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We study the C3 Ruijsenaars-Schneider model with interaction potential of trigonometric type. The Lax pairs for

the model with and without spectral parameters are constructed. Also given are the involutive Hamiltonians for the

system. Taking a non-relativistic limit, we obtain the Lax pair of C3 Calogero-Moser model.
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I. INTRODUCTION

The Ruijsenaars-Schneider (RS) and Calogero-
Moser (CM) models as integrable many-body mod-
els recently have attracted remarkable attention and
have been extensively studied. They describe one-
dimensional n-particle systems with pairwise interac-
tion. Their importance lies in various fields ranging
from lattice models in statistical physicst'? to the
field theory and gauge theory, 4l
Witten theory,®! etc.

the CM models in various root systems have been

e.g. to the Seiberg-
Recently, the Lax pairs for

given by Olshanetsky et al.,ls! Inozemtsev,!”) D’Hoker
et all® and Bordner et all®! with or without spec-
tral parameters, respectively. Further, a more gen-
eral algebra-geometric construction was proposed by
Hurtubise et al. in Ref.[10], while the commuta-
tive operators for the RS model based on various
types of Lie algebra were given by Komori,[!1:12]
Diejen'314 and Hasegawa et al.[l'!5] An interesting
result is that in Ref.[16] the authors show that for the
sly trigonometric RS and CM models the same non-
dynamical r-matrix structure exists compared with
the usual dynamical ones. On the other hand, sim-
ilar to Hasegawa’s result that Ay_; RS model can
be obtained as transfer matrices associated to the
Sklyanin algebra, they also reveal that correspond-
ing CM model’s integrability can be depicted by sly
Gaudin algebra.[!7]

As for the C, -type RS model, commuting differ-
ence operators acting on the space of functions on

the Cs-type weight space have been constructed by

Hasegawa et al. in Ref.[15]. Extending that work,
the diagonalization of elliptic difference system of that
type has been studied by Kikuchi in Ref.[18]. Despite
the fact that the Lax pairs for CM models have been
proposed for general Lie algebra even for all of the

(19]

finite reflection groups, the Lax integrabilities of

the RS model are not clear except only for Axn_1-
typel20,2:21-24]

other than Apn_1-type have not yet been obtained.

i.e. the Lax pairs for the RS models

In this paper, we concentrate on the Cs-type
trigonometric Ruijsenaars-Schneider model. The ba-
sic materials about the Cy RS model are reviewed
in section II. In section III, we present the Lax pair
without spectral parameters and its integrability in
the Liouville sense is also given. In section IV, tak-
ing its non-relativistic limit, we recover the system
of corresponding CM-type. In section V, we give the
Lax pair for the system with spectral parameters, and
show that at certain limit it will degenerate to the
one without spectral parameters. The last section is

a brief summary and some discussion.

I. MODEL AND EQUATIONS OF MOTION

As a
the C,-type Calogero-Moser model,

relativistic-invariant generalization of
the C,,-type
Ruijsenaars-Schneider system is completely integrable

251 and

whose integrability is shown by Ruijsenaars
Diejen.['14 In terms of the canonical variables D;s
z;(i,j = 1,...,2) satisfying the canonical Poisson

bracket {pi)pj} = {xiawj} = 07 {xiapj} = 571_7" the
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Hamiltonian of Cy RS system can be of the form
2

H= Z {e (22;) H(f(wik)f(ﬂﬁi + 1))

i=1 k#i

k#i
where
o sin(z — )
fa):= sin(x)
9(2) i = F@) s
Tik ¢+ = Ty — Tk,

and v denotes the coupling constant. Notice that in
Ref.[25] Ruijsenaars used another “gauge” of the mo-
menta such that the two systems are connected by the

following canonical transformation:
T, — Ty,

P, — D; + —1nH M
Jsél

ij) f (@i + x;) f(2z;)
J)g(xl + ch) g(2x;) .

(2)

The canonical equations of motion for the Hamil-

tonian (1) are

(o H) = by - e, o
2

p; ={p;, H} = Z (epjbj (h(wjz) — h(xz; + scl))
J#i

+ efpjblj (il(sz) — iL(xj + .TCZ)))

—ePip (Zh 2z, +Z (x45) +hxl+wj))>

J#i
e pb(Zh 2, +22: h(xs;) +E(xi+wj))),
. ®)
where
ha) dlnd];(z)’ hz) - dlr;i(),
m:ﬂmwgi(ﬂm—xwﬂn+xm)
@;MMQQXQQ—mmw+uD.<m

Here, of course z; = x;(t), p; = p;(t) and the dot on

top denotes t-differentiation.

. THE LAX PAIR WITHOUT SPECTRAL
PARAMETERS

Let us first mention some results about the in-
In Ref.[25] Ruijse-

naars demonstrated that the symplectic structure of

tegrability of Hamiltonian (1).

