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The Birkhoffian and Birkhoff’s functions of a rotational relativistic system are constructed, the Pfaff action of
rotational relativistic system is defined, the Pfaff-Birkhoff principle of a rotational relativistic system is given, and
the Pfaff-Birkhoff-D’Alembert principles and Birkhoff’s equations of rotational relativistic system are constructed. The
geometrical description of a rotational relativistic system is studied, and the exact properties of Birkhofl’s equations and
their forms on R x T*M for a rotational relativistic system are obtained. The global analysis of Birkhoff’s equations for
a rotational relativistic system is studied, the global properties of autonomous, semi-autonomous and non-autonomous
rotational relativistic Birkhoff’s equations, and the geometrical properties of energy change for rotational relativistic

Birkhoff’s equations are given.
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I. INTRODUCTION

With the developments in science and technol-
ogy, more and more experimental facts have been re-
lated to the problem of high-speed spinning!l. In
1985, M Carmeli constructed the theory of rotational
2-51 Since 1996, we have ob-

tained the theory of analytic mechanics for the ro-

relativistic mechanics!

tational relativistic system, and given its basic the-
oretical framel®=9l. In recent years, this work has
been generalized to the system with variable rota-
tional inertial'%1]. Mei Feng-xiang and his co-workers
constructed the dynamics of the Birkhoffian system
on the basis of Refs.[12,13], and gave its theoretical

framel14—18],

The dynamics of the Birkhoffian system
is more general than the Hamiltonian mechanics, and
more and more attention is paid to it in the field of
mathematics, mechanics and physics. The Hamilto-
nian mechanics has been extensively applied to the
fields of modern physics1?:29. So the dynamics of the
Birkhoffian system will also be applied to the fields
of modern physics. Recently, Ref.[21] gave relativis-
tic Birkhoffian equations, and studied the Lie sym-
metries and conserved quantities. In this paper, the
Birkhoffian dynamics of a rotational relativistic sys-
tem is studied. The Pfaff-Birkhoff principle and the
Birkhoffian equations of this system are given, along

with the geometrical description and global analysis

of these equations.

I. PFAFF-BIRKHOFF PRINCIPLE AND
BIRKHOFF’S EQUATIONS OF A ROTA-
TIONAL RELATIVISTIC SYSTEM

The repeated subscripts express making sum. De-

note the Pfaff action by the integral

A= /t (R (t,a)a” — B(t,a)}dt, (1)

where B(t,a) is the Birkhoffian and R,(t,a)(v =
1,--+,2n) the Birkhoff’s functions. Then

dA =0, (2)
déa” = dda” (v=1,---,2n), (3)
00"|i=y, = 6a”|i=, =0 (v=1,---,2n), (4)
are called the Pfaff-Birkhoff principlel!.

Define the Pfaff action of a rotational relativistic

system by

ta
A" = / (R:(Ii(t, @), 1, a)d"

ty

— B*(I;(t,a),t,a)dt, (5)
where B* and R, are the Birkhoffian and Birkhoff’s

functions of a rotational relativistic system respec-
tively, which include the relativistic rotational inertia

as follows

Ioi .
(7/:]. e

N

Ii: 7N)7 (6)
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where I,; is the static rotational inertia of the ith tions of a rotational relativistic system
body, 6; is the angular coordinate, I'; is the limiting - ~
. . 5.7 ~ . BB* 8R*
angular-velocity of the ith body!®7. 2,,4" — Sl + a—t” =0 (vyp=1,---,2n),
a
Variating Eq.(5), and considering Eq.(6), we ob- }
i " OR; OR,
tain o = v N (13)
n dat  Oa”

. [=([0R: 0L, OR:
oA _/tl {((Wi dar " Dan

R Bl 8R*> .

