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A type of system, in which the specific volume can be divided into several parts according to its Hamiltonian,

has been obtained in a grand ensemble. The main character of such a system is that its Hamiltonian is absolutely

separable. We also discuss the partial specific volume contributed by thermoelectrons in metals under a free-interaction

approximation, and the corresponding Wu—Jing parameter is obtained as a simple example.
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I. INTRODUCTION

In a traditional trinomial theory of equation of
state (EOS), pressure is taken as a function of spe-
cific volume and temperature, which is always sepa-
rated into a cold part (contributed by crystal lattices
and electrons at zero-Kelvin) and a thermal part (con-
tributed by thermoelectrons and crystal-lattice vibra-
tions) in order to determine the EOS conveniently.
The validity of this method has been proved in some

(1-3] But it is not always true,

complicated problems.
especially in porous materials with ultra-low initial
densities or in high compression-ratio experiments of
condensed matters,[*~6 where the pressure, as a func-
tion of specific volume and temperature, is of mul-
tivalue and inaccuracy magnifying if calculating the
corresponding Hugoniot (or isentropic) curve via Mie—
Griineisen EOS.I4~6! Therefore, it is necessary to dis-
cover a new EOS, in which the pressure is treated as
an independent variable and the specific volume is a
function of pressure and temperature, similar to that
of pressure in a traditional EOS.[4~9 Then the bugs of
multivalue and inaccuracy magnifying are eliminated.
It is crucial for determining the EOS of some materials
that will be dilatable at high pressures.[” 9]

The difficulty for establishing such a theory is that
all physical models presented by now are on the ba-
sis that all particles move in a certain space, the vol-
ume of which is being studied. And this implies that

the specific volume has been taken as an independent

variable. Hence all models and corresponding func-
tions are inapplicable to the new EOS. The purpose
of this paper is to introduce a method, called variable

interchanging, to revive these models.

Interchanging the independent variables of EOS
should preserve the consistency of the theory both in
thermodynamics and in statistical mechanics. Since
the system is divided into several parts according to
the composition of the Hamiltonian in a traditional

(1-3] we must follow it in the new theory, or

theory,
else we cannot continue. Before discussing this prob-
lem in detail, it is helpful to understand what the par-
tial specific volume means. In thermodynamics, pres-
sure is an intensive parameter and can be written as
a sum of all partial pressures. So we can freely sepa-
rate the pressure, leaving other thermodynamic vari-
ables and characteristic functions untouched. But the
same picture becomes unclear when the same method
is used on the specific volume in a new theory, for
the specific volume is an extensive parameter and is
the space for particles to move. In this sense, not
only the characteristic functions but also some ther-
modynamic variables, for example, the pressure, will
depend on the size of the specific volume. What we
can do is just to separate the specific volume formally
and mathematically. Since not all of the separated
specific volumes have explicit counterparts in a real-
istic model, the specific volume V; in the following

discussion cannot be understood as the specific vol-
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ume of the ith sub-system, but the increment of the
total specific volume when taking account of the corre-
sponding sub-system. This method is imperfect from
the viewpoint of physics. But considering that it is es-
tablished directly on a grand ensemble, and the math-
ematical separation of specific volume leaves the total
characteristic functions unchanged, we take the point
of view that the following mathematical approach is

reasonable and acceptable.
I. SEPARABILITY OF SPECIFIC VOLUME

We first consider a system with a two-part Hamil-
tonian. Its internal energy is divided into two parts,
for example, a cold part and a thermal part, i.e. E =
E.+FE,. And the pressure is, analogously, divided into
P, and P,. Then the enthalpy of this system becomes

H=FE+PV=FE.+FPV+FE,+PV
=H.+ H,, (1)

which also has two parts. In principle, using thermo-

o
oP

cold and the thermal parts of the specific volume of

dynamic relation V' = < > , one can obtain the
S

this system. Here the subscript ‘s’ means the calcula-
tion is done along the isentropic path. But this calcu-
lation cannot always be accomplished, because of the
partial pressure P, (or P,) in the sub-enthalpy H. (or
H,) in Eq.(1). In fact, we can avoid this difficulty by
the following judgment.

Theorem There is a kind of system whose par-
tial specific volumes are calculable. The characters of
such a system are as follows. Firstly, the separated
sub-Hamiltonians of the system should be absolutely
independent, that is, no interactions exist among the
particles belonging to different sub-systems. And sec-
ondly, the particle number of each sub-system is con-
servative.

We will prove this theorem in a grand ensemble
by a statistical mechanics method. For this purpose,
an assumption should be put forward first that the

Hamiltonian of the system being studied must be writ-

ten as
H(al) = ZHi(wi), (2)
and
Nz =¢  (i#]), (3)

where ¢ is the null set, z!' is the set of the canonical
coordinates as t=1,23,..., and pu=1,2,..., and z; the

On the other hand, the

subset of z! as p=1,2,3,....

pressure equation in a grand ensemble is!?
PV =kT¢ = kTng, (4)

where the grand partition function = can be written
oo

as & = ¢ = Z e V*Zy under a condition that
N=0

the system is chemical pure. Here Zy is the parti-

tion function of this system with N particles, which

satisfies

Zn = W /efﬁH(deQ)N- (5)

When introducing these equations (Eqs.(2)—(5)) into
a system with an absolutely separable Hamiltonian,

we acquire the grand partition function as!?