C,-type RS system can be proven to be integrable
by embedding its phase space to a submanifold of
the Ay, 1-type RS system, while in Refs.[13,14] and
Ref.[12], Diejen and Komori, respectively, gave a se-
ries of commuting difference operators which led to its
quantum integrability. However, there has been no re-
sult about its Lax representation so far. That is, the
explicit form of the Lax matrix L, associated with a
M which ensures its Lax integrability, has not been
proposed up to now. In this section, we restrict our
treatment to the formulation of the explicit form for
the C5 RS system, such that some previous, as well as
new results, can be obtained in a more straightforward
manner by using the Lax pair.

We define one 4 x 4 Lax matrix for C5 RS model

as follows:

A B
L= ) (6)
C D

where A, B, C, D are 2 x 2 matrices (hereafter, we
use the indices 7,5 = 1,2)

] sin 7y
Ay =ePib,— 1
i=er 7 sin(zi; + )
o sin 7y
By —ePib, . omY
i=e Tsin(z; + z; + )
sin 7y
C;j =ePib;
T e =y )
Dy —erib— "7 (7)

sin(zj; + )

For the concise expression for M, we define four

auxiliary 2 x 2 matrices X, B , C , D as follows:

~ o sin y
Ai' = Pi

i=¢ 0 sin(z;; — )’

_ —sin~y

Bi:=ePip, — T

i =¢ 0 sin(z; + z; — )’
~ o —siny
C;; =ePib, ,

W =0 sin(—z; —x; —7)
ﬁij =ePib; . (8)

sin(zji — )’
such that M can be of the form
A B

MZCD’ (9)
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where entries of M are

- Aij),

(
Dij = cot(x;;)(Dij — Dij)

( _
(-

A;j =cot(z;)(4;
(i # J),
B;; = cot(x; —|—af;])( ii — Bij),

Cij =cot(—z; — z;)(Cyj — 51']')7
2

AH:_ZAik_Aik 722: Bix — B
oy sin(w;k) P sin(w; + xg)
2 ~ 2 O C
D = 10
Z sma: +Zs ;L‘z—f—:ck ( )
ki k=1

We have checked with the help of a computer that
L, M satisfies the Lax equation

L={L,H}=[M,IL, (11)

which is equivalent to the equations of motion (3) and
(4). The Hamiltonian H can be rewritten in the fol-
lowing form:
2
H = (ePibj + e Pib;) = TrL. (12)

=1

The characteristic polynomial of the Lax matrix L is

det(L — vId) Z

7=0

4 — Hv® + Hyv> — Hv+ 1, (13)

'

where Hy = Hy = 1, Hy = Hs = H. The function-

independent Hamiltonian flows H and Hj are

H =ePr f(2x1) f(212) f(21 + 22)

+e P1g(221) g(z12)g(z1 + 22)

+eP2 f(222) f(z21) f(z2 + 1)

+ e P2g(222) g(221)g(w2 + 21), (14)
Hy =ePrP2 f(221) (f(zy + 22))2 f(222)

+e P P2 g(2ay) (g(a1 + 22))%g(222)

+ e 7P f(2a1) (f(212))? f(—222)

+ P2 Prg(2ay) (g(w12)) g (—222)

+ 2f(z12) g(z12) f(z1 + 22)g(21 + 22). (15)

We verify that H and H; Poisson commute each other
{H,H2} =0, (16)

which ensures the complete integrability of the Cy RS

model (in the Liouville sense).

IV.NON-RELATIVISTIC LIMIT TO THE
CALOGERO-MOSER SYSTEM

The non-relativistic limit can be achieved by
rescaling p, —— Bp;, ¥ —— B~ while letting 3 +— 0,

and making a canonical transformation

p; — pi+'y<cot(2a:i)—|—z (cot(zx) + cot(z; + z)) > ,

ki
(17)
such that
L+ Id+ BLcm + O(B?), (18)
M — 28Mcwm + O(8?), (19)
and
H — 4+ 26°Hom + O(8°). (20)
Lcwm can be expressed as
A B
Leoat = cM cM ’ (21)
—Becm  —Acm
where
(Acm)ii = ps,
(Bowm)ij = _r
7 sin(z; + ;)]
Y . .
A i = . 22
( CM) J Sin(Ii]‘) (Z 7é .7) ( )
MCM is
A B
Mext = cMm Bem ’ (23)
Bem  Acum
where
2 Y
“ (o )
om) kz;él sin? z;p, smz(mi + )
__r
sin?(2z;)’
v cos(z; + ;)
B =,
(Bem)sg sin®(x; + ;)
v cos(z; .
(Acm)ij _cos(zi;) (i#3), (24)

sin? Tij

which coincide with the form given in Ref.[6] with the
difference of a constant diagonalized matrix.

