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We present a new methodology for studying the mean-square exponential stability and instability of nonlinear

nonholonomic systems under disturbance of Gaussian white-noise by the first approximation.

Firstly, we give the

linearized equations of nonlinear nonholonomic stochastic systems; then we construct a proper stochastic Lyapunov

function to investigate the mean-square exponential stability and instability of the linearized systems, and thus determine

the stability and instability in probability of corresponding competing systems. An example is given to illustrate the

application procedures.
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I. INTRODUCTION

This paper concerns the question of mean-square
exponential stability of stochastic nonholonomic sys-
tems described by stochastic differential equations of

the form
dY = F(Y (t))dt + G(Y (¢))dB(t), (1)

B(t) an m-
dimensional mutually independent Wiener process
with E{B;(t)} = 0, E{[B;(t) — Bi(s)]*} = |t — s,
and F(Y (t)) is an n-dimensional vector, G(Y (t)) an
n X m matrix.

where Y(t) is an n-dimensional,

We state here the concepts of stability for stochas-
tic systems that our paper involves. We shall always
refer to the equilibrium or null solution, Y (¢) = 0,
as the solution whose stability properties are being
tested. We will denote the solution with initial state

Yy at time to by Y (¢; Yo,t0), Y € R".

Unless specified otherwise, |Y| will denote
Y] = (V7 +- + Y)Y

Euclidean norm.

Definition 1.1. The trivial solution Y (t) = 0
of stochastic differential equations (1) is said to pos-
sess exponential stability of pth mean if there exists
d > 0 and constants «, 3, such that |Y o| < 0, implies
for all t > tg,

B{|Y (1); Yo, to/"} < BIY o[Pexp{a(t — to)}.

Definition 1.2. The trivial solution Y (t) = 0
of stochastic differential equations (1) is said to pos-
sess exponential instability of qth mean if there exists
d > 0 and constants «, B, such that |Y o| > 0, implies
for all t > tg,

E{|Y (t); Yo, to] "} < B|Y o] ""exp{—a(t - to)}.

Specifically, when p=2 (or ¢=2) it is called mean-
square exponential stability (or instability). The con-
cept of mean-square stability was first introduced by
Samuels,[!! and it means that the second moment of

solution process is asymptotically bounded.

II. STABILITY AND INSTABILITY IN THE
FIRST APPROXIMATION FOR STO-
CHASTIC SYSTEMS

The pth mean exponential stability (and instabil-
ity) is usually studied via stochastic Lyapunov func-
tions, that is, the criteria of stability is given by
EV(Y(t),t) < 0, which requires calculating the to-
tal derivative with respect to time ¢ for the stochastic
Lyapunov function V(Y,t) > 0 along the path of the

system.

It is very difficult to construct a proper stochas-

tic Lyapunov function which meets the requirement
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of the problem. People still hope to find some sim-
ple methods to solve such complicated problems in
spite of these difficulties. For example, for a given
nonlinear stochastic dynamical system (1), one can
obtain its corresponding linearized system expressed
by Egs.(2), by first making a Taylor expansion for
F(Y (t)) and G(Y (t)) at the neighbouring region of
Y =0, then omitting the higher terms and taking their

linear terms

dy;(t) Z bly;dt + Z Z ol y;dB,(t

r=1j=1

(i=1,..,n). (2)

Or in another form

dY(t) = Yt)dt—l—iar(t)Y(t)dBT(t), (3)

where bg and Uzr are constants; B(t) = B and o,.(t) =
o, are n X n constants matrices.

It was Kac and Krasovskiil?l who first proved the
theorem on the stability of linearized stochastic sys-
tems. They proved that if Eq.(3) has mean-square
exponential stability, then its corresponding complete
system (1) is stable in probability. An analogous re-
sult of the equations was given by Gihman.”!

We also know from Ref.[4] that if Eq.(3) has expo-
nential instability of gth mean, then its corresponding

complete system (1) is unstable in probability.

