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Interaction of a laser field with a plasma wave is studied by metric optics. Analysis shows that the frequency

upshifting of the laser pulse results from the plasma density gradient. A laser beam can be thought of as a packet of

photons moving in a plasma and thus the laser frequency upshifting is equivalent to photon acceleration. Examination of

the three-dimensional motion equations shows that a laser beam diffraction occurs in the presence of a radial variation of

the plasma density. It is argued that the focusing mechanism originating from the plasma wave can curb laser diffraction

so that photons may be trapped in the plasma wave and accelerated continuously.
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I. INTRODUCTION

The interaction of an intense laser field with
plasma has received much theoretical and experimen-
tal attention during the last decade. The plasma wave
excited by an intense laser pulse can generate such
an extremely high accelerating field of 100GV/m[174]
that it may become the next generation of particle
accelerator. It is further found that such a high gradi-
ent plasma wave can upshift the frequency of the laser
pulse trailing the plasma wave.[>=7] The trailing laser
pulse absorbs the energy from the plasma wave which
is saved by a driving laser pulse in the plasma and
then the energy is transformed into laser frequency

upshifting, i.e., photons being accelerated.

In this paper, the interaction of the laser pulse
with plasma is studied using metric optics.3=1% The
basic idea is illustrated as follows. The plasma wave
produced owing to the ponderomotive force exerted on
the plasma by the driving laser pulse is treated as a
Riemannian geometric background. This means that
the plasma electron density perturbation and corre-
sponding distribution of the refractive index are de-
scribed as some geometric quantities such as opti-
cal metric, connection coefficients and curvature ten-
sors etc. Then, the trailing laser pulse propagating
through the plasma is described as a photon packet
travelling in the Riemannian geometry. Finally, the
metric optics allows us to use a unified geometric for-

mulation to examine the focusing and defocusing char-

acteristics of the laser beam propagating through the

plasma.
I. GENERATION OF THE PLASMA WAVE

Starting from the relativistic cold two-fluid
plasma model, when a driving laser beam is travel-
ling through a plasma, plasma ions are assumed to

be stationary and plasma electrons obey the following

equations:
dpP~ e
= ——F°Py, 1
dr c f (1)
On+V - (nu) =0, (2)
V- E = —4me(n — ng), (3)

where P and U” are the four-momentum and the
four-velocity of the plasma electron, respectively, F?
is the electromagnetic tensor, and ng and n are the
plasma electron densities before and after the driving
laser beam is injected into the plasma, respectively.

Eq.(1) can be expanded as

du e 1 1
Y °(E+ uxB- “uu-E 4
dt m’y< +cu>< 2" )’ (4)

where u is the electron velocity and v = 1/<1 —

2\ 1/2

u

—2> is the relativistic factor. Introducing the
c

normalized vector potential of the laser field a; =
e
— Ay, under the weak relativistic condition larn]? <

m
1, Egs.(1)—(4) can be expanded to one order in ar,

3tu(1)/c = 0ar, (5)
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M +ngV - u) =0, (6)
(7)

where ¢ is the scalar potential of the electromagnetic

V2¢(1) = dren(™),

field. The solutions of the first-order equations are

1)

u® = cap,nM = ¢1) = 0. To second order in ar,

Eqgs.(1)—(3) give with the gauge condition V- A =0
opu? Vo,

2
A, e
):—EVaL—F@ (8)

3tn(2) +ngV - u® = 0,
V2¢(2) = 4men®. (10)

Differentiating Eq.(9) with respect to time and sub-
stituting Egs.(8) and (10) into Eq.(9), we have

o? AR 11
w = a
( + ) no 2 L» ( )
9 dme?ng .
where wy, = = is the plasma frequency be-
fore the laser beam is injected into the plasma and
2
mc

_TVGZL is the ponderomotive force exerted on the

plasma by the incident laser field. The solution of
Eq.(11) is derived as

n) (r, 2,t) s

un 2wp0

t
/ dt'sinw,(t — t')VZai. (12)