B —0B* 9I; 0B*
o0l; Oa*  Oat

OR* oI, OR*
w OL; +—">}5a“dt:07

oI; ot ot
(Vauz15"'>2n;i:15"'7N)' (7)

Eq.(7) is called the Pfaff-Birkhoff principle of a rota-
tional relativistic system. Here the exchanging rela-
tion (3) and the condition of endpoint (4) are consid-
ered. Let

B* = B*(t,a) = B*(I(t,a),t,a), (8)
Ry = R(t,a) = R} (I(t,a),t,a). (9)
We have
dB* 0B* dI; 9B

dat  8I; Hat = Har’
OR: OR: dI; OR:
dar  OI; dak | dar’
OR; OR: 09I, OR}

ot oI, ot ot (10)
then the principle (7) can be expressed as
[ (oR: OR;
A* — v _ [ad sV
0 /t1 { (8(1” 8a”> “
oB* OR;
— Hdt —
<3a” MY ) }5“ 0
(I/,/.L:].,"',ZTL). (11)

By the arbitrariness of the integral interval [t;, t2], we
obtain the Pfaff-Birkhoff-D’Alembert principle of a

rotational relativistic system
oR: OR:\ , (oB* OR: B
{<3a”_8a”>a _<8aﬂ+ ot da" =0

(vy,u=1,---,2n). (12)

If da¥(u = 1,---,2n) are independent of each other,
from the principle (12), we can obtain Birkhoff’s equa-

Eqgs.(13) can be written in the contravariant form

. dB* OR:
dl’«:Q*HV( + V) (Vau:]-a"'72n)a

da? ot
OR e 17\
- 5 OR*
Q*p,l/ — ﬁ _ «@ — 1 2
aaa aaﬂ (a7 ﬂ 9’ ? TL),
(14)
where 2*# are called the Birkhoff contravariant ten-
sors of a rotational relativistic system. In general,
suppose
det(Q;V) #0. (15)

If RZ and B* do not include time t apparently,
then the Birkhoff’s equations (13) of a rotational rela-
tivistic system are autonomous, and have the following

simple form

B BB*(a)

Oat

f);y(a)du =0 (l/,u: ]_,,QTL) (16)

If RZ do not include time t apparently, then the
Birkhoff’s equations (13) of a rotational relativistic
system are semi-autonomous, and have the following

form

83*(t,a

)k [ ) _ —
2, (a)a” — B =0 (v,p=1,---,2n). (17)

If R; and B* include time t apparently, then the
Birkhoff’s equations (13) of a rotational relativistic
system are non-autonomous, and can be written in
the following form

0B*(t,a) OR}(t,a)

Qw(t, a)a” — B o =0

(Vnu:]-)'“)zn)' (18)

mm. GEOMETRICAL DESCRIPTION OF
BIRKHOFF’S EQUATIONS OF A ROTA-
TIONAL RELATIVISTIC SYSTEM

The well-known Dutch mechanist Koiter said
that, for the further development of mechanics, we
must use step-by-step more abstract and more ac-
curate mathematics®?l, Poincaré pointed out that
the differential manifold can become the phase space

of a mechanical system instead of Euclidian space.
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In this situation, Lagrange mechanics, Hamilton me-
chanics, nonholonomic mechanics and Birkhoff dy-
namics can all be described by modern differential

[22-24]  Now we give the geometrical theory

geometry
of Birkhoffian equations of a rotational relativistic sys-

tem.

A. Exact symplectic form of Birkhoff’s equa-
tions of a rotational relativistic system in
local coordinates
For autonomous Birkhoff’s equations (16) and

semi-autonomous Birkhoff’s equations (17) of a rota-

form
A%(E) = / Ri((a)a), a=(ta"), (21)

where the item inside the integral symbol is a 1-form
on RxT*M

R¥(I(a),a) = R:(I(a),a)da”. (22)

