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A direct approach has been developed for soliton perturbations based on the Green’s function. We first linearized

the soliton equation, and then derived the Green’s function corresponding to approximation equations of different

orders. Finally, we obtained the effects of perturbation on a soliton, namely both the slow time dependence of the

soliton parameters and the corrections up to the second-order approximation. The higher-order effects can also be

obtained in the same way.
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I. INTRODUCTION

In recent years, we have developed a new direct
approach for soliton perturbations based on the sepa-
ration of variables.!=9] Since this approach does not
rely on the tools of the inverse scattering transforma-
tion, it can be employed to deal not only with inte-
grable but also with unintegrable systems (for exam-
ple, the ¢ — 4 modell¢! etc). Besides, no additional
approximations have been employed, and it is very
simple and easy to understand. The procedure is de-
scribed roughly as follows. Firstly, we linearize the
perturbed soliton equations in the usual way. Then
we solve the linearized approximation equations of dif-
ferent orders and, at the same time, we obtain the
effects of perturbation on a soliton, namely both the
slow time dependence of the soliton parameters and
the different order corrections.

By introducing a coordinate system moving with
the soliton, i.e. by choosing the soliton phase as a
new space coordinate system, the time and space vari-
ables are separated in different terms of the linearized
approximation equations. These equations can be
solved, in principle, by the separation of variables.
The key to the problem is how to find the eigenfunc-
tions of an appropriate operator L and its adjoint
f}T, based on which we can construct two complete
sets of states as the bases of a perturbation expan-
sion. In our previous papers,1~% the eigenfunctions
of L and L' are orthogonal to each other, and so the
expansion coefficients can be easily obtained. How-

ever, in many cases (including the case in this paper),

the proof of orthogonality is not an easy thing, and
so we must improve the method. In this paper, we
shall first find the Green’s function of the linearized
equations instead of solving the equations themselves,
since to do this we do not require the orthogonali-
ties. According to this point of view, the approach
developed in this paper has more widespread applica-
tion prospects. At least, the soliton perturbations of
all the nonlinear equations we have studied by the
separation of variables (for example, KdV, MKdV,
KdV-MKdV, nonlinear Schrodinger, sine-Gordon, ¢-
4, double-quadratic equations, etc) can also be treated
by our approach. However, we choose a KdV-like
equation as an example to demonstrate our approach,
since it has application in the study of long wavelength
theory in shallow water(7=9 and also because there
will be some new characteristics appearing in its soli-
ton perturbation. In the first place, the appropriate
operator L is neither self-adjoint, nor anti-self-adjoint,
and then its eigenvalues are neither real nor imagi-
nary, but complex numbers. In the second place, there
are two independent eigenfunctions corresponding to a
continuous eigenvalue. In other words, the eigenvalue
problem is degenerate of second degree. Obviously,
the study of the above characteristics will enrich the

soliton perturbation theory.

I. LINEARIZATION

Consider the following nonlinear evolution equa-
tion

Up — Uy — Uy — Ugy = 0, (1)
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where the subscripts represent partial differentiation
with respect to time t and space x. The difference be-
tween Eq.(1) and the KdV equation is merely that the
last term on the left-hand side of the KdV equation is
Ugze. 1t is easy to check directly that Eq.(1) has the

following single soliton solution
u(z,t) = 2a tanh[a(z — z¢ + t)], (2)

where a and x( are two real parameters that determine
the soliton height (and also width) and initial position,

respectively. The appropriate perturbed equation is

« = €Rful, (3)

Up — Uy — UUy — U,

where € is a small positive constant measuring the
weakness of the perturbation (0 < e¢ <« 1), and
the perturbation term R[u] is a known function of
Uy Uy, Uz, + - . Lo linearize Eq.(1) in the usual way,
we introduce the slow time variables of different scales
t,=€"t,n=1,2,.-,
be replaced by the expansion

thus the time derivative should

3t — 3t + e3t1 + 628t2 + e (4)

At the same time, u and R[u] are expanded in a power

series of € as follows

u(z,t) =
Rlu] =

u® (z,t) +euV (2, t) +2u? (2, )+ . (5)

u(l)] N (6)

Inserting Eqs.(4)—(6) into Eq.(3), and equating the co-

R[U(O)] +eRW [u(0)7

efficients of each power of €, one obtains the following

approximation equations of different orders:

ugo) —u{® — 4 Dy0 — 40 — 0, (7)
ulD D @y (1) _ 0, (1) _ ()
w®] - uly, (8)
u® ugz) u @y _ 042 _ 42)
— RO [ W] = o — ugn 20D o (9)