It is convenient to perform a transformation of the
speed of light frame £ = z — ¢t, 7 =t and then the

solution (12) reads

n@(e 1
%) B 2kp0

13
/ df'sinkp(ﬁfg')V%t%, (13)
o

where k0 = wpo/c. To be specific, we consider a driv-

ing laser pulse in the following profile:

aroexp(—r?/r?)sin(né/ly) 0< €<y
aL(Tv 5) = 0 f <0
(14)

where 5, and ry are the pulse length and the effec-
tive radius of the pulse section, respectively. Inserting
Eq.(14) into solution (13), the density perturbation is

derived

2 2 9 3 9 9
44£Q£ﬁ2?‘5 cos kpo(§ —Ir,) — cos <7T§> R <1-— 2) cos kpo(§ —11)
k;nOZL lL k‘ TL

pOL

(2) kz 12 2 2 2
nrg) _ 1 0L (s (Ze) —1 exp ——7; , 0<¢< 1y,
ng 472 lr, L
2 2 2 2
aj T 8 2r 21 2r
1 1-2 kpo(€ — 1) — il T 0.
P kiol% + k201"L < 7‘% > ] [COS p0(€ — lr) — cos <IL£ exp r% , £E<
(15)

Eq.(15) is reduced to

140 <1 2’"2>
kgor% r%

- exp <_27‘L22> sin(kpo8).

L

P
When I, = Ay = k—”

p0

n®(r,¢)

no

™
2

— —a
4 Lo

(15)

Since k20rL > 1 under the general laboratory con-
dition (e.g. taking ng ~ 107cm™3 and r;, ~ Imm,
kzorL ~ —3.53 x 10%), the maximum density pertur-

bation is expressed as

max @ = Ea2
no | = a0

One can estimate the value max{n(® /ng} = 57.3%,

(16)

by using the identity
1
aro 8.54 x 107X [um] IZ [W /cm?],

where the laser intensity I = 10'*W /cm?

= 72AL0 =
mc

and A = lum.

mm. MOTION EQUATIONS OF PHOTONS
Let us examine a laser beam trailing the plasma
wave, which can be described as a packet of photons
travelling in the plasma. In general relativity, the in-
teraction of photons with a gravitational field is in-
terpreted as photon motion along the null geodesic
in a manifold which is characterized by the ambient
mass-energy. In metric optics, by analogy with gen-
eral relativity, the interaction of laser pulses with a
plasma can be illustrated as photon motion along the
null geodesic in a spacetime that is specified by the

electromagnetic response of the ambient medium.

A. Null geodesic equations

The photon motion obeys the null geodesic equa-

tions as follows[1l:

dk*

- + Ak =

(17)
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where o is a parameter associated with the proper

time, the wave four-vector is

& = (5#),

the connection coefficients are

kM =

I\ = (18)

1
§g#p(8ugp)\ + a)\gup - 8pgu)\)7

and the optical metric is!'?]

1
Yuv = Muv + (1 - €u> Uy Uy, (19)
where 7, is Minkowski metric (the metric for flat
spacetime), u* is four-velocity of the medium with
respect to the laboratory, € and p are the dielectric
constant and the magnetic permeability, respectively.

In the case of a static non-magnetic isotropic medium,

the optical metric reads

1
—— 0 0 O
€
0O 1 0 O
uv = (19)’
0 0 1 0
0 0 0 1
w2
Since —12’ < 1 in the case of a general experiment,
w
w? w?
i - P ~ P _
one can write 1/e = 1/ 1_E ~ 1+ 2 =

w? ) w?
1—|—L20<1+—n> =14+ h(l + A), where h = LZO,
w ng w
)
A =" Under transforming coordinates into the
o
cylindrical light speed frame: z* = (t,z,y,2) — ¢ =

(1,7,0,&), the optical metric is transformed as

—h(1+4) 0 0 1
ozt oz” 0 1 0 0
Jo 707 ; = A=a a-g9ur = 20
Gas (1, 0,£,7) oz 9zp I 0 0 r2 0 (20)
1 0 0 1
The corresponding contravariant optical metric gives
_ 1 . 1 -
1+ (1 + 4) 1+h(l+4)
°7(r,0.6.7) oot ’ (21)
g /r‘7 ) ’T =
0 0 r2 0
1 h(14+ A)
L 1+h(1+A4) 1+h(1+A4) |
Using Egs.(20) and (21), all the nonzero connection I3 — 3 — 1. 1 h 9 A
03 = 430 = 59 Y003 = €a,
coefficients are given as 2 21+h(1+44)
1 1 h
F3 :Iv3 — 730~ :—*787«A,
Fgoz_%gosgomzél h}i 5 9 A, 01 10 = 59" goo,1 214 h(1+ 4)
+h(1+4) where the notation “,” denotes the partial derivative
o o 1 _g0o 1 h with respect to a coordinate component. The geodesic
Iy = I'o = 59 goo,1 = 21+ h(1+ A)aTA’ equations in the light speed frame are then rewritten
1 1 h as 7
Iey=Ts = =3"g003 = = de A S o787
08 =530 = 59 003 = 51 T h(1 + A) ¢ o FIRER =0, (23)
Il = —g'gp. = lha A where k* = (02 /dx")k*.
2 T )
1 B. Solutions for the one-dimensional motion
Iy =-g" g0 =1, (22) equations
122 1 In the one-dimensional (1D) case A = A(£), the
27 12T 98 2= motion equation (23) can be expanded as
1 1 h(l+4) qi0 o .
Iy = =53 F003 = 517, h1 1 A)" oA T TORR 42D Rk =0, (23a)
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dk! 17,272
$+F22kk =0, (23b)
dk? 2 7271
$+2F21k‘ k :0, (23C)
dk? 3 7.07.0 3 1.37.0
E"‘Fookk +2I5,kk” = 0. (23d)
Under the initial conditions k!|, ;=g = k?|, =0 = 0,

