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A mathematical model of a rotor system with clearances is analysed by the application of modern nonlinear

dynamic theory. From the bifurcation diagrams, it is discovered that the rotor system alternates between periodic and

chaotic motions at a supercritical rotational speed, and after undergoing a chaotic region the periodic number of the

motion will increase by one. At the same time, the periodic number is equal correspondingly to the integral multiple of

the critical rotational speed. At the subcritical rotational speed, it is discovered that the chaotic bands among successive

orders of superharmonic responses return to the period one through a reversed period-doubling bifurcation, as a result of

a period-doubling bifurcation. It is shown that the increase of damping may reduce the width of the chaotic bands and

the amplitude of the periodic response; the increase of nonlinear degree also leads to the reduction of chaotic bandwidth,

but makes the amplitude of the subharmonic response increase. So it is suggested that proper damping and correct

material selection by considering the dynamic characteristics of the rotor system may reduce the proportion of faults

and enhance the dynamic characteristics when designing the rotor system. The working speed should not be selected

at N times its natural frequency and should not be set in the chaotic bands among the successive orders of periodic

motion for the same purpose.
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I. INTRODUCTION

Clearance is inevitable in rotational facilities in

practice. It may cause the joints of moving parts to

wear away and loosen; an accident could even arise

because of the impact between them. In a high-speed

rotor system, the impacting caused by clearance be-

tween the rotor and stator is one of the important

causes of faults.

Clearance is also one of the principal factors giv-

ing rise to nonlinear elements in a mathematical model

of rotor systems. Because of its existence, impact-

ing can arise when the rotor system is working. It

can cause the system to get into complicated dy-

namic phenomena, which include not only periodic

elements, such as fractional frequency, synchronous

frequency and frequency-doubling responses, but also

quasi-periodic and chaotic elements. By systemati-

cally studying the dynamic characteristics of rotor sys-

tems with clearances, some theoretical basis may be

obtained for improving the dynamic properties of the

rotor system and properly diagnosing accidents.

Due to the complexity of the dynamic behaviour

raised by the clearance, many scholars have already

studied the phenomenon. Kobrinsky[1] documented

the existence of various periodic regions in vibro-

impacting systems. As was noticed later by Thomp-

son and Ghaffari,[2] when periodically excited, the

structure may respond in a fairly regular and or-

derly fashion, as well as entirely chaotic patterns of

motion. The chaotic behaviour of rotational struc-

tures with clearances and the rubs against station-

ary elements were discussed by Szczygielski,[3] and

Ehrich.[4,5] Goldman[6] studied the supercritical sub-

harmonic phenomena of rotor systems with clearances

through an analytical approach associated with nu-

merical calculations. A reversed period adding was

reported by Wai Chin et al.[7]

In this paper, we have numerically analysed the

model of a rotor system with clearances, and drawn

a conclusion that the addition of one bifurcation oc-

curs at the supercritical speed, together with the skips

of amplitude arising at the subcritical speed. By us-

ing bifurcation diagrams, the influence of nonlinear

stiffness and damping on the system has been inves-

tigated, and then some pertinent advice is given for

improving the dynamic characters of the rotor system.

II. MATHEMATICAL MODEL OF A ROTOR

SYSTEM
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The object studied in this paper is a simplified

Jeffcott rotor system having a single point mass with

two degrees of freedom mounted on a massless flexible

shaft, as shown in Fig.1.

Due to the existence of clearance between the ro-

tor and stator, analysis of the rotor system may be

divided into two stages in terms of its impacting sit-

uation. The first stage is that, before impacting, the

rotor system exerts a spring restitution force from the

flexible shaft deformation. The second stage is that,

after impacting, the system exerts a spring restitution

force from the stator deformation, in addition to that

of shaft deformation. The impacting time between

the stator and the rotor is so short that we think the

stator deformation may be linear, and then the rotor

system is analogously acted upon by a bilinear spring

force. The bilinear spring force reaction is illustrated

in Fig.2, and may be represented by the following re-

lationships:

Fig.1. Jeffcott rotor model.

Fig.2. Nonlinear spring system.

