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We investigate the electronic energy levels in the field of the micro-Kerr black hole under the approximation

condition a << GM/c?, and obtain some interesting results.
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I. INTRODUCTION

Some authors!’~% have investigated the move-
ment of scalar particles in the gravitational field of
micro black holes, and have proved that the contact

energy expression is complex, as follows:
w=p— Aw —io. (1)

The energy, corresponding to positive o, will decrease
when the particle drops into the black hole; and the
negative o corresponds to the excited energy of the
particle (particle creation). In the quasi-stationary
case, i.e. 0 << Aw, when 2uM << I+ 1/2,a <<
M, Q = 0, the energy spectrum is hydrogen-like, and
the energy decreases as the momentum and radical
quantum numbers become larger. Some authors!®:°!
have investigated thermodynamic effects of the black
hole.

If the spin of the particle is a semi-integer, its
state is different from the scalar particle state; the
cross section for which the electron is captured by
the micro black hole is one eighth of the cross sec-
tion for which the scalar particle is captured by the
micro black hole.[”) In the gravitational field of the
Kerr-Newman black hole, there is no super-radiation
of the electron and neutrino. Using a similar quantum
electro-dynamics (QED) method, the process of cre-
ating the constraint state of the Reissner-Nordstrom
field, by using the numerical solutions of the Dirac
equation, has been studied.®]

Following the above formalism, we investigate
the electronic energy levels in the gravitational field
of Schwarzschild and Kerr black holes. In the

Schwarzschild case, relativistic effect and spin effect

make the energy level split (on angular momentum
and orbit momentum), but this is different from that
in the Coulomb field. In flat space, the electronic en-
ergy depends on quantum numbers n and j. The con-
tact energy of particles with m; < 0 (j = [ + 1/2)
is smaller than that of the particles with m; > 0
(j =1—1/2), when they have the same value of . Non-
linear spin effect is obvious in the lower energy level.
In Kerr space, the electronic spatial energy spectra are

split. We acquired its split energy level expressions.

II. DIRAC EQUATION

The Langrangian of the system is
L=Uiy'V, —pvy, (2)

where p is the electronic mass, and the Dirac matrix
satisfies y#v¥ + yVyH* = 2gH*Y, g" being the metric of

Kerr space

0 oHAB pA
=2 , W= . (3)

ohp 0 Qi
So we can obtain the spin form of the Dirac equation

V20" VPP = —ipQ, V20"APV,Qp = —ipPA.

(4)
We take the spin field ¥ as in the form ¥ = (Q 4, PA),
choose frame (1,1, m,m) and its basic spin (¢4x*), so
we have

PA =P+ Pix?, Q,=Q0(;+Qix; (5

*Project supported by the National Natural Science Foundation of China (Grant No. 19975018).

475



476 Wang Yong-jiu et al.

Vol. 10

Choosing Kinnersley frame,!%1% and taking a trans-

formation

=), (=)

S (6) R(r)
\/5(7" — lacos®) ’

+) (=)

PO _ e—iwteimga

Q.O — 7eiwteimga S (0) R (T)
V2(r +iacos6)’
. £, ()
Py = e leime A2 57 (0) R (r),
S =), )
Qu=e WA S (0) R (1), (6)

where A = r2 —2Mr+a?, so we can gain the following

The field resource with angular velocity a =~
GM/c* will generate complicated nonlinear effects.
We now only consider the slowly rotating case a <<
GM/c?, and the Kerr metric is rewritten in a linear

form in the following region

r>ry=GM/P+\/GEM2/ct — at ~ 2GM /2.
(10)

Then the Kerr metric turns into
4M
ds? = e*dt? — e dr? —r2d 2%+ T sin? Odedt, (11)
r