Egs.(23b) and (23c) give the solutions k' = k? = 0.
.o d =0 d 70 _ 1.0 :
Using e (dz /da)@ and k° = k°, Eq.(23a) gives

dk® o o dz3\
@ + (F00+2F30@ k :0 (23&)’
Noting that the tracks of photons are just the null
geodesics, i.e.,

Gopdz*dz” =0 (24)

one can obtain (dz3/dz°) = —1 + /1 +h(1+ A).
And then Eq.(23a)’ is solved by

kO = %exp(—dﬁ'), (25)

where ¢ =

[T A1+ 4) - %) J(1+h(1+ A))}
-hcdg A. To one order in h the solution (25) is rewrit-
ten as

kY = ﬂexp (—thT8£A> . (25)

c 2

One can therefore obtain the relative frequency up-
shifting
ow _YT% —thTagA. (26)
wo wo 2

From k% = (dz3/dz°)k° and k3 = k3 — k°, one has
wo
k,=—+/14+h(1+ A)exp(—P7). (27)
c

To one order in h the solution (27) is reduced to

1
kz = ko <]_ — EhCT8€A> , (27)’

where ko = wp/cy/1 + h(1 4+ A). Noting the fact that
1/\/1+ h(1+ A) = €'/2 is just the refractive index of

the medium, k¢ can be interpreted as the wavenumber
in the absence of the plasma wave, where wp/c is the
wavenumber in free space. One then has the relative
variation of the wavenumber
o0k, k,—kg
ko ko

= %hCTagﬂ. (28)

To one order in h the wavenumber shifting of the laser
pulse is of the same form as the frequency shifting of

the laser pulse. Substituting Eq.(15)" into Eq.(26),

one can estimate a maximum value of the frequency
upshifting

wo

)
max {_w} = gaiohﬂﬂpo . (29)

3

Setting A = 1um, arg = 0.5, ng = 10%cm~3, and

T = 107125, one has

max { 5_0.)} = 15.7%.

wo

C. Solutions for the three-dimensional motion

equations

In the three-dimensional (3D) case A = A(r,§),

the motion equations read

dk° . - .
= TgokPk? + 2k kC + 25 k*k° = 0, (30a)
(o}
dkl 17070 17.27.2
1 Took K" + Tpk®k* = 0, (30b)
dk? .
- T 212 k*k' =0, (30c)
dkB 3 7.07.0 3 7.17.0 3 7.37.0
1o T T00k°k + 2Tk k° + 2I5k°k° = 0. (30d)

Under the initial condition k?|,;—¢ = 0, Eq.(30c) is
solved by k2 = 0. Equations (30a) and (30b) can read

dk° dzt dz3\ -

FE (Fgo + 211%@ + 2F3?0dx_0> k® =0, (30a)
dkl 1 7.0 !
w0t ik =o. (30b)

In the 3D case, Eq.(24) becomes

dz3\?  dzd dz'\> _ )
@ +2@+ @ + goo = 0. (24)

By solving this, one obtains

dz3 dzt\?
oo 1+ R+ A) - (=) . (31
L0 +\/ + (14 A) (dw(]) (31)

Considering that the phase velocity of the laser in a

plasma is faster than that in a vacuum, i.e.,

dz® d ( " 1 ( )1
—=—(z—ct)="(v,— ¢
dz0  cdt c' P ’
where v, is the phase velocity in a plasma, it is shown
dz? dz! L
that | —| < 1 and |—| < 1. Neglecting high-order
dz© dz0

terms in h the solution of Eq.(30a)’ is written as

wo

kO = ?exp(—@'r), (32)
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where & = —hcd: A/2[1 + h(1 + A)]. To one order in

h the relative frequency upshifting presents

ow 1
— = ——hetd:A. 33
oo = gheo (33)
This is the same result as that in the 1D case. Using
solution (32), Eq.(30b)’ is solved as