R = [(Y − ∆)2 + X2]1/2,

Fr = RK1 → (R < R0),

Fr = R0K1 + (R − R0)K2 → (R > R0),

Fx = FrX/R,

Fy = Fr(Y − ∆)/R + ∆K1 → (∆ < R0). (1)

In the light of Fig.2, it is assumed that the cen-

tre of the coordinate system is the centre of the rota-

tional shaft at the beginning of rotation. In compari-

son to the restitution forces of the shaft deformation,

the gravity of the rotor affects the dynamic charac-

teristics of the rotor system so slightly that it may

be neglected. At the same time, the system is also af-

fected by the centrifugal forces resulting from the mass

deflection of the rotor. So the governing equations of

motion are

Md2X/dT 2 + CdX/dT + Fx = MEΩ
2 cosΩT,

Md2Y/dT 2 + CdY/dT + Fy = MEΩ
2 sinΩT. (2)

For a systematic study, the system is simplified

and made dimensionless by some assumptions and pa-

rameter normalization.[4] The last equations of motion

are as follows:

d2x/dt2 = ω2 cosωt − 2ξ(dx/dt) − fx,

d2y/dt2 = ω2 sin ωt − 2ξ(dy/dt) − fy. (3)

The nonlinear spring forces are

r = [(y − δ)2 + x2]1/2,

fr = rβ → (r < r0),

fr = r0β + (r − r0) → (r > r0),

fx = frx/r,

fy = fr(y − δ)/r + δβ → (δ < r0). (4)

In Eqs.(1)–(4), R is the radial deflection from the sta-

tor centreline, R0 is the radial clearance between the

stator and rotor, T and t denote time, X and x are

horizontal deflections from the rotational centreline,

Y and y are vertical deflections from the rotational

centreline, β is the stiffness ratio, ∆ and δ are the ro-

tor centreline offset in the vertical direction from the

stator centreline, E is the mass eccentricity, ξ is the

damping ratio referred to stiff linear system, Ω and

ω are rotational speeds, K1 is the support stiffness

within the clearance, K2 is the total support stiffness

beyond the clearance, M is the rotor point mass, Fr

and fr are radial force components, Fx and fx are

horizontal support reaction force components, and Fy

and fy are vertical support force components.
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III. ALTERNATIONS BETWEEN CHAOS

AND PERIOD, PERIOD ADDING

PHENOMENA AT THE SUPER-

CRITICAL ROTATIONAL SPEED

After the dimensionless equations of motion have

been obtained, they are converted to first-order equa-

tion sets u̇ = f(u), and then integrated numerically

by the fourth-order Runge–Kutta–Gill method in or-

der to compute x and y as functions of t for fixed

rotational speed ω, damping ratio ξ, stiffness ratio β,

clearance r0 and offset δ.

The rotational speed is one of the most important

factors affecting the dynamic characteristics of a rotor

system. It may be divided into two parts in terms of

its ratios referring to the critical rotational speed of

the stiff linear system for β = K1/K2 = 1.

Figure 3 is a bifurcation diagram of the motion

in the Poincaré sector when ξ = 0.012, β = 0.001,

over a range of m from 1 to 10.1. The horizontal and

vertical coordinate axes of the diagram represent ro-

tational speed ratio m and vertical displacement of

the rotor centre y respectively, in which the rotational

speed ratio m = ω/ων, ων is the vertical natural fre-

quency of the rotor system. In Fig.3, it can be found

that clear peaks of steady-state response in the y di-

rection occur at the proximity of integral multiples of

the critical rotational speed, where the value of cor-

responding m in the horizontal direction is exactly or

nearly an integral number. At the same time, when

m=1, the corresponding periodic number of the mo-

tion in Fig.3 is 1; when m=2, the number is 2, until

m=10, the periodic number of the steady-state peri-

odic response is equal to the integral part of the m

value. That is to say, when m=1, 2, ..., n, n+1,

the corresponding steady-state responses of the sys-

tem are period 1, 2, ..., n, n+1, which are called

first-, second-, ..., nth-, (n+1)th-order subharmonic

responses, respectively. As m increases, the magni-

tudes of all subharmonic response peaks in Fig.3 in-

crease orderly, and chaotic bands occur among suc-

cessive orders of subharmonic responses. Then, af-

ter the motion undergoes a chaotic band, the period

number increases by one. Chin et al.[7] reported a re-

versed period adding by analysis of impact oscillators.

Shaw and Holmes[8] presented a period adding phe-

nomenon in a two-dimensional (2D) system, but the

magnitudes of harmonic response peaks decrease with

the increase of the parameters in motion equations.

Thompson and Ghraffari[9] showed an analogous phe-

nomenon by a 2D mathematical model of a moored

marine system at nearly the same time. So the period

adding with periodic number being equal to integral

multiples of the critical rotational speed and the in-

crease of magnitudes of the steady-state response peak

with the increase of rotational speed ratio is a new and

important bifurcation phenomenon.