where

equations: e/ =er=1-— rq/r, 1re=2M. (12)
. . (=)
[Do + Di(a)] S (0,a) For the metric (11) and the unit system (¢ = G =
(7) = 1 1
_ (/\2 + 2awm — 1/4) 'S (6, a), h = 1), the Dirac equation becomes
(+) (=) :
S(r—0)=5(9), (7) YV +ip¥ =0, (13)
Vi :8u+7u(7u,u_7ppf,u)/4- (14)
d k1] -
AI/Q[ +i—| R=(A—iur) R,
dr A m. THE SCHWARZSCHILD BLACK HOLE
d k] (=) ) ) CASE
1/2[— 1—} R=(\+ipr) R, (8) . .
dr A In order to make the usual spherical spin decom-
where pose, we choose v matrix in the following forms:
- 1 d/. d m? —mecosf +1/4 vt =30%/2,
o=———| sinf0— | — — ,
sin 6 40 de sin” 6 v? = r~tarcsin §(sin 97" — cos #5?),
R d 1 . /2y e 3
Di=—"  (in0S +>cosf—m+awsin? 0 v =e M?(sinfcos py' + sin O sin 7 + cos 65°),
A+ apcosf de 2 0 4 1 .o . .3
© awcosh — % sin? - Aa?p? cos? 6 v’ =717 (cosfcos ¥ + cosfsin py° — sin 57).(15)
k=(r* + a®)w — mja. (9)  So we can obtain the wavefunction
|
: P(r)Ymi—1/2(6
!p — T*leV/‘Le*lwt (7‘) l j ( ’?0)1 , , (16)
—iQ(r)(n,0)Y["j1/2(6,¢)
where 12
j+m;+1 N
. ( 2_{J_2 ) Yl J 1/2(0)()0)
Yimj(J:lil/Z)(av (P) = . +J +1 1/2 ’ (17)
J T m; .
Ym +1/2 0
1/2
Jtm e
) < 2 J) Y 1/2(0750)
Ylmj(J:Hl/z)(aa p) = . +J 1/2 (18)
JTmy mi+1/2
Y 0
< 2 ) (0, 9)
Here o is the Pauli matrix: (n,o) = sin cos po; sin @ sin ¢ + o5 cos fos,
0 1 1 1 0
o1 = , O2 = y 03 = . (19)
10 0 0 -1
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Solving Eq.(16), the radius functions satisfy the

following equations:

e N2p! 4 ﬁp = (e*”/2w + 1)@, (20)
T

eM2Q + Q= (e Pw+ P, (21)
T

where m, is a positive or negative integration number

m my; > 0;
l=|m+1/2|—1/2 = i ETT(22)
|my;| — 1 m, < 0.
A four-dimensional fluid density vector is
JH = Uy, (23)

and its normalization integration for a stationary case

is

[ ovmgerea = [TPE+ Py (20

9
T>Tg

From Egs.(20) and (21), we have

2 1 1
F"—l—{%— [M2+r—2mz(ml+1)}}F:Em,Fv

2
(25)
where
g, —wtur (o 'd
! r2 w+pr/) dr
!
m; w+ pr r2
— . 26
+ T r2 <w + /ﬂ") (26)

Now we will prove that the operator E.,, contains
gravitational spin-orbit interaction and other nonlin-
ear effects.

In non-relativistic (Pauli) approximation, func-
tion G equals zero, and function F' can be expressed
as Laguerre polynomials for the constrain states. In-

troducing an infinite-minimum e:

w=pte, el <<y,
we have
2M2
b T o
Iz 2 2n?
n=1+1l+n,=1,2,3,---. (27)

In the weak relativity approximation Eqs.(26) and
(27) become

1 d2 pM U1+ 1)

—— e F
{2u dp e P p? }

=UW +U® +U® L UMF, (28)

where p = r — ry, and the right-side terms of the

above equation are perturbation potentials. For these

approximations, Eq.(20) becomes

1 m
=— (P —1P>, 29
Q 2u< 2 (29)

and Eq.(24) turns into
JARCEACR
p=0
e ] _ UM
- F2<1—|—€ >dp=1, 30
[F - (30)

=0

uM

where Uy = —.

Now we investigate, one by one, the perturbation
terms U(®. Term UM determines the electronic en-
ergy in the gravitational field, which does not split the
levels due to the track quantum number

Ae 15 p*M*

1
—<UW >= — (31)

o 8 n

Term U gives the perihelion oscillation effects
in classical trajectory, which splits the levels due to

the orbit quantum numbers

3(pM)*

Ty (1 5%)
(32)

Term U®) denotes the interaction between grav-

Bem _ 1 gy 5
pwooop

ity spin and orbit

e — Lo dUm
4p?p dp

; (33)

L, =—(14+my).