The zeroth-order approximation equation (7) is for-
mally the same as Eq.(1), so it has the single soliton
solution expressed by Eq.(2), which can be rewritten

as

u(© = 24 tanh z,

z=alz+¢&), &=1 (10)

We assume that £ depends not only on the fast vari-

able ¢ (see the last equation in Eq.(10)), but also on

the slow variables t1,ts,- - -, due to perturbation. It

follows from Eq.(10) that

uEO) = &, 2a%sech®z, n=1,2,--- (11)
Since, in this paper, we study the effects of perturba-
tion on a single soliton, Eqgs.(7), (8) and (9) are subject
to the initial conditions u(®)(z,0) = 2a tanh[a(z —
z0)],uM(x,0) = 0 and u®(z,0) = 0, respectively.
Substituting Eqgs.(10) and (11) into Eqs.(8) and (9),
and taking z (proportional to the space coordinates in
a system moving with the soliton) as a new indepen-
dent variable instead of @, we can rewrite Egs.(8) and

(9) and the appropriate initial conditions as

z=FW(z),
uM(z,0) =0, (12)

and

u52) C@2iu® = R(l)[u(o),u(l)]
— ugg) — ug) + 2au(1)u9) = F(Z)(z),

u?(z,0) =0, (13)

where L is a linear differential operator defined as

. d2 d
L= 12 + Ztanhzd— + 2sech’z. (14)

. EEGENVALUE PROBLEM

Our main task, in this paper, is to derive the ef-
fects of perturbation on a soliton through finding the
solutions of Egs.(12) and (13) by separation of vari-
ables.

operator L

The key is to solve the eigenvalue problem of

Lo = ¢ (15)

In appendix A, the eigenfunctions for continuous
eigenvalues are derived in a new way, different from
that given in Refs.[1] and [2].

¢:|:(Z7 k)
:;ei’”(l + ik + ik tanh z — tanh? z)
47r)\i(k)

for Ap(k) = —k®£2ik, —oco<k<oo. (16)

It is easy to check directly that L also has an eigen-

function for discrete eigenvalue A = 0,

1

do(z) = Esech2z , A=X=0. (17)
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It should be pointed out that though the two sets of
complex numbers A, (k) = —k? + 2ik and A_(k) =
—k2 — 2ik coincide with each other, the corresponding
k) satisfies different

The former tends to zero as

eigenfunctions ¢ (z, k) and ¢_ (z,
boundary conditions.
z — —oo, while the latter tends to zero as z — +oo,
and so they are linearly independent. Therefore, the
eigenvalue problem (15) is degenerate of second de-
gree.

In appendix B, we shall prove the following com-

pleteness relation

[kl (00 (e k) + 611 - ()

+65(2")o(2)
=sech®z §(z — 2') = sech®z’ §(z — 2')

=sechz sechz’ §(z — 2'), (18)
where, as wusual, ‘*’ stands for complex conju-
gate, and &(z — 2’) is the Dirac function. Note
that there is an additional factor sechz sechz’
on the right-hand side of Eq.(18). If we define

Yi(z,k) = coshz ¢1(z,k),vo(z) = coshz ¢o(z)
(coshz can be understood as a certain weight fac-
tor), then we obtain the usual completeness rela-
tion: f dk[y* (2", k)Y (2, k) + 95 (2, k)Y (2, k)] +
Ga(Vo(2) = 8(z — ).

IV. GREEN’S FUNCTION

Now, we solve Egs.(12) and (13). According to
Refs.[1]-[5], we should expand u(") and u(® on the
complete set of eigenfunctions, and determine the co-
efficients with the aid of orthogonalities. However, the
proof of orthogonality is not an easy thing. To avoid
this difficulty, we first seek the Green’s function corre-
sponding to Eqs.(12) and (13). The Green’s function
G(z,t; 2") is determined by the following equation and

initial condition

Gy —a’LG =6(z—2"),
G(z,0;2") = 0. (19)
Once the Green’s function is derived, the first-order

and second-order corrections can be expressed in

terms of it,
- / 42/Gl,t VPO (2).  (20)

:/ dz'G(z,t;2)FA (). (21)

In order to solve Eq.(19), we expand G as follows

Glati2) = [ dR[C1( 2564 (1

+O_(t,2';k) ¢ (2, k)]
+ Co(t, 2" ) po(2). (22)
Substituting Eq.(22) into Eq.(19), and making use of
Eqs.(15)—(18), we obtain the first-order ordinary dif-
ferential equations and the appropriate initial condi-
tions governing the coefficients:
Cy — A (k)a®Cy = ¢* (2', k) cosh? 2/,
C4(0,2';K) =0, (23)