The Hamiltonian of the Cs-type CM model can
be given by

72 < 1
HCM_ Zpk_72<2

iy \SID” Tk

1 1
+ +
sin?(z; + 1) sin2(2a:i)>
1
:ZTrLQ. (25)
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The Loy, Mo satisfies the Lax equation where A, B, C, D are 2 x 2 matrices(i,j = 1,2)

sin(z;; + v+ A) sinvy

- .. — oPji}.
Fow = (Fow, How) = Mow Lol.— (06) A = ey RS mn,
By = e b;- s-in(aci +a;+y + A)siny ’
V. THE LAX PAIR WITH SPECTRAL PA- sin(z; + 2 +7) Smf\” +2)
RAMETERS Ciy = epiby @ — @ £y F Asiny
sin(—z; — x; + ) sin(y + A)
. Also, we can give the Lax pair which 1nc.1ude spec- b - sin(zj; + 7 + A) siny (28)
parameters. We define the Lax matrix for the J Isin(z;; +7) sin(y 4+ A)°
trigonometric RS model as follows: '
is
A B
M= | (29)
A B cC D
L= , (27)
¢ D where entries of M are
|
Ai; —ePib si.n(:vij- + ) efpib;- s.in(:cij +A + 4v) ’
sin A sin x;; sin( + 4v) sin x;;
D;j =e Pi b, 7Si,n(mji. ) — ePib; S.in(xji A + ) (i #J),
7 sin Asin z; sin(X + 4v)sinzj;
B e sin(z; + z; + A) _ eib, .sin(a:i +x; —I— A+ 4y) ,
Tsin Asin(z; + ;) sin(A + 4v) sin(z; + ;)
Cij —erib,; s.m(a:l.—l— zj—A) b, -sin(aci + z; - A —4y) 7
sin Asin(z; + x;) Tsin(A + 4) sin(z; + x;)
A :(cot( ) + cot(A))ePib; — (cot(A+ ) — Cot('y))e_pib;-
+ Z < (cot(zik, + ) — cot(x;r)) ePrby
k#1
sin(zir, + A +4y)sin(zg; + A +y)siny
- : : ; e Pip,
sin(A + 4) sin x;, sin(zx; + ) sin(A 4+ 7)
2
+ Z <(cot(wi + z +v) — cot(x; + z1))e Prb,
k=1
sin(z; + 2 + A + 4y) sin(z; + z, — A — y) siny —pip
e k]
sin(\ + 4v) sin(z; + k) sin(z; + xx — ) sin(A + v) b
Dy; =(cot(y) + cot(A))e Pib; — (cot(A + ) — cot(y))ePb;
2
+ Z <(Cot(a:ki +7) - cot(wki))e_pkblk
ki
sin(zr; + A+ 4v) sin(zi + A + ) siny b
sin(A + 4v) sin x; sin(zx + ) sin(A +7) k
2
+ Z <(C0t($i + 1) — cot(z; + x — v))ePrby
k=1
sin(z; +xx — A —4y)sin(z; + zx + A +7)siny s
- - ‘ - 4 - ePiby |. (30)
sin(\ + 4v) sin(z; + ) sin(z; + g + ) sin(A + )
|
The L, M satisfies the Lax equation Eq.(11) and the The function-independent Hamiltonian flows can

Hamiltonian H can also be rewritten in the form of = be generated by calculating the characteristic polyno-
Eq.(12).
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mial of that Lax matrix L

det(L — vId)
4

(inX) """ sinA+37) amig(ay
‘ (sin(

Y+ A)

where Hy = Hy =1, H) = H3 = H. H and H, have
the same forms as Egs.(14) and (15).

Remarks:

1. As far as the forms of the Lax pair for the
rational-type systems are concerned, we can obtain

these by making the following substitutions:
sinz — z,

cosr — 1,

for all the above statements.

2. The Lax pair given in Egs.(6)—(10) which are
without spectral parameters can be derived from the
one with spectral parameters (see Egs.(27)—(30)) by
taking the following limit:

A — oo,

up to an appropriate gauge transformation of the Lax

matrix with a diagonal matrix.
VI. SUMMARY AND DISCUSSION

In this paper, we propose the Lax pairs for the
trigonometric Cy RS model together with its rational
limit and show their integrability. Involutive Hamilto-
nians are shown to be generated by the characteristic
polynomial of the Lax matrix. In the non-relativistic
limit, the system leads to CM system associated with
the root system of C; which has been known previ-
ously. It is expected that, in the general case of C,,
for n > 2, the explicit expressions of I and M must
have similar forms as those presented here. So it would
be interesting to make some progress in this respect

in the very near future.
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