. LINEARIZED STOCHASTIC NONHO-
LONOMIC SYSTEMS
We can establish the perturbation equations of
a stochastic nonholonomic system by the method de-
scribed in Refs.[5,6].

of a mechanical system is determined by n general-

Suppose that the configuration

ized coordinates qi1,---,q,. The system is subject to

g ideal, homogeneous and linear nonholonomic con-

straints

&
q.a+ﬂ = Z b€+,8,cr (QV)QU

o=1
(B=1,- ge=n-g), (4

where the coeflicients b.y3,, do not contain g.ig;

ygiv =1,

the generalized forces imposed on the system are

= oU  OF
Qs:Qs+ns(3:17' ) Qs_ q %a
U = U(q) is the potentlal force function and does

where

not contain q.yg; F' = 2 Z fskGsqr is a dissipative

s,k=1

)

function; n,(t) = Z Cyi(q,)&i(t) are stochastic forces,
i=1

&; are Gaussian white-noises and Cy; do not contain
ge+3- Suppose that the system is stationary, there-

fore the kinetic energy T is the quadratic form of ¢,

1
namely, T'= T, = 2 Z askqsqk, and also asr do not

s,k=1
contain g.,g. Then the equations of motion of the sys-

tem can be written in the explicit form of Chaplygin’s

equation!f]

€ &
> Toviy + Z oy
v=1 =
€

-3 Z aT#V (juqu + Z Povly
v=1

/L,V 1
g

Z Z <as+[3 pt Z Aet ety bety, u) m

f=1p=1
. Z <3bs+,@‘,a 8ba+ﬁ,u> .
—~\ 9q, 94, )"
ou

g
:g + e + Z 776+Bb5+570’ (5)
o =1

where

g

Tov =gy + Z(as+ﬁ,0bs+ﬂ,v + ae+ﬁyllb6+ﬁ,a)
p=1
g

+ ) terpetyberpobety,
By=1

g
v =fou + Z(fer,@;UbE%@yV + f6+ﬂ7Vb€+,@70)
B=1

g
+ Z fetBetrbetpobety v
B,y=1

In order to discuss the stability of the stochastic
nonholonomic systems (4) and (5), we first give their
perturbation equations.

Let

suppose 2, mg+ﬂ is a point on the manifolds of equi-

librium and let

— 0
xa—$g+yaa

Terp =Tpp + Yerp + Z oo (2o Q

o=1

Tn4v = Yntv-
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Considering the transformations (6) and (7), we ob-
tain the perturbation equations of stochastic nonholo-

nomic systems (4) and (5)

Yy = Yn+tv,

€

Jeip = D [betpo (T +Yu) = beypo (@) Ynio

o=1

€ €
§ Ta'l/yn+u + E 'i_auyn-iru
v=1

1837'V

ay yn+uyn+u + Z (pauyn-‘ru
v=1

g e g
- Z Z <a6+,@,u + Z a€+ﬁ,6+7b€+%u> Yntp

=1p=1 y=1
ZE Obeypo  Obeipy
. - Yn+v
=\ 9q 945

aU g
=5 o e ba o 8
o H7 +ﬁz=:1n +8besp, (

(N)V:]-a"'asa

pr=1

~—

ﬂ:]-a"'>g;

With the help of the Taylor formula, we can make the
Taylor expansion for each term of system (8), then
omit higher terms and keep only the linear terms, such

that we obtain the linearized stochastic nonholonomic

system
yu = Yn+tv, ys-‘r,@ = 0)
€ 0 & 82
Tov\4q yn v = —Porlls)Yn v+ a a | Y
I; ( ,u) + ( ) + Z ayaayu o H
{5
i1 My o
2 +6,0Ce1p,1)
WerpCorad| |, Le o).
z:: MYy 0] ”} ()
or in another form
yu = Yn+v, ys+,3 =0,
. - Aua 0
Yn+v = Z A - (pau(qs)yn+u
o=1
. 9U
+ 32 gy )
=1 3.%3% 0 (9)
m £ acal
2 (%
=1 ~p=1 K10
g
Bba G’CE ,
1y PerpoCerpi >yﬂ]§i(t)},
B=1 13 0