The exterior differentiation dRI of the 1-form Ri‘ ex-

presses a 2-form on R x T* M

tional relativistic system, define a 1-form P | 81%,’; BR; o1;
2, =dR} = -| =2 + ~
" . v 2\ da+ ol; oa*
R} = R} (I;(a),a)da". (19) R R
oOR; OR; 0L, ,. v
Its exterior differentiation dRj] is a 2-form in the ~ 94 oI, dar da" A da
cotangent bundle T* M, where M is an n-dimensional Al
manifold with local coordinates a*(p =1, --,2n). :E'Q;U(I(d)’ a)da* A da”, (23)
OR; OR] 01,
.Q* :d * — v v Z7r d I A d v . . . :
Ry < Dk ol (‘3a”> a a which haAs the following properties
1/0R* OR* oI (1) £25 is the most possible local expression of an
:§<8a: + BITJ Ba:‘ exact 2-form in R x T*M, because the 1-form RI is
OR* BR: PYe related to the biggest admitted function.
- WLL - BIH@’I’) da* A da” (2) £2; is a contact 2-form, because its rank is 2n,
1 ' and symplectic for T*M.
:§dea“ A da”. (20) (3) f22* characterizes the geometrical structure of
For a non-autonomous system, the Pfaff action of =~ Birkhoff’s equations of a rotational relativistic system,
a rotational relativistic system can be written in the  because
oB* 0B* 9I; OR;, OR; 9l
0 +
dat ol; dat ot ol; ot
o = (24)
OR:, OR} 09I, 9B* 08B*9dl; OR; OR:OJI, OR;, OR; 0I,
ot ol; ot oat ol; da*  Oat ol; da* oa? ol; da¥
and on B x T*M the Birkhoff’s equations of a rotational relativistic system are expressed as
25, I(a),a)a” =0 (u,v=1,---,2n), (25)
or the apparent form
aB*+8B* ol; 8R;+8Rjafi W =0 (v=0)
dar 9L, dar " ot  or o) T~ WD
. v OB* 0B* oI; OR), OR} oI, OR! OR, 0I;
2, (I(a),a)a = : £ B r - 26
w(1(2),a)a dar 0L 9ar ot | oI, ot <aau * 31, dar (26)
OR* OR 9I,
_ [ H z S =1 2m):
dav oI, Ba”) (p =1, 2n);
b dB*  OR:
. <3a”+ 6t>a =0 (¥=0),
2(@)a” =4 " N i . (27)
g 0B* O, (oRy OR,\ ., (=1, s20)
dar " ot dar e | T MV T hrn A
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B. Self-adjointness of rotational relativistic

Birkhoff’s equations
Similar to Ref.[13], we have the following propo-

sition.
In the star-shaped region R* near the regular
point of R x T*M, the analytic, regular general non-

autonomous rotational relativistic equations of first

order are
C;u(la (t,a)ataa)du + D;(I(taa)at)a') =0
(uaV: 1,,271) (28)

The sufficient and necessary condition for the above
equations to be self-adjoint in R* is that they are of

rotational relativistic Birkhoff’s type, i.e.,

. « _[OR: OR; 0I;
Cru@” + Dy, :<8a“ o1, dar

3 oR;, B BRZ% »
oa? oI; da¥

B oB* 4 0B* 0I;

Oat ol; da+

OR* OR* oI,
) —g (2
ot + oI; 8t> 0. (29)

IV.GLOBAL ANALYSIS OF BIRKHOFF’S
EQUATIONS OF A ROTATIONAL REL-
ATIVISTIC SYSTEM

A. Global property of autonomous rotational

relativistic Birkhoff’s equations

If there exists a non-degenerate closed exact 2-
form 2% on T*M, then T*M is called an exact sym-
plectic manifold, and is expressed as (T*M, 2*). It
shows that

2* =dR*, dN* =0. (30)

If an arbitrary vector field X on T*M, for some

function B* on T* M, satisfies the following condition
ix2" =X 0" =-dB*, (31)

then it is called the global rotational relativistic
Birkhoffian vector field. Eq.(31) is the global formu-
lation of autonomous rotational relativistic Birkhoff’s

equations. In local coordinates,

X 2" =9 ,X"da"? = X,da" = -dB* (32)
and
. * 1 * v
ix2* = E“QWX dat. (33)

If the vector field X is of rotational relativistic

Birkhoff’s type, it must have the apparent form

oB* 9 oB* 9I; 9
— O z
X =0 <8a” dar  OI; da” 8al‘> ’
P * \—1
(£27) = (20,) - (34)

So the autonomous rotational relativistic Birkhoff’s

equations with contravariant form are

a"* =2""(I;(a),a)

0B*(I;(a),a) 0B*(I;(a),a)dI;(a)
' < daV + 0I;(a) da > - (35)

We can see that, from the viewpoint of global anal-
ysis, the difference between the rotational relativis-
tic Hamilton vector field and the rotational relativis-
tic Birkhoff vector field vanishes.

relativistic vector field is Hamiltonian or Birkhoffian

That a rotational

depends on whether the symplectic structure in local

coordinates is a fundamental one or general exact one.

B. Global property of semi-autonomous rota-
tional relativistic Birkhoff’s equations
We generalize the cotangent bundle T*M to the
contact manifold R x T*M.

closed exact 2-form, exists then the manifold of 2n+1

If the maximal rank,

dimensions is called the exact contact manifold. If £2*
is an exact symplectic form on T*M, using the map-
ping 7 : RxT'M — T*M, notation 7*2* = 2+
constructs a contact form. For some function B* on
R x T*M, the 2-form

Q5 = 2" —dB* Adt (36)

is an exact contact form.