Fig.3. Bifurcation diagram for (ξ, β)=(0.012, 0.001)

at the supercritical rotational speed.

Fig.4. (a) Strange attractor in chaotic bands be-

tween the sixth-order and seventh-order subharmonic

responses. (b) Chaotic trajectory of the rotor cen-

tre in the chaotic bands between the sixth-order and

seventh-order subharmonic responses.
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In the Poincaré sector, a steady-state map in the

space of (y, ẏ) for m=6.14 is shown in Fig.4(a), then

a hand-like Poincaré map is observed. The hand-like

region of development in the phase projection is remi-

niscent of the strange attractor mappings of Henon,[10]

and this is apparently not a stable periodic state. The

ensuing chaotic trajectory of the rotor centre is shown

in Fig.4(b), which is in the three-dimensional space of

(x, y, t).

The amplitude peaks of subharmonic vibration

occurring in the proximity of integral multiples of the

critical rotational speed, as shown in Fig.3, will give

the rotor the worst influence in practice, in addition

to chaotic bands among successive orders of subhar-

monic responses. When the phenomena occur, even

a slight change of rotational speed ratio can give rise

to changes of motion characteristics in the rotor sys-

tem. Collisions between the rotor and stator will be

strengthened suddenly, and impair the system quickly.

So the discovery of the phenomena has an important

significance for the design of a rotor system and re-

duction of faults.

Fig.5. (a) Bifurcation diagram for (ξ, β)=(0.005, 0.005) at

the subcritical rotational speeds. (b) Amplitude skip.

IV. BIFURCATION PHENOMENON AT THE

SUBCRITICAL ROTATIONAL SPEED

Fig.6. (a) Waveforms of the superharmonic response for

(ξ, β, m)=(0.005, 0.005, 1/2). (b) Waveforms of the su-

perharmonic response for (ξ, β, m)=(0.005, 0.005, 1/3).

When m <1, the rotational speed of the rotor

system is below the critical rotational speed. Fig-

ure 5(a) in coordinates of m and y is a bifurcation di-

agram for ξ=0.005, β=0.005, where chaotic bands can

be observed arising directly from the period-doubling

bifurcation lying in the intervals between neighbour-

ing values of m for m=1/2, 1/3, 1/4, 1/5. When

m decreases from 0.5 to 0.2, the chaotic motion of

the system returns directly to the periodic motion by

a reversed period-doubling bifurcation. At the same

time, amplitude skips exist in all steady-state regions

lying between two of the three chaotic bands. Pro-

ceeding in this way, we have found regions approxi-

mately centred at speed ratios of 1/2, 1/3, 1/4 and

1/5, at which the motion is regular and repeatable,

with two, three, four and five bounces per revolution,

respectively. The motions within the regions are su-

perharmonic responses exactly or nearly N times the
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forcing frequency excited by mass unbalance. Fig-

ures 6(a) and 6(b) are waveforms of the superhar-

monic response in the vertical direction when m=1/2

and 1/3 respectively. It has been found that there are

two amplitude peaks in Fig.6(a) for m=1/2, and three

amplitude peaks in Fig.6(b) for m=1/3. Thus, this

proves that the collision numbers between the stator

and rotor are two and three, respectively. Childs,[11]

Muszynska[12] and Ehrich[4] all reported on the su-

perharmonic response of a rotor system at the sub-

critical rotational speed, with frequency exactly or

nearly 1/n times its natural frequency. Motions within

the chaotic bands between regular regions are irregu-

lar and unrepeatable. Figure 7(a) shows the trajec-

tory of the rotor centre in the chaotic band between

second-order and third-order superharmonic responses

for m=0.382, ξ2=0.005, β=0.005, in which the trajec-

tory is observed to be irregular with the increase of

time t. Figure 7(b) shows a record of the chaotic mo-

tion in the format of the Poincaré sector, which is a

strange attractor with a fractal structure.

Fig.7. (a) Chaotic trajectory of the rotor centre in the chaotic

bands between the second-order and third-order superhar-

monic responses. (b) Strange attractor between the second-

order and third-order superharmonic responses.

The multiple value of the solution caused by the

nonlinear element in Eqs.(2) results in an amplitude

skip in the light of physics. There is a part of Fig.5(a),

as shown in Fig.5(b), where the dashed and dot-

dashed lines represent unstable solutions of y and the

route of the amplitude skip, respectively. In the DA

sector of m, a value of m corresponds to multiple val-

ues of y, the dashed line in Fig.5(b) corresponds to un-

stable solutions; as m increases, the y value will skip

to the B point along the dot-dashed line AB when y

arrives at the A point.

