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By using the charge and current in a quantization resistance—inductance—capacitance (RLC) electric circuit, we

construct a pair of canonical variables. Using this pair of variables and the thermal field dynamics, we obtain the

fluctuations of charge and current in the RLC electric circuit at finite temperatures. It is shown that the fluctuations

increase with increasing temperature and decrease with prolonging of time.
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I. INTRODUCTION

Since Louisell’s proposition of the quantization
scheme for an inductance—capacitance (LC) elec-
tric circuit with a source,[!! much interest has been
paid to mesoscopic LC and resistance—inductance—
capacitance (RLC) circuits?=4 especially in recent
years, due to the progress of mesoscopic physics. How-
ever, most research is focused on fluctuations of charge
and current at zero temperature.[sve] In fact, any prac-
tical electric circuits work in a finite temperature envi-
ronment, so the effect of temperature should be taken
into account in calculating quantum fluctuations of
charge and current. One of the methods for this aim
is to correlate the effect of environment with the en-
semble average, which can be calculated by thermal
field dynamics (TFD).I"! In Refs.[8] and [9] we investi-
gated the quantum fluctuations in a single LC lossless
circuit and a coupled two LC lossless circuits at finite
temperatures, respectively. It is shown that the fluc-
tuations of the charge and current increase with the
increase of temperature. A question, thus, naturally
arises: for a single loss LC electric circuit, namely, an
RLC electric circuit, is the influence of temperature
on fluctuations of charge and current still important?
We will solve this problem in the following.

The equation of motion for a single RLC electric

circuit is

Q0+ 70+ =12, (1)

where ¢ (t) is the charge on capacitance C, ¢ (t) = j (t)
is the current through inductance L and resistance
R, wg = l/m is the resonance frequency of loss-
less (R = 0) electric circuit. Set ¢(t) = p(t) /L, and
q(t),p(t) j(t) are denoted by g, p, j for simplicity. So
Eq.(1) can be written as

q =p/L,
) R 1
p——fp—5q+6®- (2)

From Eq.(2) we can obtain
dq Op R
qpZ_2 Q
dq Op L

If we introduce the canonicalization transformation!(!°!

(not the common canonical transformation) as follows:
_Rt/2L R _Rt/2L
q=Qe o p=|P 5@ . (4)

then the classical equation of motion of Eq.(2) be-

comes .
G+u2Q = 1e(p)eE, 9
where w? = w? — (R/2L)*. When w? > 0, the Hamil-
tonian of Eq.(5) is
P2

1
H = oL + ELWQQQ — Qe (t)ef/2L, (6)
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When we quantize Eq.(2) in the Heisenberg picture,
the equations of motion for coordinate and momen-
tum operators share the same form of Eq.(2). But
the classical variables ¢ and p become operators ¢ and
p, which observe appropriate commutation relations,
namely, the quantization condition. From the oper-
ator equation of motion corresponding to Eq.(2) we
can obtain

;t (dp — Bg) = % (Gp — pq) - (7)
In a dissipative system, namely R # 0, Eq.(3) implies
that ¢ and p cannot be constructed as common canoni-
cal variables, and Eq.(7) means that in this system the

quantization condition should be modified as
Gp — pg = ihe /L, (8)

Equation (8) is coincided with Eq.(7) and then coin-
cided with Egs.(2) and (3). In the Heisenberg picture,
due to Eq.(8) and the operator expression of Eq.(4),

we see
27| =i [@.0)

The quantization of Eq.(6) also only means that the

=0, [ﬁ,f?} -

classical variables Q and P are replaced by operators
Q and P. Furthermore, if we construct the following

non-Hermitian operators:

A= (2Lwh)™/? (wLQ + 115) ,

AT = (2Lwh)™/? (wLQ - 115) : (9)
then Eq.(8) can be written as

A++A) () Rt/2L7

(10)
where w = /1/LK,K = 1/Lw?. The inverse trans-
formation of Eq.(9) is

1
H <A A+2>w 2Lw(

Q= \/ZZLL (A+ At),

P =i/ Lzh (A—A*). (11)
So we have

(4,47 =1, [4,4]=0,

[A*,A%] =0, All0) =o0. (12)

From Eq.(8) we can construct another pair of non-
Hermitian operators
a= (2Lwh)_1/2 (wL§ + ip) em/ZL,

Rt/2L

* = (2Lwh) Y (wLg—ip)e ,  (13)

which observe the commutation relation of Eq.(8), and

[a,a"'] =1, [a,a] =0,

l[a*,a*] =0, al0)=0. (14)