where A = det(75,(q))); Ave is the algebraic comple-

o) in the A. Let

ment of element (v,

- A,,O.[ . 9%U
Fu - (Pau(qs)yn+u + — Y :| )
UZ::l A Z aygay” e
—~ A 9Cy;
Gyi — Z vo { Z |: ot
o=1 A pn=1 ay”‘ 0
g
0 be O'CE K
34 ( +ﬁ8, +8,i) }yu},
1 Yu 0

then Egs.(9) can be expressed as

v = Yntv,
ys-‘r,@ = O, (10)
yn+u = Fu + Z GVié-i(t)

i=1

Furthermore, we can write Egs.(10) in Itd’s form:

dY (1) = F(Y()dt + HY (0)dB®), (1)
where
Y = (Y1,Y2, -, Yaro)T,
.f = (yn-l-la"'ayn-i-syoy"' )O)Fla"'aFE)Ta
[ 0 0 . 0 1
H =
Gll G12 Glm
Gal Gs? Gem
L 4 (n+e)xm

IV.THE MEAN-SQUARE EXPONENTIAL
STABILITY AND INSTABILITY OF STO-
CHASTIC NONHOLONOMIC SYSTEMS
Considering stochastic nonholonomic systems

(11), we introduce a differential operator of solution

process Y (t).

n+e n+4e

1 0?
L= z Q;j Y)———
where
a;j(Y) = Hi(Y)H;r(Y) 4,j=1,---,n+e¢
r=1

Definition 4.1. Function V(Y ,t) is said to be
positive definite in the neighbouring region of Y = 0
under the meaning of Lyapunov if
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(i) V(0,t) =0;
(i) V(Y ,t) > W(Y) hold in this neighbouring region
(where W(Y') > 0, for allY #0).

Theorem 1. 4 The solution process Y = 0 of
systems (11) is mean-square exponentially stable, if
and only if there exists a quadratic homogeneous func-
tion V(Y ,t) and for constants K; > 0, there are

Ki|Y]? < V(Y,t) < K|Y %,
LV(Y 1) < ~K3|Y[?,

1% 02V

< K4u|Y < K.
‘ (| < Kal¥ ‘ayiayj =0
(i,j=1,---,n+e e=n—g). (12)

Analogously, we have the following theorem of
mean-square exponential instability.

Theorem 2. [

The solution process Y = 0 of
systems (11) is mean-square exponentially unstable, if
and only if there exists a quadratic homogeneous func-

tion V(Y ,t) and for constants K; > 0, there are

Ki|Y|™? < V(Y1) < K,|Y |72,
LV(Y,t) < —-K3|Y| 2,

oV 0*v
‘ < Ky|Y|73, ‘ ‘ < K|y |™*
7 8y16y_7
(7;7j:17"'an+5; E::n_g)ﬂ (13)
where
L= Zynﬂ -+ Z g
n+u
D
1= ayn+u8yn+ﬂ
;W r=
(vy,p=1,---,¢). (14)
Corollary If linearized systems (10) are mean-

square ezponentially stable (unstable), then its com-

plete systems (8) are stable (unstable) in probability.
V. EXAMPLES

Assume that the configuration of a dynamical sys-
tem is determined by generalized coordinates ¢;(i =
1,2,3). The kinetic energy of the system is

1, . . .
T =54 + 63 +d5);
the nonholonomic constraint imposed on the system
is
g3 = cq2q1; (15)

the potential force function is

1
U= -2 (Ag + Bg);

the dissipative function is

1 . ) .
F = —5(u1qf + p2ds + d3);
stochastic forces are

2

Ns = Z Csi(q0)&:

i=1

(s = 1’2’ 3))

where §; are Gaussian white-noises with

E[&:(8)&;(t + 7)] = 2Di;0(7)
(1,7 =1,2,3),

and

m = a192&1 + a2q1&2,
N2 = bag2&a,
N3 = q1&1 + a1¢26o.

Let us study the equilibrium position of the sys-
tem and its stability in probability.

