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This paper deals with the absorption spectra of a weak probe in a four-level Doppler-broadened system driven by
three coherent fields. The main aim is to extend earlier studies of the spontaneous emission spectrum and to present

a comprehensive survey of the spectral features of this system. In addition to a derivation of exact formulae for the

spectra, we give an explanation with the help of an appropriate set of dressed atomic states. We also get a deeper

insight into the physical origin of gain in view of the existence of a population inversion between the levels of the lasing
transition. Finally, we explore the effect of Doppler broadening on the absorption profile of the weak probe.
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I. INTRODUCTION

The study of spectral properties in a multi-level
atom system has been a focus of quantum optics re-
search since the 1970s.! =4 Following the recent ad-
vances in the construction of atomic trapsl®] and the
direct observation of emission and absorption of in-
dividual quanta from isolated atoms,% it is again an
interesting field.[7—10]

In a recent paper,!!]

we proposed that the flu-
orescence spectrum of a driven four-level system can
undergo significant changes when a third driving field
is added to the model.

most significantly the total radiated intensity and the

The modifications affect

linewidths of its spectral components; the linewidths,
in particular, become a mixture of the individual
atomic-decay parameters with weight factors that de-
pend on the strength of the applied fields.

In this paper, we focus on the absorption prop-
erties of the four-level atom driven by three optical
fields. The physical setting of interest is the same as
that of Ref.[11], aside from the fact that the pump-
ing mechanism has been ignored. For this reason, we
limit our presentation to a sketch of the procedure and
a description of the results, in the interest of providing
an insight into the effect of the driving fields.

The system is illustrated schematically in Fig.1,
which includes three driving fields (%, 2, and (2
and the remaining spontaneous decay processes at the
rates y1, v2, 73, Y4 and s.
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Fig.1.
model. 29(wo), 21(w1) and 22(w2) are the Rabi fre-
quencies (carrier frequencies) of the driving fields. The

Schematic representation of the four-level

Ay, Az, A3 and 71, 72, V3, Y4, 75 are respectively de-
tuning parameters and spontaneous decay rates.

The main task of this work is the derivation of
exact formulae for the absorption spectra. Our re-
sults are valid for arbitrary strengths of the driving
fields and the generalization of the resonance absorp-
tion spectra of a two-level or three-level system to the
four-level system.

This paper is organized as follows. In section II
we derive the equations of motion and analyse the ab-
sorption spectra. Section III is dedicated to a survey of
the spectral results and the comparison of various pre-
dictions for different atomic configurations and gives
an insight into the physical origin of the gain. In this
section, we also discuss the effect of Doppler broaden-
ing on the absorption features of selected transitions.
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I. CALCULATION OF THE SPECTRA

Following the procedure adopted in Ref.[11], our
program is carried out as follows. Firstly, we derive
the master equation for the four-level system in the
semiclassical approximation, i.e., under the assump-
tion that the three driving fields can be described by
c-number functions. Next, we take advantage of the
fact that the scattered electromagnetic field in the far
zone is proportional to the atomic polarization oper-
ator for calculating the field correlation function and
the spectrum of the emitted radiation. The absorp-
tion spectra require knowledge of the expected values
of products of operators calculated at different times;
we handle these quantities with the help of the quan-
tum regression theorem.

The Hamiltonian of the four-level system inter-
acting with three classical fields is given by

H =hw21|2)(2| + h(W32 + CU21)|3)<3| + hw41|4)(4|
+ he 12) (et + By |1)(2)e! !
+ 1k |3)(2le ™2t + he2y|2)(3e!w?!

the driving fields.
The interaction Hamiltonian in the interaction
representation takes the form

Hy = — hA|2)(2] — h(A1 + A2)[3)(3)
+h(As — Ay — Az)|4K4]
+ 21 2)(1| 4+ h027|1X2|
+ hf2|3)2| + hi25|2)3|
+ 7uf2o|3)4| + R e25 |4X3], (2)

where
AL = w1 —war, Ay = wy — wse, A3 = W — w3 (3)

