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In this paper, we present Noether’s theorem and its inverse theorem for nonholonomic systems of non-Chetaev’s

type with unilateral constraints. We present first the principle of Jourdain for the system and, on the basis of the

invariance of the differential variational principle under the infinitesimal transformations of groups, we have established

Noether’s theory for the above systems. An example is given to illustrate the application of the result.
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I. INTRODUCTION

In 1918, using the invariance of the Hamil-
ton action under the infinitesimal transformations,
Noether!! studied the symmetries of a mechanical
system and presented the famous Noether’s theorem.
The conservation laws and symmetries can also be
studied by using the differential variational principles.
In 19781 and 1986,12] Vujanovic studied the conser-
vation laws of dynamical systems on the basis of the
Great

progress(*=12] has been achieved in the research of

D’Alembert, Jourdain and Gauss principles.

symmetries and conservation laws of dynamical sys-
tems in the last ten or more years, but all the stud-
ies are primarily limited to ideal bilateral systems.
In fact, the unilateral constraints are more general
than the bilateral ones, and they are more difficult
to study. The equations of motion and Noether’s the-
orem for unilateral constraint systems in the config-
uration space have been studied in Ref.[9]. In this
paper, Noether’s theorem and its inverse theorem for
the nonholonomic systems of non-Chetaev’s type with
unilateral constraints are further studied and an ex-
ample is given to illustrate the application of the re-

sult.

II. JOURDAIN PRINCIPLE AND THE NON-
SIMULTANEOUS VARIATION OF THE
SYSTEM

Suppose that the configuration of a system is
determined by n generalized coordinates g¢s(s =
1,---,n), the motion of the system is subjected to the
ideal unilateral constraints as follows:

Pa(gs,t) 20

@B(qsaq‘ht) Z 0

Also, we suppose that the constraint hypersurface is
absolutely smooth and the collision is perfectly elas-
tic. The constraints (1) are unilateral holonomic and
constraints (2) are unilateral nonholonomic.

If the sign of inequality in constraints (1) or (2)
holds strictly, it is said that the system is divorced
from the constraint; and if constraints (1) or (2) take
the sign of equality, it is said that the system is in the
constraint.

If constraints (2) are the nonholonomic con-
straints of non-Chetaev’s type and if the restriction
which constraints (2) impose on virtual displacements

is

> Faalt, sy 4s)014s =0

s=1

where fg3, is generally independent of d¢g,/9¢s; espe-
cially if fgs = O¢ps/04s, then constraints (2) will be

nonholonomic of Chetaev’s type.
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The principle of Jourdain of the system can be

expressed in the Euler-Lagrange form

b

%—E:A O¢a

n

d 9L , oL
E:{ dt g,  aq,

port dqs
g

ns uﬁfﬁs} Suds = 0,
p=1

)‘ ZO <Pa20, )‘a@azo (azla"'ab)a
>0, ¢p>0, pgpp=0 (B=1,---,9),(4)

where L = T — V is the Lagrangian of the system, @,
is the non-potential generalized force and A, g are

constraint multipliers.

Defining the Jourdain nonsimultaneous variation
A1ds, (A1qs) and (Aqt), we have
A1gs =0, At =0. (5)

By using the relation between A; and 1, it is easy to
verify that[?]

Aigs = 614s, (6)
(Aqu). = 51% + q.S(Alt).a (7)
Alqs = (AIQS)'_ (js(Alt)" (8)

We make the infinitesimal transformations of gen-

eralized coordinates, time and velocities!®! as follows:

q; =qs, t°=t,
dg¥ dgs . .
£ = 5 s — A S
at ai 19 19
dg; dgs .
5 _ = (Ayq,).
de* ~ dt (4195) (9)

Considering the infinitesimals (A1¢s) and (A;t) as the
composition unit for Jourdain infinitesimal transfor-
mations and introducing the Jourdain generators of
space and time, we have
(A1gs) = eF(t,qs,4s), (A1t) =ef(t,qs,4s). (10)
From Egs.(6)—(8), the Jourdain simultaneous varia-

tion can be expressed, by those generators, as
01gs = E[Fs(taqsaq5)

(11)

- (jsf(taqsa qs)]

II. NOETHER’S THEOREM

Substituting formula (11) into Egs.(4) , we obtain
b
{ > Qu(Fu—guf Z
pB=1 s=1
OL ~OL. ~~0L,
- <8t+ 8%q5+gaqsq5>f
d | 9L
a- Fs - .s =0.
f Z 8% L=1 8qs( q f)] }

(12)