Firstly, we give the equilibrium position of the
system.

Similar to the deterministic circumstance, we can
obtain the equilibrium position of the system from the
equation 6U = 0, and investigate if this equilibrium
position is stable in probability under excitation of

white-noise.

oU

a2 =0 q =0
U =0= Oa1 =

a—U—O =0

8(]2 q2 =

Considering the limitation of nonholonomic con-
straint (15), we have the following equilibrium posi-
tion:

0

g0 =0, g¢3=0, g3=constant,

i.e. the equilibrium state is a one-dimensional mani-

fold.

Secondly, we can obtain the motion equations

from Egs.(5). We have

1 i=j

aij:5ij:
0 i#j

,7=1,2,3;

fij =00 # j), fi1 = w1, foo = w2, fzz = 1;

b1 =cq2, bz =0;
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Tov =0gv + Z(aa-&-ﬁvaba-&-ﬂyv + @etp,0be16,0)
p=1

+ Y Gerpetaberpobetys
Byy=1

g
Pov :fm/ + Z(fs+ﬁ,0bs+ﬁ,u + f5+ﬁ,uba+ﬁ,a)
p=1

g
+ Y ferpetrberpobeiye;

Byy=1
i =1+c%q =Ty =0 =1;
Tij = +c g3, Ti2 = T21 = U, To2 = 1]
Ti1  T12
Ao = ] _,
T21 T22 ||,
A=A =1, App= A3 =0

w11 = f11 = p1, P22 = fa2 = pa,

w12 = p21 =0,
(14 c2¢3)G1 + c®q2q1G2 + (11 + 2q3)d
= —Aq1 +n1 + b31m3, (16)
42 + 3¢2q2G3 + pago = —Bgs + 1.

The linearized equations corresponding to system
(16) are

g1 + g1 = —Aq1 + a1¢2€1 + a2q1éa,

. . (17)
Go + p2g2 = —Bg2 + bag2éo.
Let
=z
BER (=230 =1,2);
Qv = T3+4+v
To = Yo

m3:333'1':‘/3 (071/:172)7
T34+r = Ys+v

we obtain the perturbation equations of system (17)

Y1 = Y4,
Y2 = Ys,
yO = 07

Ua = (—p1ya — Ay1) + a1y2€1 + a2y,
Us = (—p2ys — Bya) + bag2é

(s=1,2,3;, v=1,2). (18)

Finally, we investigate the stability in probability
of system (16) by theorem 1.

We choose the stochastic Lyapunov function as

ZW

It is obvious that, as long as 0 < ky < 1, kg > 1,ky >

2, there are

V(Y)=Y|* =

kY[ < V(Y1) < koY,

9%V
0y;9y;

‘BV

K2

< k4lY, ‘

We have the result of LV from Eqs.(14),

LV =2(1 — A)y1ys + 2(1 — B)yays — 2u1y2
— 2p2y? + ajyi + (af 4 b3)ys.

To guarantee that the following expression,
5
LV < —ks|Y[* = —k3 Y v}

holds, we must choose parameters in such a way
A < 1a B < 17 M1 > Oa p2 > Oa n= min(ulvl'L?)a

M= max{a%,af,bg,kg},
u > 10M.

Hence, we know that system (18) is of mean-
square stability by theorem 1, and furthermore the
complete system (16) is stable in probability.

We must note that the differential operator L is
defined in local region, so the investigation of stability
of stochastic dynamical systems is within the neigh-
bouring region of null solution of perturbation equa-

tions.
VI. CONCLUSIONS

A new methodology for studying the stability and
instability in probability of nonlinear nonholonomic
systems under Gaussian white-noise excitation has
been presented. The procedure consists of applying
a first-approximation method for nonlinear nonholo-
nomic systems and constructing a proper stochastic
Lyapunov function to examine the mean-square expo-
nential stability and instability of the linearized sys-
tems, and thus we can determine the stability and in-
stability in probability of the corresponding complete
systems. The procedure has been shown to be effective
by applying to an example of a nonlinear stochastic

nonholonomic systems.
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