The master equation for an arbitrary multi-level
system is

op

i

The relevant equation of motion for the matrix

[ ] + Ap. (4)

elements of the density operator (in the interaction
representation) can be written in the form

+ hi2|3)(4le o + Ra25|4) (3le™", (1) %_tw _LvaT 5)

where ws1, w3y and wy; are the atomic transition fre-

quencies. %, 2, and 2, are the Rabi frequencies of ~ Where
U1 =p12, Y2 =p13, U3 =p1a, Ya=pa, U5 = paa, Y6 = pa3, U7 = pas, ¥ = p31, (6a)
Yg =p3a, Yio=p33, P11=p3, Y12=pa, VY13=pa2, Y14a=ps3, Yi5=pu. (6b)

The matrix L has the explicit form
Ly = —iAy — 1, Lio =i, L5 =-=2i02y, Lio= -2, Lyj5= -0, (7a)
Ly =82y, Lpg = —i(A1+ A3) =2 — 73—, Laz =105, Las = —if2, (7b)
L3y =ifdy, L3z =—i(41+ As — A3) — 4, L3z =—if, (7¢)
Ly =iAy — 1, Las =202, Lug= —i82, Lsio =ifh, Las =ik, (7d)
Lsy = —ifd, L5y =18, Lss = —2v1, Lse¢ =ik, Lsg = —if2y, Lyio = 22, (7e)
Ley = —if, Lgs =182}, Lgs = —iAy —v1 —v2 —v3 — 5, Ler =115, Leg1o = —i425, (71)
L7z = —ifly, Lg6 =18k, L7 = —i(As— A3) =1 — v, L = —i85, (7g)
Lgy = —ify, Lgg =i(A1 + A2) —v2 —v3 — 5, Lgo =i, Lgia = —ifk, (7h)
Los = —if2y, Log =18, Lgg =ilz —y1 —v2 —v3 — s, Loio =182y, Lg13 = —ifl, (i)
Liog = —if%, Liog = i85, Lioio = =272 — 273 — 275, Lionn =iy, Lio1a = —ifh, (73)
Ly = =ik, Lino =if, L =il —y2— v — 74—, Lins = —ifd, (7k)
Lisg = =927, L1212 =i(A1 + Ay — A3) —v4, Lioiz =162, (1)
Lizg = =)y, Liz1o =18, Lizi3 =i(As — A3) =71 — Y4, Liz1a =ik, (7m)
Liyio = —i825, Lisiz =182y, Lisa = —ids—vo —vy3 —va — s, Lia1s =107, (7n)
Lisi0 =273, Lisin = —ifly, Lisia =i, Lisis = =274, (70)
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where 7v; and A; are the corresponding spontaneous
decay rates and detuning parameters, respectively.

The inhomogeneous vector I has nonzero compo-
nents

L =iy, I = —if. (8)

The four-level system is driven by the external
fields at frequencies wi, we and wy, and is probed by
a tunable weak beam whose attenuation (or amplifi-
cation) is measured in transmission. According to the

(12]

linear-response theoryl*# the exponential attenuation

coefficient at a given frequency w is given by
A(w) = const x E{([PT)(n), P ()}, (9)

where £ denotes the Fourier transform operator. The
square brackets indicate the unequal time commuta-
tor and the quantum ensemble average ( ) must be
carried out under steady-state conditions, i.e., in the
limit tg,t; — oo.

The absorption spectrum is composed of two
parts: the first, (P(7) ()P (1)), is identical to
the one calculated in Ref.[11]; the second, (P*)
(170)P(=) (1)), can be derived following the same pro-
cedure with minor modifications. The starting point
in Laplace space is the single-time average

(p(_)(z)) =141 D3(21) + po1 B1(22) + p31 P2 (23)
+ p32 Pe (24) + pr3a Pra(zs). (10)

Here we give an example for the calculation of the
absorption spectrum for the transmission 1 — 4

(P (00) P (2))
=[l41 414 (M33(1 — Wy — Wy — Vys) + M3 ¥y

15
1
+ M1y ¥s + Mais 2 + > Ms;I; %2), (11)

i=1

([P (2), PP (7))
=a1pr14(M3zy W13 + Mzp Wy
+ M33(2%15 — 1+ @5 + ¥1o)
— M37 Wy — M311 U — M35 V12). (12)

