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We have calculated the forbidden transition energies and magnetic dipole transition probabilities of 2s22p4(3P1–
3P2) and 2s22p4 (3P0–3P1) of oxygen-like isoelectronic sequences (Z=10–32) by a method of polarization potential

correction. The transition energies show good agreement with experiment and are much better than the calculations in

the literature. These results also illustrate that it is feasible to use the dipole expansion of the polarization potential

to deal with some dynamic and non-dynamic effects in the central field approach. The relation of polarizability and

cut-off radius with atomic number is discussed. We also give the fitted formula between the polarizability α1 and atomic

number Z as α1=0.73429−9.56644×10−4
Z+7.43016×10−5

Z
2
−2.53298×10−6

Z
3+2.08306×10−8

Z
4.
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I. INTRODUCTION

The astronomer’s request for atomic data has

always been a strong incitement for atomic spec-

troscopy, experimental as well as theoretical. Ac-

curate wavelength and transition probabilities are

needed for the analysis of solar and stellar spectra.[1−3]

Recently there has been considerable interest in the

transition energy of the fine structure of oxygen-like

(O-like) ions. Because it is magnetic dipole (M1) spec-

troscopic data, it is a dominant charge-state over a

wide range of plasma parameters. As a result, O-

like ions of low and medium Z exist in various high-

temperature plasma sources.[4−6] Thus the spectra of

O-like isoelectronic sequences is of fundamental im-

portance in the research on high-temperature plasma.

Another reason for studying the O-like ions is that

the energy levels of O-like ions provide important

information about the M1 transition and electronic

quadrupole (E2) transition of energy shift which are

important for understanding the relativistic and quan-

tum electrodynamics effects in multi-electron systems.

At the same time, the study of the O-like ions may fur-

ther develop the theory of quantum mechanics and the

calculation of multi-electron systems.

Much work has been carried out in theory and

experiment in the last twenty years.[4−16] In the cal-

culation of highly stripped atoms, it is worth pointing

out that different methods, such as the z-expansion

method (MZ), model potential method (MPM or

PM), basic method (BAS), multi-configuration Dirac-

Fock (MCDF) method, etc,[17] are suitable only for

certain ranges of atoms. The present calculations

are performed using the version GRASP2 of Grant’s

multi-configuration Dirac-Fock package.[18] The devel-

opment of equipment and the improvement in exper-

imental accuracy not only give theoreticians reliable

data, but also bring with them new problems.

The core polarization has been used to explain

the atomic structure of alkaline metals, and from the

classical theory the polarizability of the core has been

calculated. Temkin[19] discussed atomic polarization

using full quantum mechanics. Later, many studies

were carried out on the polarization of atoms and ions

exposed to the external electronic field, obtaining var-

ious polarization features of some simple atoms and

ions. Not so much work has been performed on the

calculation of the atomic structures using the polar-

ized orbital. However, in recent years, the calcula-

tion of the atomic structure by adding the polarization

to the orbital has aroused much interest. By means

of the polarization potential energy for some atoms,

more information about the orbital polarization can

be found.[5,20]

In this paper, starting from the orbital polariza-

tion of the core electrons, we calculate the transition

energies and M1&E2 transition probabilities of O-like
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isoelectronic sequences (Z=10–32) by adding the po-

larization potential to the orbital 2p and using the

extended averaged level (EAL) procedure of the multi-

configuration Dirac-Fock method. Our present results

of the magnetic dipole transition energy are in excel-

lent agreement with the experimental data.

II. THEORETICAL METHOD

The calculations we employed are based on a

fully relativistic multi-configuration Dirac-Fock self-

consistent field treatment. The details of our theoret-

ical method, the numerical procedures and the com-

puter program have been described in Ref.[18]. The

relativistic Dirac-Fock Hamiltonian is taken to be (in

a.u.)

Ĥ =

N
∑

i=1

Ĥi +

N
∑

i<j

|r̂i − r̂j |
−1, (1)

where all the dominant interactions of electrons are

included, Ĥi is the relativistic Dirac-Fock Hamlito-

nian for the ith electron in atomic units. Using the

standard notation, Ĥi is given by

Ĥi = cα̂ · P̂ i + (β − 1)c2 + Vnuc(r), (2)

where Vnuc(r) is the nuclear potential at r = ri due

to the nucleus, α̂ and β are the Dirac-Fock vector and

scalar matrices, respectively, P̂ is the relativistic par-

ity operator and c is the velocity of light in vacuum.