C_ —_(k)a?C_ = ¢ (2',k) cosh® 2/,
C_(0,2';k) =0, (24)
= ¢5(2') cosh? 2/,
where the overdot signifies the derivative with respect

to t. It is easy to obtain the solutions of Egs.(23)—(25)

in a standard way that

Co(0,2") =0, (25)

1
Cy = _/\+(k')a2 {1 — e)‘+(k)a t]¢ (z k) cosh” 2/ , (26)

Co =t ¢5(2') cosh® 2. (28)
Inserting Eqs.(26)—(28) into Eq.(22), we immediately

obtain the Green’s function

_ 9 < dk
G =cosh z{—/_mw[l—e
<67 (2, k)b (2, k)

© gk N
_ T ] = er-(R)att
/_OO T ]

B k) (k) +t ¢s<z'>¢o<z>}. (20)

)\+(k)a2t]

V. EFFECTS
SOLITON

Substituting Eq.(29) into Eq.(20), we obtain the

expression of the first-order correction u(l)(z,t). In

OF PERTURBATION ON A

this expression, the term proportional to ¢ (which
comes from the last term on the right-hand side of
Eq.(29)) will grow in time infinitely. It is just the so-
called secular term. In order to eliminate it, we must

put

/ dz’ cosh? 2’ oo(z ) (1)( )
:% /'OO dzl{R[u(O)(Z,)] — ft12a28ech22'} =0. (30)
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From Eq.(30) one easily obtains the t;-dependence of

£,
1 o0
&, = e /_Oo dz R[u(®(z)]. (31)

Now, the first-order correction reduces to

N = dk
u) = / dz' cosh’ Z'F(”(Z'){ _/ At (k)a?

— 00 — 00

. |:]_ _ e)\+(k)a2t:| ¢*_(Z,, k)¢+ (Z, k)

o° dk 2
_ v 1 _ )\_(k)a t
/_oo A (k)a? { ‘

SR (= k)}. (32)

Both Egs.(31) and (32) represent the first-order effects
of perturbation. The former determines how the soli-
ton velocity is affected, while the latter signifies the
first-order correction on the wave profile of the soli-
ton.

Similarly, inserting Eq.(29) into Eq.(21), one ob-
tains the second-order correction u(®(z,t), and the
non-secular condition [*°_dz cosh? z ¢5(2)FP)(z) =

0, which leads to

1 o0
bn =13 - dz{ RM[u®) 4]
— ug) + 2u(1)ug1)}. (33)

Now, the second-order correction reduces to

() — ! 2 p@) (N = "
u / dz' cosh” z'F (z){ /oo WO

— 00 —

1= 0 g (o )

T
LRG0 (34)

The second-order effects of perturbation on a soliton
are given by Eqgs.(33) and (34). Obviously, the higher-
order effects can also be derived in the same way.

Finally, as an example, we consider the case

Rlu] = —u, = —ul?

T

—eul) —2u® ... (35)

which corresponds to the refractive index of a
slightly varying medium. Since R[u(®)] = —u® =
—2a?sech?z, it follows from Eqs.(31) and (12) that

1 oo
bn =13 | deRuO()
=3 dz sech”z = —1, (36)

and
FO(2) = Ru(2)] — &, 2a%sech?z = 0, (37)

respectively. Therefore, we have from Eq.(32) that
uM(z) = 0, and then R = —uS) = 0. Similarly, it
follows from Egs.(33) and (13) that

1 oo
€, = - dz(R(l) _ ug) + 2u(1)u;1)) =0,
a —00
F@ — p) _ ugg) _ ugi) + 2u(1)ug) =0, (38)

which leads to u(?) = 0. Repeating the above steps in
the higher-order approximations, we can easily obtain
that & = 0 and u(™ =0, for n > 2. Consequently,

we finally obtain
Gi=1+e +€6,+---=1-¢ (39
and
w=u® 1 eu® 2@ o
=u® = 2atanh{afz — zo + (1 — €)t]}. (40)

Equation (40) shows that in the presence of pertur-
bation R[u] = —u,, the soliton merely changes its

velocity a little, while its shape remains unchanged.