A similar expression holds for the remaining expecta-
tion values. The complete expression of the absorption

spectrum (in Laplace space) is given by

([P (2), PP (7))
=pa1p14( M3y (21) Y13 + M3a(21) Y14
+ M33(21) (215 — 1+ U5 + ¥1o)
— M37(21) ¥s — M311(21) U — M315(21) Y12)
+ p2a pra2(Mi1(22)(2¥5 — 1+ Wio + ¥i5)
+ Mi2(22) U6 + M13(22) 7
— Mi5(22) Us — Mig(22) Us — M113(22) ¥12)
+ p31p13(Mai (23) Yo
+ Mo2(23)(2W10 — 1+ T5 + Wi5)
+ Mos(23) W11 — Mag(23) s
— Mo10(23) ¥s — M214(23) ¥12)
+ pzapio3(Mea(24) U3 + Mes(24) P9 + Meg(24) Pio
+ Me7(24) P11 — Mga(24) Y1 — Mge(24) ¥s
— Me10(z1) U9 — Me14(24) ¥13)
+ p3apraz(Mia12(25) Us
+ Mia13(25) Yo + Miara(25) Yo
+ Mia15(25) Y11 — Miaa(25) U3 — Mise(25) U7
— Mi10(25) Y11 — M1414(25) ¥15), (13)

and

A(w) = Re([P(2), PP (m))])

z=i(w—w1—wa2twp)?

(14)

15
Ti(o0) = = 3 (L) (15)
M) = [z = 1) i (16)

. A SURVEY OF THE NUMERICAL RE-
SULTS

This section contains a graphical survey of some
specific predictions that emerge from the formulae de-
rived in section II. In the calculations, we scale all
the detuning parameters and field Rabi frequencies in
terms of v4. We find there can be striking differences
between the absorption spectra produced by an atom
driven by two (one) or three resonant fields. Here
we give an example for the absorption spectra of the
1 — 4 transition. Firstly, we consider the situation
that only one driving field is turned on. For this case,
we plot the absorption spectrum in Fig.2.
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Fig.2. Curve (a): absorption spectra of a weak probe
around 1 — 4 transmission for (2; =10, 2o=0, 25=0,
Ay = Ay = A3 =0,71 = v2 =73 = 5 = 0.05. Curve
(b): same as curve (a), except that 2:=0, 20=10,
22 = 0. Curve (c):

21=0, 20=0, 22=10.

same as curve (a), except that

Figures 2(a) and 2(b) illustrate the typical ab-
sorption spectrum. We can explain the above results
in the dressed state representation easily. Secondly,
we see the situation that there are only two driving
fields turned on. The spectrum is shown in Fig.3.
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Fig.3. Curve (a): absorption spectra of a weak probe
around 1 — 4 transmission for 21 =10, 20=0, 2,=10.
Curve (b): same as curve (a), except that 2,=10,
20=10, 25=0. Curve (c): same as curve (a), except
that 21=0, 20=10, 25=10.

On the basis of the eigenstates of the interaction
Hamiltonian (dressed atomic states), we can obtain
the eigenvalues of the interaction Hamiltonian for the
three cases.

For case (a), =10, =0, (%=10, E;=0.0,

2+ 2, By = —\/22 + 2.

For case (b), 2,=10, 2,=10, =0, E1={}, E> =
—{,E3 =, Ey = — ().

