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The variational approach is applied to the study on the effect of Coulomb interaction between electrons on the

dimerization in a one-dimensional commensurability-two Peierls system, such as trans-polyacetylene. For the case of

omitting direct repulsion between electrons in the bonds between sites W, it is confirmed that the weak interactions tend
to enhance the dimerization; but when W is included, this enhancement will be attenuated. If |W| is sufficiently large,
the net effect of electron—electron interactions will reduce the magnitude of the electron—phonon-induced dimerization.
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I. INTRODUCTION

The role of electron—electron (e—e) interactions in
solid-state systems is a subject of intense investiga-
tion and debate. Results of mean-field theory calcul-
ations!!! show that the dimerization amplitude in the
ground state decreases when an on-site Coulomb inter-
action U is introduced. However, longer range inter-
actions are needed to describe many effects observed
in real materials. The conventional extended Hub-
bard model (EHM), which, in addition to U, includes
a nearest-neighbour interaction of strength V', is the
simplest extension that takes into account some of
the long-range interaction effects. Several authors, us-
ing various many-body techniques, have found that
the ground-state dimerization amplitude is enhanced
when a weak Coulomb interaction V is included in the
Hubbard—Peierls Hamiltonian.

Kivelson, Su, Schrieffer and Heeger (KSSH)?!
reexamined e—e interactions in the framework of
tight-binding models of quasi-one-dimensional sys-
They remarked that the standard extended
Hubbard model, including only on-site (U) and

tems.

nearest-neighbour (V) terms, has missed off-diagonal
terms (W) corresponding to ‘bond-charge’ interac-
tion. KSSN argued that these new terms have impor-
tant physical consequences for the extended Peierls—
Hubbard model of polyacetylene. In first-order per-
turbation theory, KSSN found, for extreme screening,
that including W reverses the sign of the effects of
Coulomb interactions, so that the dimerization de-
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creases with increasing e—e interactions, and at fixed
dimerization e-e interactions decrease the gap. This
is consistent with the work of Wu et al,/*! who started
from the full Coulomb interaction with any strength
and range. They found that when the interaction
range is of the order of the lattice constant (short
range), the bond alternation monotonically decreases
with increasing interaction strength. In Ref.[5] the
mixed bond-site (X) and bond-bond (W) are stud-
ied; these off-diagonal terms are believed to enhance
dimerization. Ref.[6] has also shown that the weak
Coulomb interaction tends to increase dimerization.
So the influence of bond-bond (W) on dimerization
We focus on the effects of W
on dimerization by using bosonization!”! and the self-

is still controversial.

consistent Gauss model(® and we calculate the ground
state by the variational method. We will prove that
W is an important term which tends to weaken this
enhancement; eventually sufficient large |W| will re-
duce the magnitude of the electron—phonon-induced
dimerization.

This paper is organized as follows. In Sec.Il we
give the Hamiltonian in terms of Fermi fields opera-
tors. In Sec.III we bosonize the Hamiltonian of the
model. In Sec.IV we give the results of numerical cal-
culations by the variational method, and in Sec.V the
results are discussed and analysed.

II. MODELB!

We consider a continuum Hamiltonian which con-
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sists of a one-electron term (TLM!®! model):

Hrrm =/ dz wl(m){ — ihop %UZ + A(:U)oz}zbs(x)

[ o) 2] 2

and an electron—electron interaction term:

Hint = Z / dz hUF {g]_wléwil lws’ 1¢S2

+ g2l ol vy ta
+ %93[¢11¢111¢s’2¢s2 +Hec]
1
+ 591l 6l Vv +0hYL 0 svel} (2)

where 15 (x) creates a right-moving electron of spin
s, Y¥s2(x) creates a left-moving electron of spin s, and
o, and o, are Pauli matrices. When the continuum
limit of the discrete model is taken, the parameters
defining Eqgs.(1) and (2) become the following;:

hvy = 2tea, g°> =20 /Kty,

the choice of nearest-neighbour hopping is tg = 2.5eV,
the value of the stiffness constant K is 2100eV /nm?
and the lattice constant a is 0.122nm; these are all
generally agreed.!'% o is the electron—phonon coupling
constant; a=41.6eV/nm can be used to explain some
phenomenon,?! but some authors found that a=45—
60eV/nm.!"! We take a=40-60eV/nm in this paper.

In terms of the e—e interactions model:!1]

g1 = (U—2V+4W)/2t0,

= (U +2V)/2tg,
—(U =2V — 4W) /2t ,
g1 = (U +2V)/2t.