The central field Dirac orbital of a single electron

is given by

〈r̂|nkm〉 =
1

r





Pnk(r) χkm(r̂/r)

iQnk(r) χ
−km(r̂/r)



 , (3)

where Pnk(r) and Qnk(r) are the large and small

component radial wavefunctions, respectively, and the

function χkm(r̂/r) is the spinor spherical harmonic.

A configuration state function (CSF), |γPJM〉,

of an N -electron system is formed by taking linear

combinations of Slater determinants of order N con-

structed from orbitals (3) so as to obtain normalized

eigenfunctions of the parity operator P̂ and the total

angular momentum operators Ĵ
2

and ĴZ . The atomic

state function (ASF) is a linear combination of

the CSF sharing common values of P , J and M .

Then the energy of the atomic state Γ is EDC
Γ

=

〈ΓPJM |HDC|ΓPJM〉.

It is impossible to involve all interactions to solve

the Hamiltonian equation, as there are a great number

of factors affecting each other in the highly stripped

ion. In the polarization model, an additional poten-

tial on the valence electron is an important physi-

cal effect. There are two distinct parts of our pro-

cedure. In the first place, we must obtain the or-

bital wavefunction that describes the core electrons

which, in contrast with the usual procedure, are now

influenced by the adiabatic field of the valence elec-

tron. The polarized core orbitals form the basis of

our polarization potential, which is used to derive

the valence electron orbital in the second stage. In

this paper, we employ the following optical potential

Vpol = −
α1

r4
(1 − e−(r/rcut)

6

), which will be added to

the Dirac-Fock equation. The symbol α1 is the dipole

polarizability. The symbol rcut is an empirical cut-

off radius parameter. We only take account of the

dipole approximation and neglect high-order polariza-

tion corrections.

III. CALCULATION RESULTS

Based on the discussion above, the present work

employs the MCDF procedure with the Fermi nucleus

model and takes into account the QED effect and Breit

correction. It is desirable to examine the orbital po-

larization effect, adding the orbital polarization to 2p.

After choosing configurations properly, the transition

intervals, M1 transition probabilities (AM1
) of 2s22p4

(3P1–
3P2) and (3P0–

3P1) and E2 transition proba-

bilities (AE2
) of 2s22p4 (3P2–

3P0) of O-like ions are

calculated. The results are given in tables 1, 2 and

3. All of the transition energy intervals are in units of

kaysers.

Table 1. Comparison between theoretical (including our calculation and other authors’ calculations)

and experimental transition energy intervals of 2s22p4 (3P1–3P2) of O-like ions (in cm−1).

Z Ea
exp t(

3P1–3P2) Eb
the o

(3P1–3P2) Ec
the o

(3P1–3P2) Ed
the o

(3P1–3P2) αe
1

10 643 ±1 643.5 562 643 0.72975

11 1106 ±2 1104.5 1020 1107 0.72973

12 1783 ±8 1783.0 1688 1783 0.72962

13 2733 ±10 2731.8 2620 2733 0.72949

14 4030 ±13 4029.3 3906 4028 0.72934



No. 6 Calculation of the fine structure of oxygen-like ions using ... 507

Table 1. (Continued)

Z E
a
exp t(

3P1–3P2) E
b
the o(

3P1–3P2) E
c
the o(

3P1–3P2) E
d
the o(3P1–3P2) α

e
1

15 5756 ±16 5754.0 5606 5748 0.72918

16 7989 ±20 7984.9 7821 7985 0.72900

17 10839 ±20 10836.4 10646 10847 0.72879

18 14453 ±2 14454.3 14225 14455 0.72850

19 18995 ±30 18987.0 18674 18945 0.72815

20 24464 ±3 24465.4 24148 24465 0.72794

21 31182 ±3 31184.2 30813 31183 0.72754

22 39280 ±2 39278.2 38811 39277 0.72714

23 48939 ±20 48940.3 48447 48939 0.72656

24 60376 ±4 60375.4 59804 60375 0.72618

25 73829 ±90 73838.7 73105 73800 0.72546

26 89440 ±4 89430.5 88735 89439 0.72471

27 107450 ±120 107519.9 106691 107527 0.72384

28 128287 ±30 128290.0 127432 128308 0.72295

29 152045 ±45 152011.0 151007 152036 0.72195

30 178904 ±180 178957.0 177851 178973 0.72078

31 209334.3 208160 209389 0.71977

32 243483 ±100 243500.2 242180 243568 0.71874

a: Experimental transition energy intervals[7].

b: Present calculation of the transition energy intervals with orbital polarization.

c: Present calculation of the transition energy intervals without orbital polarization.

d: Other calculation energy intervals[9].

e: For all the orbital polarizabilities listed, the cut-off radius is fixed to be 0.73.

