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Starting from a time-dependent rotation U (t) in SUs group element space, we derive its corresponding quantum

mechanical dynamic Coriolis term and the relationship between U (¢) and rotational angular velocity. Throughout our

discussion, the technique of integration within an ordered product of operators is fully used, which has the advantage

that the correspondence between the classical rotation and the quantum rotation is in a transparent fashion. A new

angular-velocity formula is also derived.
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Based on Dirac’s symbolic method, representa-
tion theory and transformation theory,!') the tech-
nique of integration within an ordered product of
operators (IWOP) has been introduced in Ref.[2].
This technique can help us to find more new use-
ful quantum mechanical representations, especially
the entangled state representation with continuum
variables.®] In this paper, we consider the following
problems: for a time-dependent SU(2) group element
U(t), which represents a rotation in group paramet-
ric space, what is the corresponding angular velocity
and what is its quantum mechanical correspondence
so far as the Coriolis force is concerned? We shall
employ the IWOP technique to solve these problems.
For the given U(t) let us introduce the following time-
dependent quantum mechanical operator expressed in

bosonic coherent state representation

w0 2N
(1)
< - >> = |21.22) is the two-mode coherent

22

D(U(t)) =72 /d2z1d2z2

where

state, defined as

1
|21, 22) = exp{ — 5(\zl|2 + |zz\2) + zlal + 22a£} |00) ,
(2)

a; (aj) (i = 1,2) is Bose annihilation (creation) oper-

ator,|z1,za) satisfy the overcompleteness relation(?!

el ()05 [

In the following, as a first step, we want to identify

Eq.(1) as a quantum mechanical rotation operator.
Then we search for the time-dependent Hamiltonian
which is responsible for such a quantum mechanical
rotation. As a by-product we shall derive the cor-
responding angular velocity of time-dependent SU(2)
rotation. As the derivation continues, we can identify
the term iUU' as a Coriolis term, where the dot over

U means the differentiation with respect to time t.

We start by using the IWOP techniquel2:3:5] (the
essence of the IWOP technique lies in that Bose oper-
ators can be permuted with normal ordering symbol)

and

|00) (00| =: exp{—ala; — ala,} -, (3)
where : : denotes normal ordering. We can directly
integrate Eq.(1). Here and henceforth we adopt the
Einstein convention—if an index is repeated in a term,
summation over it from 1 to 2 is implied. Substituting

Egs.(2) and (3) into Eq.(1) we have

d221d222 1 2
D(U(t)) ://T 5exp{ 3 |Uij2;]

1
+ aIUiij ~3 |Zi|2 +a;z; — ajai} 2. (4)
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Noticing Substituting Eq.(9) into Eq.(7) and using Eq.(10)
9 9 gives the explicit form of quantum mechanical rota-
Ut =uvut =1, Z|Uijzj‘222|zi‘2, tion:
i=1 i=1

then Eq.(4) becomes

d?z,d%z
D) = [ [ A2 el |
+ azUijzj +a;z — a;-rai} :
=: exp{aZ(Uij —d;5)a;} . (5)
Using the operator identity!?!
exp{a;r/lijaj} =: exp{a;r(e/1 —1)5a;} (6)

where A is a 2 x 2 matrix we can put Eq.(5) into the

compact form
D(U(t)) = exp{al (InU)ya;}. (7)

Without loss of generality, we let the group parame-

ters be
U =exp <i0' - fn
2
cos + isin—cos#, isin@singexp[—kj)]

isinGsingexp[idﬂ, cos o = isin%cos@

0 1
where o is the Pauli matrix, o1 = < >, o9 =
0

1
<0 —i> <1 0>
, 03 = , and
i 0 0 -1

n = (sinfcose, sinfsing, cosh).
The logarithm of U is

1 .
—cosf, —e ¥sind
. 2
InU =iy . (9)

i 1
—el®sinf, —=cosf
2 2

With the aid of Schwinger bosonic representation of

angular momentum, ! we know

g (a;
J = (CLI, a%) 5 <a2>,

g, = aIag + a;al’
2
aJ{ag —a$a1
Jy i ——
21
1 T
a;a; — aya
J, =1 22 (10)

2

(o (1 £n)) =emstion 21, (1)

Therefore, we have naturally derived the quantum

mechanical SU, rotation operator directly from the

z
classical SU, transformation from < ! > to U(t)
%)

< . > in the coherent state basis via the technique
22
of IWOP, and Eq.(11) clearly shows that D(U(t)) is a

rotation operator.
what is the

Hamiltonian that dominates this time evolution of ro-

Another important question is:

tation? Because a; and al commute with each other
within : :, we can differentiate Eq.(5) with respect to

time ¢ and obtain

8, D(U(t)) = : drexp{al (Us; — 6i)a;} :
=: aIUijajexp{a;r(Ui- —d;5)a;} ¢
=alUy; : exp{a](Uyj — 6ij)as} : a;
:CLIUijDajD_lD. (12)