The parameters U, V and W are the Coulomb inter-
actions between electrons located on the same site, on
neighbouring sites and on bonds between sites respec-
tively. The e—e interaction can be written in its most
general form as

i ://der'p(r)V

= Z V(namalap)c Cmslcls’cpsa

n’m7l’p’sis,

(=) plr")

where V(n, m,l,p) is the appropriate matrix element
of the electron—electron interaction potential, V (r),

V(n,m,l,p) = /drdr'pnp(r)pml(r')V(r —r'),

in which py,,(r) denotes the matrix element of the
electron-density operator p(r) in the local Wannier
function representation, ppp(r) = &i(r)Pp(r) =
(n|p(r)|p). U = 2V(0,0,0,0), V = 2V(0,1,1,0),
W = 2V(0,1,0,1), where U is the most important
term and V is the next important term. But, as
pointed out in Ref.[3], W is as important as V' or even
more important. W is neglected in general reports.

. BOSONIZATION

We will introduce Boson fields

/Hw dw] 3)

x) satisfy the commutation

[¢m)

where ¢n(,) () and [ | 1) (=
relations for Bose operators.

Py pp)(@) =

Then the Fermi opera-
tors can be expressed asl!

Vi (@) = exp[+ivVAT S4 1) (@)].  (4)

1
V2re
The parameter € in Eq.(4) is a small distance, i.e. the
lattice spacing.

We consider in this paper only the half-filled band
in which there is one electron per site, thus we can
bosonize the Hamiltonian of the model and we have

~2
H:/dx :G1[H +<8¢C) ]
~2
+G2[H + (ad)s) ]+ S
+ = A(x) c0s M cos Mbs
e

+ s AW@)?, (5)

S 2Mc$c

where the charge density wave (CDW) fields and spin
~ 1
density wave (SDW) fields are ¢.(5) = E((ﬁT + ).

We make a shift of Msgs to Msas + 7 so that the

potential energy in Eq.(5) will reach minimum at ¢,=0

A
T (”“")) Thus the Hamilto-
F

and ¢~Sc:0 when g3 <

nian of the model becomes

—~2
H:/da: G1[H +<8¢C) ]
—~2
+ Gy [H - (8¢8> ]+ 22 co
- = A(x) cos Mg, cos M,
e

+ %A(m)2 . (©)

S 2MC$C
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The parameters M, M., G; and G2 in Egs.(5) and
(6) are defined as:

M, = Vor x 2(g1 + g2) + g4
27T+2 (91 +92) + 94’

R
G = UF \/[27T —2(g1 + g2) + 94][2m + 2(g1 + g2) + 94] ,

G2 (27‘(’ g4)

47
IV. VARIATIONAL PROCEDURES

We will introduce a new solvable Hamiltonian H s
to imitate H:

s ol ()]
ol ()]

+ (A@? + 2Bo.gs + C¢2) +

o A (1)

where A, B and C are parameters connected to the
renormalized masses, and these will be determined by
the variational method. The mixed term B is included
to take account of the coupling between $C and qzs in
Eq.(6). By using a transformation of stretching, the
free part of the Hamiltonian Hs in Eq.(7) becomes

Hoz/da; G1G2H + = (66";)
+G1G2H2+ (%‘Zs)

Thus the Hamiltonian Hj; can be written as:
HMz/dx G1G2H + - (6;;0)
+G1G2H + = (8;;3)

—2
+ _¢c m¢c ¢s
K 2
STt o AW ©)

Then we can diagonalize Hj; in the momentum space
with a unitary transformation,

Hyy = Z G1G2E1 (ﬁ ﬁ _k+k2$c,k($c,—k>

/G1G2E2 (Hs kH& pr ¢s k¢s, )

LA(a:)Q. (10)

+ an?

The new operators in Eq.(10) are

Hc ik

o G1G2k? (v — Mo) 7
1 x [ K1 Hc +k

* ]{2./(;1(;2 Hs +k|’
J B (Br = Ms) —
G1G2k2 X |: Kl ¢c +k
B 3 ]
K2 /G1G2 S,:tk ?