Amplitude skips and chaotic motion at subcrit-

ical rotational speeds are all dangerous phenomena,

because the amplitude of vibration will change quickly

when they occur, and the collision between the stator

and the rotor will be enhanced too. So these phenom-

ena should be avoided in order to reduce faults when

the rotor system is working.

V. INFLUENCE OF CLEARANCE AND

NONLINEAR ELEMENT−BILINEAR

SPRING ON THE DYNAMIC CHARAC-

TERISTICS OF THE ROTOR SYSTEM

Due to the existence of clearance, the nonlinear

element−bilinear spring occurs in the rotor system.

This is one of the important factors affecting dynamic

characteristics of the rotor system with clearances.

Figure 8 is a bifurcation diagram of motion at the

subcritical rotational speed with the degree of nonlin-

earity β=0.005, which is five times that in Fig.3. The

values of the remaining parameters are the same as

those in Fig.3.

In comparison to the width of chaotic bands

among the successive orders of subharmonic responses

in Fig.3, the width of those in Fig.8 decreases clearly;

in contrast, the height of the amplitude peaks of the

subharmonic response increases. According to the

analysis of the phenomena, it is demonstrated that

the increase of the degree of nonlinearity could effec-

tively suppress the width of the chaotic bands between

successive orders of subharmonic responses and, at the

same time, correspondingly improve the amplitude of

the harmonic responses. So the degree of nonlinearity

should be changed exactly according to the physical

circumstances. The rotor material that determines

the nonlinear degree of the rotor system must be re-

thought to improve the dynamic characteristics of the

system when starting to design the rotor structure.

Damping also is one of the important factors af-

fecting the dynamic characteristics of a rotor system.

In order to show the characteristics, all of the parame-
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ter values used in Fig.9 are the same as those in Fig.3

except damping ξ=0.005. From the comparison, we

indicate that:

a) Due to the decrease of damping, the amplitude

of the subharmonic responses in Fig.9 is nearly two

times that in Fig.3. Nevertheless, the width of the

chaotic bands between the successive orders of peri-

odic response increases correspondingly.

b) In comparison to the location of the rotational

speed ratio m corresponding to the amplitude peaks of

the subharmonic responses in Fig.3, those in Fig.9 are

clearly less deflective. These indicate the hysteresis of

damping.

Fig.8. Bifurcation diagram for (ξ, β)=(0.012, 0.005)

at the supercritical rotational speed.

Fig.9. Bifurcation diagram for (ξ, β)=(0.006, 0.001)

at the supercritical rotational speed.

Consequently, correct damping not only causes

the amplitude of periodic responses to decrease but

also suppresses the width of chaotic bands. This is an

efficient approach to optimize the dynamic character-

istics of the system and to reduce faults.

VI.CONCLUSIONS

Applying the modern nonlinear dynamic theory

to analyse the mathematical model of a rotor sys-

tem with clearance, we find that, when the rotational

speed is above the critical rotational speed, the motion

of the system alternates between periodic and chaotic

responses. After undergoing a chaotic region, the pe-

riod number increases by one. At the same time, the

amplitudes of the subharmonic responses increase or-

derly as the rotational speed ratio increases. When the

rotational speed is below the critical speed, the chaotic

bands resulting directly from a period-doubling bi-

furcation occur between the successive orders of the

superharmonic responses. Then, these can return

directly to a periodic motion by a reversed period-

doubling bifurcation. Moreover, amplitude skips exist

in all periodic regions among three chaotic bands at

the subcritical speeds.

At supercritical rotational speeds, the damping

of the system not only clearly reduces the amplitude

of the subharmonic responses but also effectively sup-

presses the width of the chaotic bands. The nonlinear

element–bilinear spring not only makes the amplitude

of the periodic responses increase, but suppresses the

width of the chaotic bands among the successive or-

ders of the periodic responses. Therefore, when de-

signing a rotor system, correct damping and compre-

hensive thought about the rotor material which de-

termines the nonlinear stiffness will benefit the im-

provement of the dynamic characteristics and clearly

decrease the number of faults, on the basis of not af-

fecting the efficiency of the system. At the same time,

it is suggested that it is better not to locate the work-

ing speed of a rotor system in the integral multiples

of the critical rotational speed and the chaotic bands

in between successive orders of periodic responses in

order to reduce faults.

———————————————————————————
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