For case (c), £2,=0, 2,=10, =10, E,=0.0, E» =
V23 + 02, BEs = —/023 + 22

Curves (a), (b) and (c) in Fig.3 illustrate the typ-
ical appearance of three spectral components in reso-
nance: one centres at the atomic transition frequency
and two symmetric pairs of sidebands separated by
+42 from the centre, where 2 = (Qf+!)§)% in Fig.3(a)
and 2 = 202, = 2(2, in Fig.3(b) and 2 = (22 + 22)2
in Fig.3(c). From Fig.3, we can also see that the peak
heights in the three cases are different from each other.
We give an explanation by the population difference
of the 1 — 4 transition. For case (a), the population
in level 4 (p44) is approximately equal to the popula-
tion in level 1 (p11), but for pgyy < p11. For case (b),
the population in level 1 (p;1) is approximately equal
to the population in level 2 (p22) and p11 + p22 = 1.0.
For case (c), all the population is level 1 (p11 = 1.0).
The absorption spectrum of the 1 — 4 transition is in
direct proportion to the population difference of the
1 — 4 transition. So the peak height in case (c) is
the maximal (p4q — p11 = —1) and the peak height in
case (a) is minimal (p44 — p11 =~ 0.0).

The absorption spectrum can be split into two
parts:

N

([P (2), PH)(10)]) = I'(2) = I'1(2) + Ia(2), (17)

~

Fl(z) = M33(Z)(2 !p15 bl ]. + W5 —+ Wl())
= M33(2)(pas — p11), (18)

I'y(2) =parprra(Ms1(2) W13 + M3 (2) Wi
Z) Uy — M311(Z) Vg — M315(Z) %2)
=pta1pi14(M31(2)paz + M32(2)pa3
— M37(2)p21 — M311(2)p31 — M315(2)par)-
(19)

From the above equations we can also calculate
the dependence of the absorption spectrum on the sta-
tionary population differences between levels 1 and 4
(paa — p11), in addition to the off-diagonal elements
(p42, P43, P21, P31, p41)-

Figure 4 shows the contribution of the popula-
tions. The results completely agree with the above
analysis given in the dressed states.
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< -0.0004 14— We find that there are many differences between the

-60 -40 -20 0 20 40 60 . .
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3 007 [ two and by three resonant fields. Figure 5 illustrates
3 0810 | ‘ 20=10, 2,=10, =0 the role of the spectrum in resonance with 2;=10,
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Fig.4. Curve (a): the population contribution to 60 -30 o 30 60

the absorption spectrum of the 4 — 1 transition for
2,=10, 25=10, 20=0. Curve (b): same as curve (a),
except that 2, =10, 20=10, £22=0. Curve (c): same as
curve (a), except that 2,=0, 20=10, 22=10. Other
parameters are the same as in Fig.2.

However, so far, the published papers about the
absorption spectrum have been limited to the systems
driven by two driving fields. Here, we consider the case

w — w41

Fig.5. Absorption spectra of a weak probe around the

1 — 4 transition. The parameters are 2; =10, {22=10,

{20=10. Other parameters are the same as in Fig.2.

On the basis of the eigenstates of the interaction
Hamiltonian, we can obtain the eigenvalues and eigen-
states of the interaction Hamiltonian:

E = \/([212 + 05+ 28) + (2 + 05 + 25)2 — AR 2}

2 ; (202)
E2:_\/(Qf+!222+!2§)+\/(!22f+022+002)2—4!2020127 (20b)
E3:\/(Qf+!2§+!)§)—\/(!25+Q§+!2§)2—4anf’ 200)
o \/ (3 + 03 + 35) = O+ O+ 7~ 20d)

B2 -}
2y = 290,
) = (511 + 25[2) + 2313) + 23|4)) p=r,, (212) . (5) . (E - 03)2 . (00<E2 - n%))”
18) = (@311) + 2312) +2313) + 23|4)) -, (21D) & 02 AT
C
) = (@3]1) — 23[2) + 2313) — 23[4)) =, (210) (B2 — Q2)
[) = (@i[1) — 23[2) + 23[3) — 2il4) p=p, (21d) | _ hHE '
L (EY (B98N (B - 0)\
where 2 2 hLE
1 (22d)
I = For simplicity, let 2y = (% = () under the reso-

(22a)

0

EN? [(E2—22\? [0y(E? - 22\
1+ (5 ) + +
I x> U HE

(22b)

2 2 02\ 2 2 02\\ 2’
L (BN (BN (e -9
Ql -9102 .Ql.QzE

nant condition. Obviously, there are nine components:

o) = o), @) = [B'), |} = |7),
) = 16"),18) = 12"}, 18) = '),
1) = le'), [y) = 18'),1s) = [a'). (23)

Figures 6(a) and 6(b) show the two separate con-
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tributions of the populations and coherences to the
absorption spectrum.