.| G1Go k2 (Ey — M) 7
X [ K2 Hs +k

Ge, 4tk =

+

Hs :I:k:

2

* K1\/G1G2 HC ik] ’

) E» [(Ez — M)

G5+ = G1Gok? X K, ¢s +k

B p ]
Kl /—G1G2 c, k|-

The parameters in Eq.(10) are defined as

+

Grpoy A

My = G Gy’

G2 2
M
2 = le

c
G’

B2

K9 = \/(El(z) — My1y)* + GGy’

the spectra are

\/E12) :\l % [(M1 + M) + \/(Ml — M)? +

We average H with respect to the ground state of

4B2
G1G>

H s and obtain

K
By =Ex+Ep + Ec + Ep + Ep + g A()’,
(11)
VGG
Ea=)Y 21 2VE; + VEs), (12)
k
—GR [ (B - M,)? [GiGs
Ep _; 2G> [ K2 By
B2 G1G2]
\/ : 13
K G1G2 ( )
= G2k? [(By — My)? [G1G,
Be _Xk: 2G, [ K2 E,
B2 GIGQ]
\/ , 14
MbeTeNeR (14)
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_horgsL —M? [(Ey — Ms)? [G1G,
ED o 271’262 exp{z GQL [ K12 E1
B? G1G2
1
" X6.6\ E ]} (15)
—2AL M.M,B
E — h C e
o e o { ; 2LK 1 K»v/G1G2
[E1—M2 Ez—M1]}

2)2 G1G2
eXp{ZALGz [ K12 B,

B? /G1G2
K2G1G2

—M? (Eg—Ml)2 G1G,
4G1L K2 E2

B2 G1G,
el ]} (16)

where L is the length of the space.

+

Eg should be minimized with respect to the pa-
rameters A, B and C. We believe that the parameter
B is a small quantity, so we first calculate A and C
without B, and then consider the correction of B.

(i) Without hybridization (B=0)

The parameter € is regarded as a scale; we take
€ = 1. We transfer the summation into an integration,

oFE oF
from 5—H =0, “H —pand large cut-off momentum
approximation. We obtain two equations:

1

i
o - <)

C \/E (B+1)
[Mﬂ( Gz) ( \/GT)
-e(yfa) e w

1

it [wé—Gz_ C\/IGZ]
B G-

where parameter 3 is

8= 1\/27T—2(91 +92) + 94

2\ 2r +2(g1 + 92) + 94

The parameters A and C in the two equations should
satisfy the condition that Ej takes the minimum

value. By using numerical simulation technique, we

find the relationship between dimerization and the
electron—phonon coupling constant when we take U =
4,V =-2, W = 0,—1,—1.5 respectively. From this
we have found three very straight curves: dy(1), d1(2),
d1(3) (see Fig.1).

L =
0.6 51(1) /%/
/
0.5} / =
=
)
0.4 e 2(1)

4.0 45 5.0 5.5 6.0

Fig.1.The dimerization (scaled in 1/¢) versus
electron—-phonon coupling constant when U = 4,
V =-2,W =0,—-1,—-1.5, —2 respectively.

(ii) With hybridization (B # 0)

We will take A and C which we have obtained
from calculation in (i), and we will also determine
whether M; and Ms have a point of intersection. Af-
ter calculation, we conclude that under the conditions
that U =4,V =-2,0>W > —2, M; and M, have
no point of intersection. We suppose the parameter B
is a small quantity. It can be proved lately that our
assumption is self-consistent. If M; and M, have no
— M, |> 2B/\/G1Gs.
We expand the expression of F; and E, in which
2B/v/G1G> is regarded as a small quantity, and we
also transfer the summation into integration. From

point of intersection, then | My

numerical calculation we conclude that in Eq.(16) the
influence of the hyperbolic cosine term is much smaller
than that of the exponential term, so we can approx-
imately take it as unity. By using a numerical simu-
lation technique, we can determine the parameter B
corresponding to the minimal Ej which is less than
0.0001. We also find the relationship between dimer-
ization and the electron—phonon (e—ph) coupling con-
stant, from which we obtain three very straight curves:
52(1), 52(2), 52(3) (see Fig.1).

V. DISCUSSION AND SUMMARY

1. If we neglect Hj,y and only keep Hrpy in
our model, in the same way, after bosonization and
variation, we can obtain the relationship between the
dimerization A and the e—ph coupling constant « from
one-dimensional free-field theory. The line §y (see
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Fig.1) is a reference line in our discussion, when we
include the influence of Hiy. If the line ¢ is located
above the line §g, this indicates that the influence of
net Coulomb strength will increase the dimerization;
otherwise, it will decrease the dimerization.