When the electric source has not been introduced,
namely ¢ = 0 and the temperature 7" — 0, the states
of this mesoscopic RLC electric circuit are denoted by
|0)and ||0) in ¢ and @ representations, respectively.
According to Egs.(9) and (13) it can be easily shown
that |0) = [|0). From Egs.(4) and (11
the quantum fluctuations of ¢ and p in vacuum state
|0) as

), we can obtain

(A¢)* =(0¢* |0) — (0] 4 [0)*
=[©1Q* 10 - QU0 e
h h C )
“owr ~ 2\ iz - meC (15)
(88)" =(015"10) = (01pI0)*
Tole-5671)
(- 2 e,
:g <Lw+ ZiL> - Z c(4LL R20) (16)
So
(A3)2 - % (89)" = gL 0(411J— R20) (17)
" AG-Aj = gm. (18)

After introducing the electric source and the tem-
perature T # 0, the fluctuations are not only those in
vacuum state. In this situation, the average of opera-
tors Q, QZ, P and P2 should be calculated by ensem-
ble average. In the following, we calculate the quan-
tum fluctuations of mesoscopic RLC electric circuits
at finite temperatures in TFD theory. According to
TFD, the ensemble average of an operator F equals
the average of operator F in the thermal vacuum state,

namely,
Z7H(B)Tx(Fe ™) = (0(B)||F[|0(8)).  (19)
The thermal vacuum state of system (10) is

108)) = (1 — e™#) 2exp(e #</2 AT A1)[|00), (20)
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where § = (lcT)_1

At is the creation operator which is defined in fic-

,k is the Boltzmann’s constant,

titious Hilbert space H and it corresponds to the A¥
b H()> and [|0)
are vacuum states in H and H. By using the Weyl
(1]

defined in original Hilbert space H.

correspondence!'!! and Wigner theorem,'? we have

B)IIF0(8))
/ / dQAPF(Q, m)(0(8)]| A(Q.m)[|0(8))

=2/d2aF(a,a*)<0(ﬂ)HA(a,a*)HO(ﬂ)% (21)

where F(Q, P) is the classical correspondence of op-

erator F', and

a@p - [ e

=t 973 ><Q__‘

is called the Wigner operator. In the coherent state

representation it takes the form

2
A(a,a*):/dTM—i—z) (a — z] exp(az® — za™),
o (22)
O —iP
V2 T V2

coherent state of fictitious space

. By introducing the

|z>—exp[——| | + z*qt |0

alz) = 2|%), (23)

and its completeness relation

JE=CEE (24)

we can calculate the Wigner function of the thermal

vacuum state

(0(3)11A[[0(B))
=(1 — e PM) (00| [exp(e P2 AA)

[ o+ 2Ha-

d2=
-exp(az® — za™) / T|Z><Z|
-exp(e P“R/2 A+ A7)|00). (25)
Using
||00)(00]| =:exp(—ATA — AT A) ., (26)
where :: denotes normal ordering, we have
(0(sllA[lo(B))
—fw —Bwh
e | 2 oﬂ e

The classical Weyl correspondence of @ and 16, are

h
Q= (a+a)y YA

Lwh
— (28)

Substituting Eqgs.(28) and (26) into Eq.(21), and using

the mathematical formula

/ & 22 prngmedlal® — Onm (—1)m+1 A"y,

)

' (29)

we have
(4Q)? = @)1 @[10(8)) = 5ot ™ (30)
(AP = 0(®)]| P [[0(8)) = HwLeotn®2 (31)

From Eq.(4) and |0) = ||0) we have

., h C Rt . Bwh
(Aq) S\ ar = R2CeXp( f)c th—=-, (32)
~y h 1 Rt Bwh
Aj)? == ——)coth——,
(47) 2 LVe UL —T00) p(=7) 5
(33)
PR 1 Bwh
AT A1 =S\ Tar—moy P ot 5
(34)

Clearly, the fluctuation and uncertainty of g, ; increase
with increasing temperature. As T — 0 and ¢t — 0,
Eqgs.(32)—(34) turn back to Eqgs.(16)—(18). The fluctu-
ations and uncertainty of §, ; decrease with prolonged
time, as shown from Egs.(32)—(34) clearly.

To summarize, first, we have seen that at finite
temperatures an RLC circuit exhibits more quantum
noise than at 7" — 0 case. In RLC electric circuit,
the quantum fluctuations and uncertainty of g, ; grow
with rising temperature. Secondly, it is shown that
the fluctuations decrease with prolonged time. As the
noise will affect the stability and precision of the sig-
nal, it is very important to consider the size and the
match of R, L and C in devices of mesoscopic electric

circuits.
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