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We study the quantum effects of a damped LC parallel circuit considering its different performance from an

RLC series circuit in classical physics. The damped LC parallel circuit with a source is quantized and the quantum

fluctuations of magnetic flux and electric charge in the circuit in displaced squeezed Fock state are investigated. It is

shown that, as in the RLC series circuit, the fluctuations only depend on the squeezing parameter and the parameters of

the circuit components in the damped LC parallel circuit, but the effects of the circuit components on the fluctuations

are different in the two circuits.
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I. INTRODUCTION

With the rapid progress in nanotechnology
and microelectronics, integrated circuits and de-
vices are being miniaturized towards atomic scale
dimensions.!!) Quantum effects must be taken into
account when the transport length reaches a char-
acteristic dimension, namely the charge carrier in-
elastic coherence length. In 1973, Louisell first dis-
cussed the quantum effects of an inductor-capacitor
(LC) series circuit in vacuum state and gave the quan-
tum noise in the circuit.’l With the rise of meso-
scopic physics,!34 more attention is paid to this sort
of problem.>8l A resistor-inductor-capacitor (RLC)
series circuit is a more practical model considering
the resistance of the inductor and the internal re-
sistance of the source.[”) Quantization of this circuit
was realized(®?! by generalizing Dekker’s quantization
scheme for a linearly damped harmonic oscillator!!?]
and making an analogy between the two models, and
the quantum fluctuations in the circuit in the squeezed
vacuum state and in the displaced squeezed Fock state

were investigated.!'!—13]

Another important model is an LC parallel cir-
cuit, which performs differently from an LC series cir-
cuit in classical physics. More practical is a damped
LC parallel circuit in view of the resistance of the in-
ductor and the internal resistance of the source. As far
as we know, the quantum effects of this circuit have
not been deeply studied. In this paper, we study the
quantum fluctuations in a mesoscopic damped LC par-
allel circuit in the displaced squeezed Fock state. The
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displaced squeezed Fock state is more general than the
vacuum state or squeezed vacuum state. Actually, it
can be reduced to the squeezed Fock state, displaced
Fock state, squeezed vacuum state, coherent state,
squeezed state, Fock state and vacuum state. We
quantize the circuit starting from its classical equa-
tion of motion and derive expressions for the quantum
fluctuations. We also discuss the effects of various pa-
rameters on the fluctuations.

II. THEORETICAL ANALYSIS

From Kirchhoff’s law, the classical equation of
motion for a damped LC parallel circuit with a source
(see figure 1) can be written as

Rl R2

11
Q

Fig.1. Schematic diagram of a damped LC parallel
circuit with a source.
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where L and C' denote the inductance and capaci-
tance, respectively, Ry and Rs are the resistance of
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the inductor and the internal resistance of the source,
respectively, j(t) is the current through the inductor,
and £(t) the electromotive force of the source. Let
@ = Lj(t), which stands for the magnetic flux (also
called generalized current in some references). Substi-
tuting @ into Eq.(1) gives

Od2¢ + R.C + 1\do
dt? L Re / dt
1+R1/R2 E(t)
—— = — 2

We make an analogy between Eq.(2) and that of a
linearly damped harmonic oscillator. The canonically
conjugate variable of @ is Q = Cd®/dt. It is clear
that the electric charge on the capacitor

q=Q+ R%C P. (3)
To quantize the circuit, look upon @ and @) as opera-
tors, and order [®, Q] = ifi. From Eq.(3), ¢ is also an
operator, and we have [®,¢] = ih. The Hamiltonian
of the circuit after quantization is given by (8!

H = h(w—iXNata+atS(t) + aS*(t), (4)

where
a = (2Chw)~Y2[Q + (A — iw)C P], (5)
at = (20hw) V2 Q + (A + iw)C 9], (6)
with
w? =wi -2, w(%:%,
- % + ﬁ, S(t) = i h/zzi%, (7)

for the damped LC parallel circuit with a source.

From [®, Q] = ih, we get [a,aT]=1. If S(t)=0, we can

define the vacuum state and Fock states for [a, a™]=1.
From Eqgs.(5), (6) and (3) we have

¢ = —i\/%(cﬁ —a), (8)
q= —i\/g[(n +iw)a — (k —iw)a™], 9)

SR

L 2R,C 2L’
We assume the circuit is in the displaced squeezed
Fock statel!4—16]

where

(10)

|, €§,m) = D(@)S(§)[n), (11)

where D(a), S(§) are the displacement operator and
squeezing operator, respectively, and can be expressed

as
D(a) = exp(aa™ — a*a), (12)
s© —e(ea - 3e@), @)

where o = |ale!¥ is the displacement parameter and
¢ = re'? the squeezing parameter. Using the formula

eMBe ™ = B+ )\[A, B] + ;—T[A, [A,B]] +---, (14)
we can easily prove that
Dt (a)aD(a) = a + «, (15)
Dt (a)atD(a) =a® +a*, (16)
St (€)aS(€) = acoshr 4+ aTe? sinhr, (17)
St(€)atS(€) = at coshr + ae ' sinh 7. (18)
From Eqgs.(8), (9) and (15)—(18), we get

SHE)DH () BD()S(€)
= iy s [A©a — A°(©a* + Bla)],  (19)