2. We take U = —2V = 4.!2) When W is ne-
glected (U = 4,V = =2,W = 0), d11) and &y
are located above dg, this means that in the extended
Hubbard model, the net Coulomb strength increases
the dimerization. Reference [3] indicates that V = W
for reasonable forms of the Wannier function and
V(r) = Vod(r). If we approximate V (r) by Gaussian
screening and also approximate the Wannier functions
in terms of Gaussians, from straightforward calcula-
tion we can show W = V. Since different materials
may have quite different relations among X, U, V and
W, and the value of W is uncertain, we will take the
parameter W which varies from zero to V, thus we can
find the influence of W on dimerization. It can be seen
in Fig.1 that the curves A-a drop monotonically with
W changing from zero, —1.0, —1.5, to —2.0. When
|W| is larger than a certain value, the contribution of
the weakened e—e interaction to the magnitude of the
dimerization is negative. If W changes to —2 corre-
sponding to g1 = g2 = g4 = 0, the potential terms
in Eq.(6) are marginally irrelevant and will be renor-
malized to zero. In this special case, the Hamiltonian
of the model in Eq.(6) can be renormalized to free
model, we assert qualitatively that the dimerization is
zero—that is, 6;(4) (without hybridization)=dy4) (with
hybridization)=0!—(see Fig.1).

The Hamiltonian (6) contains an interaction term
between CDW and SDW, therefore one must take ac-
count of the influence of hybridization between them.
We find that do(1)(with hybridization) is located be-
low 6y(1)(without hybridization), so are the dy(2) with
respect to dy(2) and the dy3) with respect to dy(s).
This indicates that the influence of hybridization will
diminish the magnitude of dimerization. The influ-
ence of hybridization will decrease with the increase
of [W|, and dy(2) is much closer to d1(2) than dyq) to
d1(1)- Thus do(3) and d;(3) are almost overlapping and
we can hardly distinguish one from the other.

3. Previous studies established that the diago-
nal Coulomb interaction terms (U, V) enhance dimer-
ization substantially for weak (to intermediate) val-
ues. This is generally agreed. Here we are mainly
interested in the effects of off-diagonal terms. Conclu-
sions based on weak-coupling perturbation theory,!!
including all terms to second order, suggest that U,

V and X enhance dimerization while W suppresses
it; overall Coulomb interactions enhance dimeriza-
tion. But perturbation theory about the effects of
off-diagonal terms on dimerization is not valid for real-
istic, self-consistent values of the Coulomb interaction
parameters.[®!

The exact diagonalizations and strong-coupling
perturbation analysis of dimerization!® suggest that
for intermediate-strength e—e interaction, dimeriza-
tion increases slightly with the addition of small W,
and the extended Peierls—Hubbard models without
off-diagonal terms will underestimate the enhance-
ment of dimerization caused by Coulomb interactions.
But the results are based on the assumption that W
is a small quantity (U > W) and can almost be ne-
glected. Whether W is a small quantity is still an
open question.

There are several variational studies for the full-
screened Coulomb interaction. The first study used
a Jastrow variational ansatz[! to examine quanti-
tatively the effect of e—e interactions on dimeriza-
tion, and the second undertook a detailed qualitative
analysis of the validity of the Hubbard model using
only the assumption that the overlap integrals decay
more rapidly with distance than does the interelec-
tronic potential.['3] The results of both these stud-
ies indicate that for all except short screening length
and for weak (to intermediate) e-ph coupling, dimer-
ization is enhanced by Coulomb effects. Reference
[4] also indicates that for repulsion in short range,
dimerization will decrease with increasing strength.
But Ref.[6] has shown that the weak Coulomb inter-
action is in favour of the lattice dimerization, and
this has been demonstrated by extensive numeri-
cal calculations.['*~18] These theories are contrary to
Ref.[4] in short range (of the order of a lattice); some
of the authors did not include W in their work, others
did but supposed that U >V > W or U > W =V.
So, whether W is a small quantity and what is the ef-
fect of W on dimerization are still under investigation.
In this paper, we take V < 0 and W ~ V. When W is
adjusted from zero to V', we can find out the influences
of W on dimerization. Our conclusions suggest that
when |W| increases from zero but less than a certain
value (about 0.6V), the enhancement of the diagonal
terms on dimerization will be attenuated, but the net
Coulomb interaction will still enhance dimerization.
If |W| increases further, the net Coulomb interaction
will decrease dimerization. When W = V| dimeriza-
tion is destroyed. The true physical value of W may
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be in the range of (0.6V, V). Our conclusion is consis-
tent with the work of Wu et al.,[4] thus we conclude
that the influence of W is important and will decrease

dimerization rather than increase it. This is reason-

able from a physical point of view.
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