oo n
Z=e = Z He_N"‘“ZN” (6)
N;=01i=1

where

1
= ——— 0o —BH; N;
N = Nanh) / e 7 (dpdg)™. (T)

Here N; is the particle number of the sub-system i.
Furthermore, Eq.(6) can be simplified as & = H E; =

n

H e_Nia"ZNi by taking account of the particle num-
i=1
ber conservation of each sub-system. Thus, a compre-

hensible form of the pressure equation reads

PV = kTInZ =) kThnE; (8)

This simple character of addition in Eq.(8) en-
sures the separability of specific volume. Because
there are no partial pressure or specific volumes ex-
isting apparently on the right-hand side of Eq.(8), the
variable-interchanging mentioned before can be done

easily. One of the equivalent forms of Eq.(8) is
1 -
V= FZnTln:i = ZW

In this equation

T
Vi = %lnEi (9)

is the increment of the total specific volume of the
system when sub-system ¢ is taken into account. On
the other hand, the pressure equation of sub-system
1 may be derived from the separability of the total

Hamiltonian as

PiV = IiTlnEi. (10)
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Hence the total specific volume can be expressed as

1
V= EﬁTlnEi. (11)
Dividing Eq.(11) by Eq.(9), the following relation is
obtained

V;/V = P;/P. (12)

The variables in these equations (Egs.(9)—(11)) are the
pressure in Eq.(11) which is the partial pressure, and
that in Eq.(9) which is the total pressure. The specific
volume is similar. It is suggested from Eq.(12) that for
a system with absolutely separated Hamiltonians in a
state with pressure P and specific volume V', the ratio
of V;, (the increment of the specific volume regarding
sub-system 7) to the total volume, equals the ratio of
P; (the partial pressure of sub-system 7) to the total
pressure.

Besides, it is necessary to point out that Eq.(12)
is valid just when P # 0. The new EOS is obtained
completely by using Eq.(9), whose status is similar
to the pressure in a traditional trinomial EOS. As a
supplement we should further point out that the cal-
culations of the partial specific volume may not be
based on the thermodynamic relation mentioned at
the beginning of this section but, for simplicity based
on Eq.(12) directly.

In this way, we have proved the theorem precisely
in a grand ensemble. Of course, there may be other
cases, in which the separated specific volume can be
calculated, and which are not excluded by this the-
orem. In fact, the specific volume of crystal lattices
is also calculable when using a Debye approximation.
But its Hamiltonian is not absolutely separated and
is out of the applicability of this theorem. We prefer

to discuss this subject in another paper.°!

II. APPLICATION: SPECIFIC VOLUME OF
THERMOELECTRONS

We have written the specific volume of a system
as a function of pressure and temperature by intro-
ducing Eq.(9) into a traditional EOS. In this section,
a contribution of the thermoelectrons in metals to
specific volume will be discussed as a brief example.
As a multiparticle system, crystals are composed of
atoms and extra-nuclear electrons. But it is very dif-
ficult to solve the motion equations of this system,
i.e. a group of Schrodinger equations, which involve
the movements of atoms, electrons, and the interac-
tions among these particles, accurately. However, by

adopting a Born-Oppenheimer approximation,:12

it has been proved that the Hamiltonian of crystals can
be divided into two parts: one for electrons and the
other for lattices.['3] The interactions between them
are taken as perturbations.
In metals, these perturbations can be ignored in
a much simpler approximation,?! which is to take the
extra-nuclear electrons as a kind of free Fermi gas
moving in a square potential trap with an infinite
depth. By this assumption, the electrons and the crys-
tal lattices in this system become independent of each
other absolutely. Furthermore, the particle numbers
of these two sub-systems are also fixed when shock
temperature has tended to a stable value in a final
shock state. Therefore, this system meets the condi-
tions of the theorem. Thus, by making use of Eq.(12),
one can obtain
P.V = PV, (13)

where variables with subscript ‘e’ belong to the sub-
system of thermoelectrons, and others are of the pri-

mary system. In a theory on the subject of a free-

electrons gas, there is a relation!* 3!
2
PV = §Ee’ (14)

where the partial internal energy

I3/5(8)
11 2(€)

is contributed by thermoelectrons.

E.= N&T

Substituting
Eq.(14) into Eq.(13) yields the partial specific volume

of thermoelectrons as

2
= " E.. 15
Ve=15 (15)

On the other hand, the internal energy of an elec-
tron system at low temperature is (where the cold
energy and the cold specific volume of electrons at

zero-Kelvin have been merged into the cold part of

crystals)
E.= %ﬁT? (16)
Then the specific volume and the enthalpy become as
Vo=, (17)
and s s
H,=E.+ PV, = éﬂT2 = 3B (18)

Comparing Eq.(18) with Eq.(15) gives the Wu—Jing
parameter®! of thermoelectrons at low temperature
as

R.=Z. (19)
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The parameter (8 in the above equations is the co-
efficient of electronic specific heat that satisfies 8 =
m2Nk?

2u0
calculation or by experiments directly.

Its value can be determined by a numerical

Thus, we have obtained some primary properties

of the new EOS for thermoelectrons in metals, where
the pressure is taken as an independent variable. We
believe that this kind of treatment should be helpful
to simplify further calculations about the properties

of condensed matters under high pressures.
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