S*(6)D* (0)gD()S(€)
= iy 2 B(g)a ~ B ©a" + F(o)],  (20)

where
A(¢) = e ¥ sinhr — coshr, (21)
B(a) = —2i|a|sin ¢, (22)
E(€) = (k +iw) coshr — (k — iw)e ¥ sinhr,  (23)
F(a) = 2i|a|(ksin g + wcos p). (24)
From Egs.(19) and (20), and using the formula
AABMeM = (A Mym, (25)
we obtain
ST()D* () 2*D()S(€)
h
ZRHA(QF(?@JF@ +1)
— B(a) — A2(€)a? — AT(E)a*?
—2B(a)A(§)a + 2B(a)A*(&)a™], (26)
ST(E)D* (a)g*D()S(€)
RO
2 )P (2ata + 1)
— F?(a) - EX(€)a? — E*(¢)a*?
—2F(a)E(&)a + 2F (a)E* (€)a™]. (27)
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From Eqs.(19), (20) and (26), (27) we get the aver-
age and the mean-square values of magnetic flux and
charge in displaced squeezed Fock state as follows:

(9) =~y 5oz Bla). (28)
(0) = i/ o F(a), (29)

() = go[En+ DIA©F - B @), (30)

hC
(¢®) = 55 1Cn+ DIBQP - F*(a)).  (31)
Therefore the quantum fluctuations of magnetic flux

and charge and their product are

(aop) = S ja@PEn ), (62)
(807) = |BEOP@n+ 1), (3)

2
(A2)*)((Ag)?) = %IA(OIQIE(OIQ(% +1)% (34)

From Egs.(21) and (23), |A(£)]? and |E(£)]? can be
written as

|A(€)|? = cosh 27 — sinh 2r cos 6, (35)

|E©)|? :% cosh 2r + sinh 2r[2ws sin 6
+ (w? = K?) cos b]. (36)

From Eqgs.(28)-(34) we see that, besides the pa-
rameters of the circuit components, the average values
of both the magnetic flux and the charge only depend
on the displacement parameter, the mean-square val-
ues depend on both the displacement parameter and
the squeezing parameter, while the quantum fluctua-
tions and their product only depend on the squeezing
parameter. To be more specific, consider the effects
of the squeezing parameter on the fluctuations when
Ry — 0 and Ry — oo. Egs.(32) and (33) are then
reduced to

(A®)?) = g\/g@n + 1)(cosh 2r — cos @ sinh 2r),
(37)

((Ag)?) = g\/gﬂn + 1)(cosh 2r + cos f sinh 2r).
(38)
As seen from the above equations, when 6 takes dif-
ferent values, the circuit exhibits different quantum
When the fluctuation of @ reaches its

minimum, the fluctuation of ¢ reaches its maximum

fluctuations.

(0=0), and vice versa (f = m). So one can choose a
suitable squeezing angle to lower the quantum noise
of a needed physical quantity.

On the other hand, the quantum fluctuations are
affected by the circuit components. For the sake of
simplicity, consider a special case that the squeezing
parameter {=0. Eqs.(32) and (33) then reduce to

(o) -2 L@t
[rem O ) e

(8aP) ~2/Cen+)

R C L \21"1/2
B T - S . (40
[+32 4L(1+R20H (40)

Eqgs.(39) and (40) show how the circuit components
affect the fluctuations in the damped LC parallel cir-
cuit. For the RLC series circuit, Ref.[12] gives

2 —-1/2
@0y =2 /Cenin(1- ),y

(o) =5 [ Eons n(1- Zf)/ (12)

which are different from Eqs.(39) and (40).
If the parameters o, & and n take special values,

we can obtain the quantum fluctuations in special
quantum states, which include the squeezed Fock state
|0, &, n), squeezed vacuum state |0, £, 0), squeezed state
|, €,0), displaced Fock state |a, 0,n), coherent state
|a, 0, 0), Fock state |0,0,n) and vacuum state |0, 0, 0).
We give these in table 1.

Table 1. Products of the quantum fluctuations of magnetic
flux and electric charge in various states.

States Products of the fluctuations
hZ
0,67 | 1l AQPIBEPEn +1)?
h2
0,¢,0) 4—2\f4(€)|2|E(€)|2
w
FLZ
v, €, 0) 4—2\14(5)|2|f‘3(5)|2
w
h2 R C L\ 1"
,0, Zon+1)?2|14+ 22 - =
v 0,m) | - @n+ 171+ 4L<1+R20)}
h -

Ry
[ R C 1!
1
00 | i+ =R+
[ 0,00 1 Ra 4L(1 R20>
R

. 24 -1
h? 1 C L
0,0 —@2n+1)?2 |1+ — - — —_—
|,777/> 4(n+) +R2 4L< 1+R20):|
[ R C L\ 1"
0,0,0) | —|1+2 - =R
4 R2 4L RQC
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. CONCLUSIONS

The damped LC parallel circuit with a source is
quantized by making an analogy between its equation
of motion with that of a linearly damped harmonic
oscillator. The quantum fluctuations of the magnetic
flux and the charge in the circuit in the displaced
squeezed Fock state are investigated. Our results show
that, as in the RLC series circuit, besides the param-

eters of the circuit components, the average values of
both the magnetic flux and the charge only depend
on the displacement parameter, the mean-square val-
ues depend on both the displacement parameter and
the squeezing parameter, while the quantum fluctua-
tions and their product only depend on the squeezing
parameter. On the other hand, as shown in Egs.(39)—
(42), the effects of the circuit components on the fluc-
tuations are different in the two circuits.
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