With set (]% X T*M, 2%), any vector field X sat-
isfying

’L'X.QEEX4.Q]*3:0, (37)
dt(X) =1 (38)
is a semi-autonomous global relativistic Birkhoffian
vector field. By Eq.(36), the rotational relativistic
Birkhoffian depends apparently on time, but the sub-
structure £2* does not depend on time in local coordi-

nates.

C. Global property of non-autonomous rota-

tional relativistic Birkhoff’s equations

Introduce an arbitrary 1-form R* on R* x T*M
such that the self-adjoint 2-form from exterior differ-

entiation
2* = dR* (39)
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has the maximal rank. Any non-autonomous vector
field X on R x T*M satisfying

i¢dR* = X |dR* = 0, (40)

(41)

is called the non-autonomous global rotational rela-
tivistic Birkhoffian vector field. Eqgs.(40) and (41) are
global formulations of non-autonomous rotational rel-

dt(X) =1

ativistic Birkhoff’s equations.
In fact, in local coordinates, the 1-form R* can be

written as

R* =R(I;(a), a)da"
:R:(L(I’L(t’ a’)) ) ta a’)da” o B*(Iz(t) CL), ta a’)dta

B = - Rg; (42)
and its exterior differentiation
R dOR* AR I,
* [ [t ® da? dat
ar (aav Tl am) @
_1(0R;, OR; 8l
2\ dav ol; da
OR:  OR: Ol
— =2 - ¥ " 1da" A da*
dar ol 8(1”) @ nad
1~ * AV ~
=3 £2;,da” A da". (43)
Combining the relation
X, dR* = @), X"da” = 2, da” (44)
with Eq.(40), we have
,Q;Vd&” =0, a=(ta) (pv=0,1,---,2n); (45)
where
o _ OB, OR)OL OR, OR, 0L
we dak oI, Oa*  Oa¥ oI, Oa¥
(/1/7]/:17"'72’”)7 (46)
o - 0B~ i 0B* 0I;  OR;  OR, 0L\ _ .,
v\ da¥ ol; da¥ ot oI, ot ) ve
(v=1,---,2n). (47)

Egs.(45) are just non-autonomous rotational relativis-

tic Birkhoff’s equations.
D. Geometrical property of energy change for
rotational relativistic Birkhoffian system

In local coordinates, the Lie derivative of rota-
tional relativistic Birkhoffian B*(I;(t,a),t,a) with re-

spect to a global rotational relativistic Birkhoffian vec-

tor field X can be expressed as

I.B*— <8B* 0B* 01, > o 0B* n OB* 0I;
X dat ' 9I; dar ot I, ot
_(dB*  9B* 9L\ .,
N <aau T %) nv
y <aB* L 9B° 0L  OR; OR; 8Ii>
da? ol; da” ot ol; ot
oB* 0B* 01,
ot + ol; ot
oB* 0B* 9I; OR* OR* 0I;
_ n Qv v v
(8a# ol; 8a“> ( ot oI; 8t)
0B* L 0B* 01; (48)
ot oI; ot’

Choosing the rotational relativistic Birkhoffian as
the total energy of the system, i.e., B* = E} ., rule
(48) gives the geometrical property of energy rate of
variation in time

Et* t :LXEt*ot

O

dE:, OE:, OI;
= - 2 (et Iz t) 7t7
< dar | OI, dar (Lt,a).t,a)
OR: OR:OI;\ OEf, OE:,dl;
ot ol; ot ot ol; ot
(49)

Rule(49) does not have a Lie algebraic structure.
If Eq.(49) has the following form

Et*ot(l(a)va) = Lx By = [Eyy, E:ot]fl(a),a) =0,
(50)

then it has a Lie algebraic structure.
V. CONCLUSION

The study of this paper has general meaning. In
the classical approximation 6, < I';, the relativistic

rotational inertia

Ioi

V16317

becomes the classical rotational inertia. In this situ-

Ii = ~ Ioi (51)

ation, this paper gives the classical rotational Pfaff—
Birkhoff principle, Birkhoffian equations, and a geo-
metrical description and global analysis of Birkhoff’s
equations. These results are novel in the field of clas-

sical physics.
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