Adding and subtracting a function eG(t,qS,qs) from
Eq.(12) and noticing that

. aL
L=— 3t s+2 QSa

7QS)

%
Pt it

we have

s{ijlczsu; fj_
+i#ﬁifﬂs(F
i

- (L—zn:g—iq's>f+é+2—ff
%[ gF<zg_)fG

sf)

S+Zaqs

}:

(13)

i

where G(t, gs, ¢s) is a gauge function. Equation (13) is
the condition of invariance for the Jourdain principle
of nonholonomic systems of non-Chetaev’s type with
unilateral constraints.
Hence we have
Theorem 1 If the generators Fy, f of the in-
finitesimal transformations and gauge function G sat-

isfy

f) =0, (14)

f,@s s s = O, (].5)

i

8L

s= 1
+<L %)HZQ
sl

—{—G-O

(16)
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then the system has the following conserved quantity Now let
"\ 9L
—F,+L- ——qs | f + G = const. (17) s=1
—1 9qs p—r) 04s

Theorem 1 can be called the generalized Noether’s
theorem for nonholonomic systems of non-Chetaev’s
type with unilateral constraints. Formulae (14)—(16)
are the generalized Noether’s identities for nonholo-
nomic systems of non-Chetaev’s type with unilateral
constraints. Theorem 1 presents the conditions of the
existence and form of conserved quantities for the non-
holonomic systems of non-Chetaev’s type with unilat-

eral constraints.
IV.NOETHER’S INVERSE THEOREM

Suppose that a first integral of the nonholonomic
systems of non-Chetaev’s type with unilateral con-
straints (1), (2), (4) is given

I= I(t>QSa‘js) = Ca (18)
then we have
dI a1 oI "L oI
—_— = — —qs —G =0, 19
at 6t+s:18qsq +;3qsq (19)

and from the principle (4) we can obtain the equation

of motion as

dt aQS aQS a—1 aqs
g
— Y upfaa =0 (s=1,---,n). (20)
B=1

Multiplying F, = (F, —q,f) and Eq.(20), taking sum-
mation over s and adding the result to formula (19),

and setting the coefficients of ¢, equal to zero, we ob-

tain

0l <~ 9*L —

94, Zaqsaqk ( ). (21)
Suppose

%L >
det hs = det 5 . 07
(hsk) < 94,94, #

from Egs.(21) we obtain

7181

Fs = Nsk
aq,,

(s=1,---,n), (22)

in which

hsihi = dq.

from Eq.(23), we can obtain the solution

_ "\ 9L —
f=L 1<I;aqu5G>' (24)

Equations (22) and (24) demonstrate that the genera-

tors Fs and f of the infinitesimal transformations can

be obtained if the first integral of the system is given

and the gauge function G is chosen.
V. AN ILLUSTRATIVE EXAMPLE

The Lagrangian of a system is

1 . ) .
L= §m(qf + 43 + 43) — mygs, (25)

and the unilateral constraints are

©=q + ¢ —tg3 > 0. (27)

Suppose that the constraint (27) is of non-Chetaev’s
type and the restriction imposed on virtual displace-

ments is
dg1 + 6g2 — 045 = 0. (28)

Let us study the Noether’s symmetries and the con-
served quantities of the system.

Firstly, let us seek the conserved quantity from
the given symmetry. By virtue of Egs.(14), (15) and
(16), the generators of the infinitesimal transforma-

tions satisfy

Fy—q:.f =0, (29)

(F1—aq1f) + (F2 —gof) = (F5 — g3f) =0,  (30)

mgFs + mdi Fy + mgaFy + mds Fy

1y . .
5mUd + 3+ d3) + mggs | f+ G =0. (31)

We can find a solution of Eqgs.(29)—(31) as follows:

F1 = 0, f = 0, F2 = F3 = 1, G = —mgt. (32)

Substituting Egs.(25), (32) into Eq.(17), we obtain a

conserved quantity of the system as
mgs + mgs — mgt = const. (33)

Secondly, let us find the corresponding infinitesi-

mal transformations from a known integral. Suppose
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there is an integral in the form of Eq.(33), according
to Egs.(22)and (24), we can obtain

F1=0, Fo=1, F3=1, (34)

Lf+mgF1+mgaFa +mgsFs + G

we obtain
f=0. (37)

So
=0,

Equations (36) and (38) correspond to the strongly

Fi =0, F=1 Fy=1 (38

generalized quasi-symmetrical transformation of the
nonholonomic system of non-Chetaev’s type with uni-

lateral constraints.

=mgy + mq; — mgt. (35)
Letting
G = —mgt, (36)
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