Table 2. Comparison between theoretical (including our calculation and other authors’ calculations)

and experimental transition energy intervals of 2s22p4 (3P0–3P1) of O-like ions (in cm−1).

Z E
a
exp t(

3P0–3P1) E
b
the o(3P0–3P1) E

c
the o(

3P0–3P1) E
d
the o(3P0–3P1) r

e
cut α

f
1

10 278 ±4 278 278 278 0.73000 0.72975

11 470 ±6 469 469 469 0.73023 0.72973

12 739 ±8 741 738 738 0.73030 0.72962

13 1096 ±10 1098 1094 1094 0.73036 0.72949

14 1535 ±13 1536 1540 1540 0.73030 0.72934

15 2073 ±16 2076 2069 2069 0.73020 0.72918

16 2642 ±20 2650 2663 2663 0.72960 0.72900

17 3277 ±20 3274 3280 3280 0.72850 0.72879

18 3819 ±30 3825 3852 3852 0.72530 0.72850

19 4253 ±30 4231 4279 4279 0.71800 0.72815

20 4428 ±35 4429 4415 4415 0.70500 0.72794

21 4135 ±50 4147 4076 4076 0.68410 0.72754

22 3064 ±30 3065 3032 3032 0.65740 0.72714

23 1050 ±50 1046 1005 1005 0.76990 0.72656

24 –2406 ±80 –2410 –2325 –2325 0.77870 0.72618

25 –7295 ±90 –7292 –7295 –7295 0.78741 0.72546

26 –14131 ±100 –14167 –14251 –14251 0.79941 0.72471

27 –23497 ±120 –22443 –23535 –23535 0.81666 0.72384

28 –35473 ±3 –35473 –35472 –35472 0.84130 0.72295

29 –50560 ±160 –50569 –50374 –50374 0.87800 0.72195

30 –68653 ±180 –68643 –68536 –68536 0.92440 0.72078

31 –90857 –76644 –90242 0.96100 0.71977

32 –115727 ±240 –115739 –115775 –115775 1.18000 0.71874
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a: Experimental transition energy intervals[7].

b: Present calculation of the transition energy intervals with orbital polarization.

c: Present calculation of the transition energy intervals without orbital polarization.

d: Other calculated energy intervals[9].

e: Cut-off radius rcut.

f: Orbital polarizability.

Table 3. Comparison between transition probability (in s−1) of M1&E2 with and without polar-

ization for 2s22p4 (3P0–3P1), (3P1–3P2) and (3P0–3P2) of O-like ions.

Z M1(3P2–3P1) M1(3P2–3P1) M1(3P2–3P1) M1(3P1–3P0) M1(3P1–3P0) M1(3P1–3P0) E2(3P2–3P0) E2(3P2–3P0)

Ref.[21] Cal.(pol) Cal.(nonpol.) Ref.[21] Cal.(pol.) Cal.(nonpol.) Cal.(pol.) Cal.(nonpol.)

10 5.79×10−3 5.954×10−3 3.961×10−3 1.15×10−3 1.164×10−3 7.648×10−4 2.733×10−8 1.226×10−8

11 3.04×10−2 3.010×10−2 2.373×10−2 5.58×10−3 5.791×10−3 4.527×10−3 1.690×10−7 1.171×10−7

12 1.27×10−1 1.256×10−1 1.075×10−1 2.17×10−2 2.292×10−2 1.953×10−2 9.432×10−7 7.863×10−7

13 4.58×10−1 4.549×10−1 4.015×10−1 7.10×10−2 7.611×10−2 6.737×10−2 4.493×10−6 4.072×10−6

14 1.47×100 1.457×100 1.328×100 1.94×10−1 2.164×10−1 1.992×10−1 1.860×10−5 1.772×10−5

15 4.28×100 4.237×100 3.918×100 4.70×10−1 5.385×10−1 5.075×10−1 6.763×10−5 6.588×10−5

16 1.14×101 1.129×101 1.061×101 1.01×100 1.180×100 1.139×100 2.180×10−4 2.161×10−4

17 6.63×101 2.812×101 2.666×101 3.00×100 2.303×100 2.261×100 6.344×10−4 6.347×10−4

18 2.83×101 6.642×101 6.334×101 1.87×100 3.994×100 3.980×100 1.689×10−3 1.697×10−3

19 1.50×102 1.496×102 1.424×102 1.32×100 6.055×100 6.118×100 4.141×10−3 4.159×10−3

20 3.19×102 3.177×102 3.057×102 4.19×100 7.791×100 8.027×100 9.306×10−3 9.397×10−3