Using the Baker—Hausdoff formula and Eq.(7), we

have

Da;D™* :exp{a;-f(ln U)ijaj}alexp{a;r(—ln U)ija;}
=exp{—In(U)x }ar = UlTkak. (13)
Substituting Eq.(13) into Eq.(12), we obtain
8,D(U(t)) = alU;;Ula;D(U(t)). (14)

3~ 51

Comparing Eq.(14) with the standard form of

Schrodinger equation
0,D(U) = HDU) (h=1),  (15)

we should recognize the Hamiltonian is

H= ia}LUijU;lal. (].6)

ai -
a = <a2>> aT = (alaaQ))

then H can be written as

Let

H =al[iuU"a. (17)
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For the SU(2) group element expressed by Eq.(8), we

calculate
Wz .Wo
. 5 1=
out=1 2o 2, | (18)
0 _*=
2’ 2
where
w, = Bsinfsine + 2¢sin2951n2% — tcosb, (19)
wo =e L — 2sinﬂ sin% — icosOcos% 6
2 2 2
+ ZSinOSin% <00s§ + icosGsin%) qS + i¢sin9}.
Defining
Wy :wf)k _ o
21
=— ZSing sinﬂsinqﬁ + Cosﬂcosecosqﬁ 6
2 2 2
+ ZSinﬂsin% <COS’(§Si1’1¢ — cos@cosqﬁsini) g{)
— ¢sinﬁcos¢,
o w§ + wo
v 2

=— 2sin% <cos%cos€sin¢ — sin%cosqﬁ)é

— 2sin05in% <cos%cos¢ + cosHsinquin%) ¢
— tsinfsing, (20)
consequently Eq.(18) becomes
iUt = %a - w. (21)

Thus we can identify w = (w,,w,,w,) as the an-
gular velocity for the rotation expressed by Eq.(8).
So far as we know, this angular velocity expression
has not been reported in the literature before. Fur-
thermore, substituting Eqgs.(19) and (10) into Eq.(17)
yields

H=w-J. (22)
It is clear that w is the angular velocity of the SU;
rotation (8). Remarkably, our method points out the
physical source of the angular velocity of SU; rotation
and naturally derives the relationship between w and
. Alterna-

tively, one may choose three Euler angles («, 3,7) as

1 )
the SU, transformation: —o - w = iUU?

three parameters describing the SU(2) group element
UE, i.e.,

Ug = exp< — %O'Zﬂ> exp< — %aya> exp< — %0z7>.
(23)

Using similar procedures to the derivation of Eq.(18),

WEz . WOE
T + _ 2 2
for Ug, we calculate iUgUp = _iwaE e
2 2
wog = —de P — 4 (sinasinf + isinacosf),
wSE — WOE .. ..
Wop = = o—— = —asinf + Ysinacosf3,
i
*
Wop + W
oOE 0E . .. .
WyR = ey = Gcosf + Asinasing,

wg =(—asinf + sinacosf3, &cosf

+ sinasinf, ﬂ + Jcosar), (24)

this coincides with the well-known angular velocity
formula in the classical mechanics book.[] We can

also obtain the angular velocity of the reverse rota-
]. 7 .

tion, 30w = iUtU. Because UTU = UU' =1, and

UtU + UtU = 0, we thus have

1 , :
50w = -iU't, (25)

o-w=-Ulo wl. (26)

It should be noticed that w is the angular velocity
of the ‘lab’ frame; while w is the angular velocity
of the ‘body’ frame (D(U'(t)) describes the reverse
rotation). Equation (26) shows the relation between
w and w'. Furthermore, if we compare Eq.(20) with
the Hamiltonian which dominates a spin-system in a
magnetic field H = pu - B, where B is the magnetic
induction intensity, and u is the spin operator, we can
formally regard w as B.

We now give Eq.(21) another physical explana-
tion. Recall that in the Heisenberg picture all oper-
ators are time-dependent, and their equations of mo-
tion are —iF(t) = [Hu(t),F(t)] .

a time-dependent unitary transformation U(t,to) on

When operating

Hy, in order to keep the form of evolution equation

unchanged, the Hamiltonian should be

Hy(t) = U(t, to) Hu () U (¢, t0) — iU (¢, t0)U T (¢, 1),

(27)

where the last term has a similar form_ to that in

Eq.(21). Thus we can refer to iUUT = 20 wasa

‘Coriolis’ effect, or a ‘Coriolis’ term demonstrated in
a rotating frame.

In summary, we have naturally derived the dy-

namic Hamiltonian (Coriolis term) and the relation-

ship between U (¢) and angular velocity w (which can
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also be time-dependent) of quantum mechanical SU,

rotation from the pre-assigned classical group trans-

formation U (t) in SU(2) group element space. The

new angular velocity formula for rotation (8) is shown
in Egs.(19) and (20). Throughout our discussions, the
IWOP technique and the coherent state are fully used.
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