APPENDIX A: DERIVATION OF EIGEN-
FUNCTION ¢(z, k) IN Eq.(16)

Consider the eigenvalue problem

. ~ 2 d
Lép=Xp L =— +2tanhz— + 2sech?z. (A1)
dz2 dz
Letting
$(z, k) = e*70(z, k), (A2)
we obtain the ordinary differential equation governing 0 as fol-
lows
0.~ + (2ik + 2 tanh 2)0,
+ (2 — k% + 2iktanh z — 2tanh? 2)0 = A6 . (A3)
Introducing a new independent variable y = tanhz, we can

rewrite Eq.(A3) as
(1 —y*)0yy + 2ik(1 — y*)0y
+ (2 — k2 + 2iky — 24%)0 = X6. (A4)
We assume that Eq.(A4) has a polynomial solution:
0(z, k) = ag(k) + a1 (k)y + az(k)y? + -+ an(k)y™. (A5)

Substituting Eq.(A5) into Eq.(A4), and equating the coefficients
of each power of y, we easily obtain n = 2 and the following
relations successively,

A

1
= —ik =—|= 14 —k2
a ikas , agp |:2+( +2 ):|(12

i (k) = —k2 + 2ik. (A6)
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Thus, we obtain immediately
b+ (2, k) = ce®*(1 + ik + ik tanh z — tanh? 2), (A7)

where ¢ = —az is a constant, determined by the completeness
relation (18), to be ¢ = [4m A4 (k)] 1/2.

APPENDIX B: PROOF OF COMPLETENESS RE-
LATION (18)

We start from the integral

/ ¢*j:(zl7k)¢:!:(z7k)

oS}

1

Tar

_ - dk eik (z—2z")
_oo A(R)

- (1 £ tanh 2') F ik sech®z(1 & tanh 2')

ke (z==") (1 ¥ tanh 2)(1 & tanh 2’)

=+ 2ik(1 F tanh z)

F ik(1 F tanh z)sechzz' + sech?z sech2z':| . (B1)
Since -
1 . ’
— dkelF(z=2") = §(z — 2'), (B2)
2m

+ 2ik(1 F tanh z)(1 =+ tanh z’) F ik sech?z
- (1 £ tanh z’) F ik(1 F tanh z)sechzz'
= — ik(1 F tanh 2)(1 4 tanh 2)(tanh z — tanh 2’), (B3)
Eq.(B1) can be rewritten as

/ dkol (2, k)b (2, k)

e}

:%(1 F tanh 2)(1 & tanh 2")§(z — 2’)

1
+ 4—(1 F tanh z)(1 & tanh z')(tanhz — tanh z')
™

. oo
L2 dk eik:(zfz’)
N ES

(1 4 tanh 2)(1 — tanh 2’)(tanh z — tanh 2’)

k—2i
+ 7 _11_ 2i(1 — tanh z)(1 4 tanh z')(tanhz — tanh z')
2ik , ,
= (1 — tanh z tanh z")(tanh z — tanh z")
k2 +4
= 4(tanhz — tanh z”). (B6)

We have immediately from Eq.(B4)

/ dk[¢i(z’,k)¢+(z,k) +¢*+(Z/7k)¢*(z’k)]

=sech?z §(z—2")

1
+ 4—(1 — tanh z tanh z’)(tanh z — tanh 2')
7r

oo .
. dk 2ik eik:(z—z’)
k2 +4
—oo

1 * 4
. ’

— —(tanh z — tanh 2')? dk )

4 k2 +4

—o0

4 < 2
- 4—sech2z sechzz'/ dk e 4e‘k(zfz ), (B7)

™

Making use of the residue theorem and Jordan’s lemma, we can

easily calculate

oo .
dk 2ik eik(z—z’)
o k244

=—0(z— z')27re_2(z_zl) +0(z' — z)27rez(z_zl), (B8)
dk 4 eik(zfz')
o k24
=0(z — z')27re72(z*z,) +0(2' — z)27re2(zfz,)7 (B9)

where 6(z) is the step function

1, for x>0,
0, for z<0.

after a few steps of simple calculation, we finally obtain

defined, 6(z) =

Inserting Eqgs.(B8) and (B9) into Eq.(B7),

/ dk[d)*_(z’,k)¢+(z,k) —}—d)i(z’,k)(ﬁ,(z,k)]

[eS]

(B10)

1
=sech?26(z — 2') — Zsechzz sech?z’,

which is just the completeness relation (18).

- ﬁsechzz sech?z’ /_Z ﬁeik@ﬁ’). (B4)
Note that
(1 F tanh 2)(1 % tanh 2')§(z — 2')
=sech?28(z — 2'), (B5)
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