The total of the above interactions which con-

where

tribute to the energy, is

Aepm 11—
LA ;V[ (1= ) (34)
] 4n3m (1 +1/2)

When m; < 0, i.e. j =1+ 1/2 (the spin angular mo-
mentum parallel to the track momentum), Eq.(34) is
positive; when m; > 0, it is negative.
The term U® is related to the particle spin
Lopwe o M dUn
2up(p+1y) dp
pt MA(1 = 8y0)

T+ 1/2)(I+ 1) (35)

In the Schwarzschild case, the total energy for
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2uM << 1+1/2is where
2172 4774 41 e
oty M 3t = ranrifee. @y
I 2n2 nt Uy
n n 010 . . .
. 1—- = After a straight calculation, we obtain
I+1/2[1+1/2 3
1 1 2 5 1 am;  pa(pM)*|m;]|
—(1=8)—+—"—])| —=7.(36 ~— < H, >= ? LI 42
DL lo)<m1+l(l+1)>} 8}( ) w2l 1R+ 1/2)(1+ 1) (42)
Thus we find that the relativistic effect and spin
effects split the electronic energy levels in the gravita- 1 . . Ma
— lj|Ha|nlj >=< —= >, 4m;
tional field, and it is different from that of Coulomb w < nljlHz|nlj >=< 2r3 73 4
field in flat space. The electronic energy levels, in flat (1 +1) + 311 +1/2) F 3(m + 1/4) (43)

space, only depend on quantum numbers n, 7, and the
contact energy of m; < 0 (j =1+ 1/2) is lower than
the system energy of m; > 0 when [ is the same. We
can find that the spin effect is obvious in low energy

levels.
IV. THE KERR BLACK HOLE CASE

Corresponding to the Kerr metric, the vy matrix
- [3]
18

Yt = 7t7 Yi = 71 + gicpﬁ(pa
V=54 9%, Yo =T (37)
where gi,, is the Kerr metric. For Eq.(15) and in the

—A/2

region e ~ 1, the system Hamiltonian is

H=Hs+ H| + Hy,

where Hg is the Hamiltonian of the electron in the

Schwarzschild space and

2(J-L
HIZ (7'3 )7

1
Hy = 590, (38)

Here (2 is the Lense-Tirring oscillation angular veloc-
ity,

2 =[3(j-n)n — J]/r. (39)
Hamiltonian H; is similar to the interaction between
dipole moments of the centre body and orbit angu-
lar momentum of scalar particles. But the electronic
state (n,l,j) of operator L, is not determined, and
this makes the energy levels split. Considering the

perturbation (H; + H), the Dirac equation turns into

(2]

1 d2

2p dp? P

e—Un+

v
_ w0+ U+ UG 4 U@ 4 oH, + H2][ ! }

(40)

(21— 1)(2 + 1)(20 + 3)

Therefore, the energy levels of electrons, which

are not in basic states, will split into (25 + 1) sub-

levels,
1. 2m,; pa(puM)*
ZA J — J
LA ) = e T 0T
3(m2+1/4) —1(1+1) —3(1+1/2)
- 2lm;| F J . (44)

(20 —1)(21 + 3)

When j +1/2,m; < 0, we choose the upper sign and
when j — 1/2,m; > 0, we choose the lower sign in
Eq.(43). For the gravitational orbit-spin interaction,

there are two possible transitions

1 28 (GuM\*
1 28 (GuM\*
W(E2P3/2_E251/2):%< he ) : (45)

The dipole moment-orbit and dipole moment-spin in-
teractions split the 2p;,, level into two levels and

2p3/2 into four levels

4
—+1/2 _ 1 o fpac) (GuM
T U < 7 >< he )0 (462)

AE}Y
4
mj=+1/2 _ , 1 o pac\ (GuM
AE2p3/2 = iﬂuc <T> < e s (46b)

4
mi=+3/2 _ 3 o (pac\ (GuM
AEy;, = i40uc < > >< ” . (46¢)

When pac ~ h, the interaction between black hole
dipole moment and electronic spin becomes obvious.
And when a - GM/c? and uM =~ m;M,,, the en-
ergy spectrum will be determined by the nonlinear

effects.[13:14]
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