21 6.55×102 6.522×102 6.297×102 3.66×100 8.116×100 8.559×100 1.945×10−2 1.968×10−2

22 1.30×103 1.289×103 1.245×103 1.41×100 6.101×100 6.707×100 3.790×10−2 3.833×10−2

23 2.47×103 2.466×103 2.394×103 5.10×10−2 2.433×100 2.895×100 6.894×10−2 6.996×10−2

24 4.58×103 4.180×103 4.446×103 1.93×10−1 3.139×10−1 1.839×10−1 1.177×10−1 1.194×10−1

25 8.17×103 8.244×103 8.011×103 5.15×100 2.805×10−1 1.645×10−1 1.889×10−1 1.917×10−1

26 1.45×104 1.443×104 1.411×104 4.03×101 8.619×100 7.217×100 2.861×10−1 2.907×10−1

27 2.47×104 2.470×104 2.416×104 1.75×102 6.165×101 5.507×101 4.110×10−1 4.178×10−1

28 4.14×104 4.132×104 4.054×104 5.72×102 2.639×102 2.444×102 5.631×10−1 5.725×10−1

29 6.78×104 6.775×104 6.642×104 1.55×103 5.589×102 8.057×102 7.396×10−1 7.518×10−1

30 1.09×105 1.087×105 1.068×105 3.73×103 2.327×103 2.214×103 9.364×10−1 9.516×10−1

31 1.72×105 1.715×105 1.687×105 8.11×103 5.550×103 5.334×103 1.149×100 1.167×100

32 2.66×105 2.659×105 2.619×105 1.64×104 1.202×104 1.162×104 1.373×100 1.393×100

1. Fig.1 shows that the polarizability α1 decreases

with the atomic number Z. First, the curve’s tendency

is reasonable. Since the force with which the atomic

nucleus attracts core electrons increases with Z, so

the larger the atomic number, the smaller the polar-

izability. The curve shows that α1 decreases slowly

within the range of Z from 10 to 21, but decreases

rapidly in the range of Z=22–32. The curve is nearly

straight in the high-Z end. The polarization param-

eters we have chosen, according to the corresponding

transition energy, are fitted by a formula that illus-

trates the relation between the polarizability α1 and

atomic number Z

α1 =0.73429− 9.56644× 10−4Z + 7.43016× 10−5Z2

− 2.53298× 10−6Z3 + 2.08306× 10−8Z4.

Fig.1. Atomic number Z versus polarizability α1

curve.

The M1 transition energies of 2s22p4(3P1–
3P2)

and (3P0–
3P1) of the O-like ion, which we have cal-

culated with the polarizability α1 given above, agree

well with experiment, so the polarization parameters

chosen are reasonable in the range where the atomic

number Z is from 10 to 32. From the fitted formula,
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it is obvious that the transition energies are very sen-

sitive to the polarizability, as the accuracy of polariz-

ability reaches 10−5 orders.

Generally speaking, it is considered that the

atomic orbital polarization is only caused by the

Coulomb interaction of valence electrons. But we

think that, in addition to the Coulomb repulsion,

there are other reasons to make the orbital polarize.

Under the central field approach, the core with (N−1)

electrons has a spherical symmetry. However, when

the 2p4 in the configuration 1s22s22p4 loses an elec-

tron and change into 2p3, the 2p3 will lose its spherical

symmetry. Then the 2p orbital will show polarization

under the classical conditions. On the other hand, ac-

cording to the Coulomb repulsion rule, it is impossible

for the valence electron to stay with other electrons in

the same position or even in a small volume. This

forms a so-called Coulomb hole. The Coulomb hole

effect will destroy the symmetrical properties of the

distribution of the core electrons, so orbital polariza-

tion of the core electrons occurs.[5] The Fermi hole

effect is similar to the Coulomb hole effect. As may

be inferred from this, various correlation effects form

the polarization.

2. The calculated M1 transition energies of 2s22p4

(3P1–
3P2) of O-like ions with the correction of polar-

ization potential are identical with the corresponding

experimental values of curve 1 in Fig.2. Curves 4 and

5 represent the positive and negative experimental er-

rors, respectively. Curve 2 shows the calculation error

of Ref.[21]. All of our calculated energies are within

the range of experimental error, and our values are

better than those given in Ref.[9]. Since the absolute

value of experimental error rises with the atomic num-

ber, curve 3 in Fig.2 does not go smoothly with the er-

ror variation of experimental values. The reasons that

curve 3 rises gradually are that, on one hand, the tran-

sition energies of the Ec
theo and Ea

exp t of 2s22p4(3P1–
3P2) increase, and on the other hand the screening is

larger than the real state without considering polar-

ization. The difference between Ec
the o and Ea

exp t will

be larger with Z by high power. From table 1, the

calculated value at Z=27 means that the real transi-

tion energy should be the Ea
exp t plus a negative error

value from 0 to +120cm−1, not from 0 to −120cm−1.