= FOIO wo

Bl =k, = F—O?[exp(—c[’(?oT) —1]. (34)
00

To one order in h, solution (34) is rewritten as

1
ky = _EhCT(aTA)%. (34)'
_ _ dz3
Using k* = kod—afo = k3 — kY and Eq.(31), one obtains
z

B = ko= (RO + R+ )] - (R (35)

To one order in h, solution (35) is reduced as

k,=ko (1 - ;hCTB§A> , (35)’
which is the same form as the solution (27)" in the
1D case. In the 3D case, the transverse component
k, of the wavevector is produced owing to the pres-
ence of radial gradient of the electron density that re-
sults from the quiver motion of the plasma electrons.
The transverse component is responsible for the laser
beam diffraction, which severely limits the accelerat-
ing distance of the trailing laser in the plasma. It is
therefore necessary to examine the focusing and defo-
cusing characteristics of the trailing laser pulse in the

plasma.

IV.FOCUSING ANALYSIS FOR ACCELER-
ATING PHOTONS

Using the focusing theorem in general relativity,

the focusing equation for a photon beam presents[t3:14]
d2A1/2 1
o7 T (|z2 + 5Raﬂz:akﬁ) AY2 =0,  (36)

where A is the cross-sectional area of the laser which
is filled with photons,

[
|E 2 = 5,1{)(175:1{? o Z(k;a)zv (37)

where the notation ;” is the covariant derivative, and

the Ricci curvature tensor

Rap = 8,105 — 0sI0, + 0,155 — I'05T5,.  (38)

ag

Inserting Eq.(22) into Egs.(37) and (38), to one order

in h, after a tedious calculation one can obtain
2 1 a7 L D1 7.0)2
b3 +§Ra5k kP ~ 1 -0, (rd,A)| (K°)=.  (39)
r

Substituting the plasma density perturbation Eq.(15)’

into the above equation one has

1 -
1212 + 5Raﬂk%ﬁ

2ma? 272 16 272 2
e l(1-B) e an -5 (- %))
ry ry kory ry ry

exp (=2 ) snl )8 (40)

L
Since k2r7 > 1, Eq.(40) is reduced as

1 o
12?2 + 5Raﬂkakﬁ

2 2 2
r r

"L L L
From Egs.(36)and (40)’, obviously, focusing requires
the trailing laser beam to be located in the region r <
r1,/v/2 and the phase of the plasma wave sin(k,&) > 0,
or in the region 7 > r/v/2 and the phase of the
plasma wave sin(ky€) < 0. It is also shown that when
the pulse is positioned at r = TL/\/E it may be in
the state of trapping, i.e., the state in which the laser
beam could travel, in a constant section, for a long

distance.
V. DISCUSSION AND CONCLUSION

In conclusion, it is found that photons are accel-
erated when they are positioned in the phase of the
plasma wave such that ;A < 0 (accelerating phase).
Analysis shows that photons will be trapped in the
plasma wave and accelerated continuously if the den-
sity perturbation is propagating at the speed near that
of light in the plasma. Since there is a radial com-
ponent of the plasma density gradient, photons may
be scattered transversely, i.e., the laser beam may be
diffracted. Further study indicates, however, that if
the laser pulse profile is properly specified, the focus-
ing mechanism of the plasma wave is capable of limit-
ing photon radial motion and keeping the packet from
spreading. Furthermore, from Egs.(33) and (40)’, to
phase the laser pulse at a position on the plasma wave
such that the plasma wave may both speed and focus
the photons, one must confine the trailing pulse length
in the scale < A,/4.

Another limitation on the photon accelerating
length is the phase detuning distance LLH’}. The phase

detuning distance is the maximum distance in which
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photons can be trapped in the accelerating phase and

continuously gain the energy from the plasma wave:

'02 UJ2
Ltz2)\p/ 1= 2 ) =2/, (41)

where v, and w are the group velocity and frequency
of the driving laser field, respectively. From Eqgs.(15)’
and (26), one can estimate the maximum upshifting
of the laser pulse as

dw 71'
max { :} = ga%Othkpo. (42)

Setting the frequency of the driving pulse equal to one
of the trailing pulse, the normalized vector potential
of the driving pulse arg = 0.5; and using Eq.(16), one

has 5 s s
max{—w} = T 9o = 1.03.
w

21+A
Obviously, this is a very remarkable upshifting effect.
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