :
TAT'=| : = -~ -~ ¢ |- (10)
0 0 0 1
| o e o an

Then we consider, when A = Ag, the feedback
gain K of system (4). Gauthierl® constructed an ob-
server of system (1) by a linear output feedback, when
A = Ap. We state their theorem 3 in Ref.[6] as our
theorem 1.

Theorem 1 For systems (1) and (4), when
A = Ay and satisfies A2, there exists 6y > 0, when
0 >0y and K=S"1(0)CT. Then system (4) is an ob-
server of system (4), and for 6 large enough, we have
l|lz(t) —2(t)|| < k(0)exp(—6t/3) ||x(0) — (0)||, where
k(9) is a constant about 6.

Then for the general form of A, we have the fol-
lowing theorem.

Theorem 2 For systems (1) and (4), which sat-
isfy A1 and A2, there exists 6y > 0, when 6 > 6y and
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K = T 'P~16)CT. Then the drive system (1) and
response system (4) are globally asymptotic synchro-
nized in the sense that tli)rgo ||z (t) — z(t)|| = 0.

Proof: We consider the coordinate transforma-
tion z = T'x, where z = (21, 22, ..., z,)T € R"™. System
(1) becomes

2 =TAT 2+ TF(T '2),y=CT 'z =Cz. (11)

Using Eq.(10), we have

n T
ZZA()Z—F (OOZaZ%) +TF(T_1Z),ZJ:CZ-

=1

(12)
For sake of simplicity, we denote the lower-
triangular matrix as 7! = (r;;) € R""i,j =
1,2,...,n.
3 K2
Obviously the term thifj(erizj), the ith
j=1 j=1

element of TF(T~'2), a function of z1, ..., z;, can be
denoted as f/(z;).
stant of f;(x;), then we have

[FACHRSHEN]

étﬁ () - @)
< (; il - 1) - | — 2

—<z ol 1) [T - 20

< (Z [tji] - li) ||T_1|| l|lz: — 2
=1

So fl(z;) satisfies the Lipschitz condition. It is
n

Denoting I; as the Lipschitz con-

obvious that Zaizi is a function about z and sat-
i=1
isfies the Lipschitz condition, therefore every element

n T
of <O...O Z aizi) +TF(T~'2) satisfies the Lipschitz
i=1

condition and A2 is satisfied.
Similarly, considering coordinate transformation
2z =T, where £ € R", then from Eq.(4) we have
) n T
2 =Apz + (0...0 > az> +TF(T™ %)
i=1
+TK(y—-19), §=Cxz. (13)
A2 is also satisfied.
Then, for systems (12) and (13), from theo-
rem 1, there exists 6y > 0 that ||z(t) — 2(t)|| <

k(0)exp(—0t/3)||z(0) — 2(0)|| when 6 > 6y and K =
T-1P~10)CT. Therefore, tlgg)”z(t) — z(t)|| = o.
Accordingly, for systems (1) and (4), there exists
0o > 0 that tlirgo |z(t) — @(t)|| = 0 when 6 > 6y and
K=T-1P~1(9)CT

This ends the proof of theorem 2.

(7]

Compared with Wang’s work,!”) the application

range of theorem 2 is larger. It can be used to
deal with the synchronization of some chaotic systems
in complex form, including hyperchaotic systems, in

which Wang’s theorem cannot be effective.
IV. SIMULATION

(1) WGY system
The state equation for the WGY system!®! is given
by

T1 = T2,
To = —axo + brs — f(x1),
2 2 3 — f(z1) (14)
I3 = —cxo + drs — exy,
il.']4:f$3,
Yy =1, (15)

where f(z1) = = + |z1 + 1] + |21 — 1|. The system
parameters are selected to be a=0.05402, b=0.5369,
¢=0.3725, d=0.03536, e=0.589, f=0.8489.

The initial states of the drive and the re-
sponse systems are (0) = (—1.0,0.1, —1.5,0.05) and
#(0) = (2.0,—1.0,1.0,1.0)7. We have T by Eq.(5),
and the feedback gain is K = T-*P~1()C7T.

4
Y "

LI o
[ e
P — e
— e4

_6 1 1
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t/s

Fig.1. Synchronization error in two WGY systems
performed with 6=1.0.

We find that the synchronization occurs when 6 >
1.0. When 6=1.0, we have K=(4.0,6.0,8.05, —7.16)7,
and the error variables varying with time are shown
by Fig 1. It is found that the maximal absolute error
is less than 1073 when ¢ >24s. The feedback gain K
varying with 6 is shown in Fig.2, and it is obvious that
K is a power function of 0 from Eq.(6).
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500 L Fig.3. The feedback gain K varying with 6 is shown
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Fig.2. Feedback gain K varying with 6 in the WGY system. 0

(2) Chua’s oscillator
Consider Chua’s oscillator!”]

&1 = a(ze —x1 — f(21)),
Tg = x1 — T2 + T3, (16)

i3 = Bag — I3,
Y =1, (17)

where f(z1) = bz = %(a—b)ﬂxl +1|—|z1—1|). The
system parameters are a=10.0, $=15.0, v=0.0385,
a=—1.27, and b=—0.68.

The initial states of the drive and the re-
sponse systems are x(0)=(—1.0,-0.1,1.5)7 and
£(0)=(1.5,0.3,-1.0)T. We have T from Eq.(5), and
the feedback gain is K = T-1P~1(9)C7T.

t/s

Fig.3. Synchronization error in two Chua’s oscillators
performed with 6=1.0.

We find that the synchronization occurs when
6 >1.0. When 6#=1.0, we have K=(3.0,3.3,3.4)7, and
the error variables varying with time are shown in

Fig.4. Feedback gain K varying with 6 in Chua’s oscillator.

In computer simulations, the response system
can synchronize the drive system for arbitrary initial
states, because the presented synchronization rule is
globally asymptotic stable.

The synchronization method in Wang’s work is a
special case of our work, so its example TNC hyper-
chaotic system can be done with our methods. We do
not use it as an example here. Wang’s method cannot
fit the WGY system, but ours can. Compared with
Ref.[8], our method is also more simple than that of
Ref.[8], which takes two variables x; and z2 as the
synchronization driving signals, and its controller sep-
arates the linear and nonlinear parts.

V. CONCLUSION

We have presented a linear output error feedback
approach to globally synchronize a class of chaotic sys-
tems with the first state variable as the driving signal.
The feedback gain is chosen as a function of a free pa-
rameter. We prove that globally asymptotic synchro-
nization can be attained when the parameter is large
enough. This enlarges the application range of Wang’s
method, and is a more simple method. By using this
method, we have shown the simulation results, taking
the WGY hyperchaotic system and Chua’s oscillator
as examples. These simulation results show that the
proposed scheme might be useful for developing prac-
tical synchronized chaotic systems.
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