The situations are similar at Z=30 and 32.

Fig.2. Atomic number Z versus transition energy de-

viation E curves.

3. In order to study the regularity of cut-off ra-

dius parameter, we choose different values for differ-

ent atomic number Z, while every element has the

corresponding polarizability given in the last column

of table 1 (see Fig.3). On choosing suitable rcut, the

transition energies of 2s22p4 (3P0–
3P1) of O-like iso-

electronic sequence are in good agreement with experi-

mental values. This shows that it is feasible to change

the peak point of polarization potential function to

obtain rational values.

Fig.3. Atomic number Z versus cut-off radius rcut.

The rcut decreases slowly with Z from 10 to 23.

The energy interval 2s22p4 (3P0–
3P1) (see table 2)

changes sign at Z=24, and from then on its size as well

as the intensity of the forbidden transition begins to

increase rapidly (see Fig.4). But we cannot find a suit-

able reason to explain why the cut-off radius begins to

increase with Z after Z=24. We note that the rela-

tion between rcut and Z has almost nothing to do with

the polarizability in the range of table 1. Moreover,

the results calculated without the polarization poten-

tial have a similar diagram. From Z=19 upward, the
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deviations Ea
exp t–Ec

the o(
3P0–

3P1) increase gradually,

and at Z=32 the deviation is as high as about 12.8%.

This shows that the polarization potential correction

is very important.

4. The M1 transition probabilities (AM1
) increase

slowly in the range Z=10–24, and rapidly at Z=25–

32 in Fig.5, which are closer to the values in Ref.[21]

than the AM1
without polarization potential. As the

energy interval changes sign, the AM1
of (3P1–

3P0)

decreases suddenly at Z=24, instead of 23 as given in

Ref.[21]. Not only the rcut changes, but also the tran-

sition probability changes markedly at Z=24, and the

latter increases very rapidly with Z from 25 to 32.

As AM1
is about five orders larger than AE2

, the elec-

tronic quadrupole transitions, which have a similar re-

lation with AM1
, are hardly observed in the solar and

plasma spectra. In this work, only dipole approxima-

tion is taken account of, and there is little difference

between polarization and nonpolarization.

Fig.4. Transition energy intervals 2s22p4 (3P0–3P1)

versus Z.

5. In accurate calculations of atomic fine

structure, dynamic and nondynamic correlation ef-

fects, which involve ground-state correlation, Coster-

Kronig-type fluctuation, QED correction, Coulomb

hole effect, and Fermi hole effect etc., are the most im-

portant aspects. It is very difficult to estimate some

of the effects accurately, especially the Coulomb ef-

fect. There are few reports on the Coulomb hole ef-

fect in the calculation of atomic structure. From an-

other point of view, all of these effects can finally be

expressed as an additional potential acting on the ex-

cited electron,[5,7] so we try to use the form of po-

larization potential to express this kind of potential.

Here we have supposed that the potential has the form

of a central field pointing to the nucleus. Because the

chosen rcut is an empirical parameter, the polarizabil-

ity α1 fitted with experimental values is not the only

parameter chosen. With a little variation of rcut, α1

will vary a little correspondingly. Even so, we might

think that whatever value rcut takes in the range es-

timated, the physical nature of the relation between

corresponding α1 and atomic number Z is true. On

the other hand, while α1 varies, the polarization po-

tential will change, which is the correction to all re-

lated effects of an atom rather than only to the anti-

symmetry of the geometry. All of our results show

that it is feasible to use a central field potential to ex-

press approximately all of the effects mentioned above.

It is right, at least, in our calculations.

Fig.5. M1transition probability of (3P0–3P1) versus

Z.

V. CONCLUSION

The above analysis of the forbidden transition

of the O-like isoelectronic sequence demonstrates the

effectiveness of the polarization potential function

method, which is based on the relativistic multi-

configuration Dirac-Fock treatment method. By using

the form of the first-order polarization potential, we

have proved that it is feasible to sum all of the effects,

to which we have not given enough estimation and

have ignored in our calculation procedure, into a cen-

tral field potential to calculate the M1 transition ener-

gies and probabilities of 2s22p4 (3P1–
3P2) and (3P0–

3P1) of O-like ions. For the empirical method using

the polarization potential energy, the results obtained

are in good agreement with experiment.
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