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The exact solution of the optical soliton equation with a nonlinear response delay term has been obtained by using

the method of separating variables. The new type of optical solitary wave solution, which is quite different from the

bright and dark soliton solutions, has been found for a special case.
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Study of the solitary wave solution of the non-
linear Schrédinger (NLS) equation is one of the im-
portant works in nonlinear science. There have been
many studies(!=% attempting to find out the analyt-
ical solution of the NLS equation and to determine
the theoretical method for the investigation of the
NLS equation. These results have important scien-
tific values and application prospects. The nonlinear
evolution of short pulses in an optical fibre is usu-
ally described by the NLS equation. It is well known
that the NLS equation properly describes the nonlin-
ear dynamics of pulses on a picosecond timescale. As
a consequence of the investigations of experiment and
theory in high-power and ultrashort pulse-propagation
regimes, the NLS equation must be modified to in-
clude higher-order dispersion and nonlinear effects.
The optical soliton equation with a nonlinear response
delay term is a basic evolutional equation, which in-
volves the nonlinear single-mode optical field in sil-
ica fibre,”] and it mainly describes the phenomenon
of the change of optical field envelope in the scale of
subpicosecond.[¢] This equation also is used to discuss
the decay problem of the ps degenerate soliton and the
effect of the frequency downshift.["=%! In this paper,
we give a new analytical expression of the optical soli-
tary wave, which involves the optical soliton equation
with a nonlinear response delay term, at the assump-

tion of separating variables of waveforms.

In the anomalous dispersion regime, the opti-
cal soliton equation, including higher-order terms, is
called the first-order modified NLS equation!” and

takes the following form: (we assume (3 to be zero

in the optical soliton equation)

0q 1 (‘32(1 9 ) ng
ig, Tagre Tl a+iBass
. a 2 a 2 _
+W8—T(IQI q) — va—T(lql )g =0, (1)

where ¢ is the complex envelope of the electric field, z
and T are the propagation distance and the retarded
time, the terms with the real constants §8,« and 7y
describe third-order dispersion of the fibre, the self-
gradient effect and the nonlinear response delay effect,
respectively.

By the background of physics, one is only inter-
ested in the steady solution of Eq.(1), which has the
following form, considering the special case for sepa-

rating variables

Q(T7 Z) = y(T)exp[i, G(Z)L (2)
where y(T') is a real function. Substituting Eq.(2) into
Eq.(1), separating imaginary and real parts, we obtain

simple coupled algebra equations:

Y0 + yrr/2 + ¥ — 2vyPyr = 0, (3)
BYyrrr + 3ay*yy = 0. (4)
Equation (4) is a third-order differential equation, af-

ter integrating, we obtain

6%
Yrr = —EyS + Cq, (5)

(0]
where Ci = (yrr)o + Eyg’ :

Substituting Eq.(5) into Eq.(3) the latter can be

transformed as

(8]
—AyyPyp = — <2 — ;) v’ +2ny —Ci.  (6)
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Considering 0, = n(const), then we have 0(z) = (ay? + by + ¢)X/?(y + d)¥
Nz + 0y, where n and 0y are arbitrary constants deter- wlr_r Xb—2aZ
=S — _
mined from the initial condition. This is the inevitable 0 a(2ay + b)
result from Eq.(3) va(r 10 Xb—2aZ ,
a(2ay +b)
2
% +y* — 2yyyy = 0, = n(const). (7) (b* = 4ac) (9¢)
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Equation (6) is a first-order nonlinear differential ~ Where A = T/’B ==,0=—;
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equation, which can be integrated,
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Equation (8) implies that the envelope function of
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the solitary wave depends on the effects of the higher-
order terms in the NLS equation. The analytical equa-
tion expressed by Eq.(8) includes three parameters
and three types of function in the integrated func-
tion. They are § (the third-order dispersion of the
fibre), a (the self-gradient effect), and v (the nonlin-
ear response delay effect of the silica fibre). The whole
effect of the solution completely describes the math-
ematical characteristics of the envelope of the optical
solitary wave.

Now, we obtain the exact analytical equations for
the envelope function of the solitary wave, which in-
volves the effects of the higher-order terms in the NLS
equation. Thus, Eq.(8) can easily be integrated,

(ayQ +by+C)X/2a(y+d)Y
Xb—2aZ

2ay 4+ b+ V/b? — dac | 2V dac
<2ay +b— \/m>

=sh(T — Tp) + ch(T — Tp),
(b* > 4ac) (9a)
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(b* < 4ac) (9b)
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The nonlinear structures of the envelope function
are described by the analytical solutions, Egs.(9a),
(9b) and (9c), being valid for separating variables
in the special case. Thereby, under the condition of
Eq.(2), the envelope function y(T') is determined com-
pletely by Egs.(9a), (9b) and (9c¢).

Thus, in this case, Egs.(9a), (9b) and (9¢) indi-
cate that the amplitude y(T) is a function of time and
also gives the mathematical description of this enve-
lope function. Therefore, the optical solitary wave

q(z,T) can be written as

q(T,z) = y(T)exp[i(nz + bo)], (10)

where T and 0y are constants. They are governed by
the initial physical conditions. The envelope function
y(T) is described by the analytical solutions, Egs.(9a),
(9b) and (9¢).

wave solution, and it is quite different from the bright

This is a new type of optical solitary

and dark soliton solution, which was obtained using
the perturbation theory of the NLS equation. As is
shown in Eq.(10), the steady solution depends not
only on the dispersion character of silica material, but
also on the waveguide property of the fibre.

For the nonlinear function y(7') describing the
wave envelope, Fourier transform is performed us-
ing the Fourier space variables Aw(= w — wp) which
presents a small frequency shift of the side band from

the carrier frequency
- 1 iAwT
J(Aw) = o y(T)e dT. (11)

The inverse transform is given by
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oT)= = [ Haw)e S Taae). (2

The Fourier transform of Eq.(2) gives the fre-
quency spectrum of the solitary wave solution. The
Fourier spectrum of the envelope in the fibre is a pos-
sible modal expansion, but it is hard to show that any
other complete orthogonal set of modes has the same
property.

The solitary wave power is given by

22 _ _ﬁyTTT
P(T)=|q|” =y*(T) = 30 gy (13)

and its energy spectrum by

2

W (Aw) = 277> = /y(T)eiA""TdT . (14)
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In conclusion, we have exactly solved the optical
soliton equation of the nonlinear problem in special
forms using the method of separating variables. An
analytical result has been found by means of the opti-
cal soliton equation for the solitary wave. This shows
the mathematical characteristics of the steady solu-
tion. We regard it as a particular kind of the nonlin-
ear optical field. The results may be important in the
investigation of the propagation of the solitary elec-

tromagnetic wave envelope.
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