0.00000 U S
3 -0.00008 T [ (a)
< -0.00016
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= _0.002 |
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Fig.6. (a) The population contribution [Eq.(18)] to

the absorption spectrum of Fig.5. (b) The coherence

contribution [Eq.(19)] to the absorption spectrum of

Fig.5. The parameters for both (a) and (b) are the

same as in Fig.2.

From the figure we can see that the population
contribution to the spectrum can only produce absorp-
tion, as one would expect in the absence of inversion,
while, if gain does develop, it does so by virtue of the
atomic coherence.

Finally, we consider the effects of the Doppler
broadening on the spectrum. The frequencies of the
three fields in the atomic frame should be velocity de-
pendent:

wll = wl(l - Vy/C),wé = w2(1 - Vy/C)a
wy = wo(l —nVy/C), (n = £1), (24)

where V}, is the atomic velocity component along the
propagating direction of the field wy; n = 1 refers to
the case when wy and w; are co-propagating, while
1 = —1 refers to the case when wy and w; are counter-
propagating. In the calculation, we keep w; and ws
co-propagating. If we replace wy, ws, wo with w], w},
wy in the calculation of the absorption spectrum in
Eq.(9), we get an absorption spectrum of the atoms
in the atomic coordinates:

Ai1+4wp
< I(2) >= P(61)(I'(2))dd1,  (25)
A1—4wp
where
01 = Ay +w1Vy/C, (26)

A :i(w — (w21 + w32 — w34)+(A1 + Ag — A3)+((51 — Al)

+ (01 — Ar)wz /w1 — (01 — Ar)wo/wi, (27)

W%]‘W [M] (28)

wp

wWp = ) (29)

wi [8KTIn2 1/2
c| M

where wp is the Doppler broadening. Figure 7 shows
the calculated results.

0.002 - . wp=0
3 0.000 —ﬂ\\\i\JH%—/,f{u;‘ e
< _0.002 P b

A(w
|
© o
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S 3
© 3
' P P )
—
o- )
P

(w
oo
o o
S S
3 ©
N TP P

Fig.7. The Doppler effect on the 1 — 4 transition for
21 = 10, 22 = 10, 29 = 10; curve (a) represents the
spectrum without Doppler broadening; curves (b) and
(c), wp = 10.0, correspond to the Doppler broadening
cases when wg and w; are co- and counter-propagating,
respectively.

Figure 7(a) represents the spectrum without
Doppler broadening, while Figs.7(b) and 7(c) with
wp = 10.0 correspond to the Doppler broadening
cases when wy and w; are co- and counter-propagating,
respectively. From Figs.7(b) and 7(c), we can con-
clude that when wy and w; are co-propagating, the
resolution of the three-driving-field absorption profile
is more or less independent of Doppler broadening;
i.e., the main feature of the ideal homogeneous case
is preserved fairly accurately and gain should be ob-
servable even in a cell environment. But in the case
when wg and w; are counter-propagating, the Doppler
broadening makes the absorption minimum increase
and the resolution of the absorption profiles decrease.

By using Eq.(13) we can also discuss the absorp-
tion spectra of the other transitions, i.e., 1 — 2,1 — 3,
2 — 3,4 — 3. The procedure is similar to the analysis
of the 1 — 4 transition.

In summary, we have studied the steady absorp-
tion spectrum of a four-level Doppler-broadened sys-
The work be-
gins with the calculation of the spontaneous emission

tem driven by three coherent fields.
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spectrum and is completed with a detailed analysis

of absorption properties. In addition to the results

of numerical calculation, we provide an explanation

about the results in the dressed atomic representation

and give an insight into the physical origin of the gain

in view of the existence of a population inversion be-

tween the levels of the lasing transition. Finally, we

explore the effect of Doppler broadening on the ab-

sorption profile of a weak probe.
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